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Quite a num!>er of treatises have appeared on the subject 
of KiDematiCB, or Pure Mechaaistn, roost of which are now 
in print, so that a few words of explaaation as to the reasons 
for publishing this book seem necessary. 

lo searching for a ;«xt-boo!t oq Ihis subject for the use 
of our classes 6^ Mechcuical Engjieiriog students, we were 
unable to find a Imok'wclili »iet our requirements. Some 
were so vague ami inraniplete OS to.be almost useless, while 
others were large, exftttstiva treatises, more valuable as 
books of reference than as tejtt-books for the use of stu- 
dente. The following pages were therefore prepared In the 
form of lectures ; the object being, to give a clear description 
of those mechanical moveoienLs which may be of practical 
use, logettier with the discussion of the principles upon 
which they depend. At the same time, all purely theoretical 
discussions were avoided, except where a direct practical 
result could be reached by their lotroiluctlou. These lec- 
tures were used in our classes ; and, having proved com. 
paratlvely satisfactory in that shape, it was thought best to 
publish them, after making such improvements as our class- 
room experience dictated. 



IVc make littie claim to originaiity of subject-matter, free 
nse having been made of aH available matter bearing on the 
subject. There is, in fact, very little room for such origi- 
nalitj, the grounil having been almost completely covered 
by previous writers. Our elaim to consideration is based 
almost entirely on the manner in which the subject hns been 
presented. Accui'acy, clearness, and conciseneaa are the 
points that we have tried to keep constantly in view. While 
much has been omitted tbat Is of merely abstract interest, 
yet it is believed tJiat nearly all that is of direct practical 
importance will be found in these pages. 

We have. In common with nearly all other writers on 
thb subject, closely followecl the general plan of I'rofcssor 
Willis' "Principles (f. ^^^^a^feirf.'i.'Othfe/j works which 
have been consulted and to.wljich jie,are|jn'de"bted are Ran- 
kine's " Machinery and MiU.^f^kJ'^TttiJe'^x' " Le Construc- 
teur," and Goodeve's "ElijlfcDlis [fCMfethanism ; " and in a 
less degree, Belanger's '"CHBffmatfrfuV,*'"lieuIea(ix' "Kine- 
matics of Machinery," Robinson's "Teeth of Wheels," 
Grant's " Teeth of Gears," Appleton's " Cyclopedia of Me- 
chanics," and Unwin's " Elements of Machine Design.' 



PREFACE TO FOURTH EDITION. 



Advantage has been taken of the opportunity affordi 
by tlie necessity of publishiug another edition to correct 
all known typograpliical errors, to add a number of prob- 
lems, and to extend the work wherever bucIi cxtetisionB 
Hcem deBirable. It haa been thought beet to collect these 
additions in an Appendix rather than to interpolate them 
in the body of the book. The articles to which additions 
have been made have therefore been marked by a 
the notes will be found in the AppendLs under the cor- 
responding article numbers. 

In view of their own experience in teaching, the anthi 
wish to emphasize the great importance, if not necessity, 
of carrying on mechanical drawing in direct connection 
with the claSB-room work. Mechanism is a practical sub- 
ject, which can be thoroughly taught only by actual and 
ftccnrate graphic construction of the various meatis of 
transmitting and modifying motion, such as rolling curve? 
cams, link-work, and the teeth of wheels. 
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ELEMENTARY MECHANISM, 



CHAPTER 



INTRODDGTION, 



(1. A Machine ia a oombination of fixed and movable 
parts, interposed between the power and the work for the 
parpoae of adapt'iDg the ooe to the other. 

This deflaition presupposes the existence of two things ; 

namely, a source of power, and a certaio object to be ac- 

eomplished. The source of power may l>e one of t!ie forces 

I of nature applied directly, such as the expansive force of 

' it«ani in a steam engine, or it may be obtained by the 

' indirect application of such natural forces ; that is, tlie latter 

may have been already modified by some other macbine. 

Tims, when a steam engine drives tho maehiuery of a shop 

by means of a line of shafting, the latter may properly be 

considered as the source of power of the individual machine. 

2. Mechanism. ^ Id designing a machine, we must take 

into consideration botli the motions to be proilueed and the 

tforces to be transmitted. But these two elements may most 

^conveniently be discussed and investigated separately; and 

feucli discussions and investigations constitute the two 

divisions of ths general subject of meehaiiiam; namely, 

Pure llecfaanism and Constructive Meehanism 



Pure Mechanism, then, treats of the desiguing of raa- 
cbmes, as far as relates to tbe transraissioii and modification 
of motion, and explicitly excludes all considerations! ct force 
transmitted, or of streEgth and durability cf parts. 

In order that the sense in which we shall nse certain 
fundamental terms may be clearly undei-stood, we shall now 
give an explanation of such words aud phrases. 

3. Motion and Rest. — These t^rms are easentially 

relative. When a body changes its jxisition with regard to 

Bome fixed point, it is said to be (h. motion relatively to that 

point; when no such change is taking place, it is said to 

^ Ije «( rest relatively to that point. Two bodies may evi- 

Ldently be in motion relatively to a third, and still be at rest 

Kwith regard to each other. 

■ 4. Patli. — When a [wint moves from one position to 
racother, it describes a lioe, either straight or curved, con- 
I nectiug the two positions. This line is called its path. But 
I the path alone does not completely define the motion, for the 
1 point may move in the path in either of two dii'ections; as, 
* np or down, to the right or to the left, in the direction of the 
hands of a watch or the reverse. 

5. Kiods of Motion. — Motion may take place along 
either a straight or cui-ved path ; in the former ease it is 
termed rectilinear motion, and in the latter case curvilinear 

Amotion. In either ease, when a moving twint travels for- 

I Ward and backward over the same path, it is said to have a 

f reciprocating motion. For example, the piston of a loco- 

I motive has reciprocating rectilinear motion. lu the par- 

I ticular case where the reciprocating point moves in the arc 

' of a circle, as, for example, the weight of a iK-ndiilnm, it is 

said to oseillate, oi', by some, to vibrate. When the motion 

of a point is interrupted by cei-tain definite intervals of rest, 

it is said to have an intermittent motion. The motion of the 

escape wheel of a clock is of this kind. 

6. Bovolutioo aud Kotation. — These terms are ordi 



Dtdly-used synonymously, to denote tlie turning of a body 1 
about nn axis; and no ambiguity is usiiiilly likely to ariae I 
from so using tlicm. Tims, the fly wlieel of an engine ia 1 
said to rotutt or revolve. By more strict definition, rotation 1 
should be applietl only to tlio turning of a body about an 
Kxis which passes thraugh it, while revohition is a more 
general tei'm to include the motion of a Ijody along a path 
'which ia a closed curve. Thus, the earth rotates about its 
s and revolves about the sun. 

r. Velocity. — In a^lditiou to the path and direction of 
raving body, there is another element necessary to com- ] 
; [detely det^iTnine its motion, and that is its velncity. I 

Velocity is measui'od by the relation Iwtween the distance i 
passed over and the time occupied in traveraing that distance. I 
Velocity may bo uniform and unchanging, or it may become 1 
greater or less ; and then changes may take place quickly oP I 
■ alowly, regularly or irregularly. But, for our purposes, it ia 1 
'joBtctcnt to c-oiisider only two kinds of velocity, constant or 
'imifbrm, and variable. 

Velocity is espresswl uiimcrieally by the number of units 
of diHtaiicc passed ovei' in one iniit of time. The units of 
distance and time may be selected at pleasure ; but, for 
mechanical puqxises, the moat convenient units are feet and 
Minntes ; and these will, in general, be employed throughout * 
this volnme. | 

When a Ixxiy moves with a uniform, velocity, the distance | 
passed over varies directly with the time. Thus, if by Y 
we designate the velocity, and by iS the total distance passed 
orer in tlie time T, we liave S = VT. 

Again ; if the velocity is given, we may find the time Tto 

Inverse a given distance S, for T = — . 

When the distance and the time are given, we may detcD 
oitie the. velocity from the equiition V =■ — . 
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For example, if a body moves at a uniform velocity over 
& distance of 100 feet, and occupies 5 minutes in doing so, 

it has a velocity V= — ^ -— = 20 feet per minute- 
In case the velocity is variable, these expressions do not 
give the velocity at any particular instant, but only the meau 
velocity for the whole time considered. The velocity at any 
particular instant is measured by the distance which the 
body would pass over in the next succeeding unit of time, 
were the velocity with which the body commences that unit to 
continue uniformly throughout it. Thus, if a railway train 
is slowing down in coming to a stop, its velocity is decreas- 
ing, but may, nevertheless, be measured at any instant. If, 
for instance, we say that the train has a velocity of 20 miles 
per hour, we meau, that, if it were to continue in motion for 
one hour at the velocity which it has at that instant, it 
would travel 20 miles. 

8. Angular Velocity — The most natural way of ex- 
pressing the velocity of a rotating body consists in stating 
the angle through which it tui'us, or the number of revolu- 
tions which it maltes, in the unit of time. When the number 
of revolutions is given, it must uaually be expressed as an 
angle before it can be used in citlculution ; and the angle 
may be stated in degrees or in circular measure. For con- 
venience of comparison with linear velocities, we shall 
define ajigiUar velocity to be the velocity of a rotating body 
thns expressed in circular measure; i.e., as the quotient 
obtained by dividing the length of tlie arc subtending tlie 
angle through which it turns iu one unit of time, by the 
length of the radius of that arc. All the poiuts of a rotating 
body move with the same angular velocity, but the linear 
velocity of each point varies directly with its radial dbtanoe 
from the centre of motion. 

Let a = angular velocity of a body, JS = radial distance 
of some point in tliat borly. and F = linear velocity of that 



point; in other words, tlie length of the arc whioh it I 
deecribes in the unit of time. 



Thas, if a locomotive having driving-wheele 5 feet in 
diameter is moving at a speed of 3D miles an hour, the 
linear velocity of a point on tlie nm of the wheel, relatively 



to the frame of the engine, is evidently V ■■ 



. 5 _ 30 X 5280 



18 therefore a 



■■ 105G feet per minute. 



3 2640 feet per minute. The angular velocity of the wheel 
V^ 2640 

The relation between the number of revolutions per 
minute and the angular velocity is readily found. Thus, 
let a wheel make N revolutions in T minutes. Let a point 
Iw taken at a radial distance R. Then this point will, la 
'Sacb complete revolution, describe a circle whose length is 
'StJ7; in Z" minutes it will describe i^sueh circles, and travel 



adistauce ^ttNR, and its linear velocity V= 



its angular velocity is c 



Wheel makes N = 



T 






When T 



2^NR ^ 
TR 
is unity, that is, when N is the number of revolutions per 
linute, a = 2rrN, and N = ^. Hence, in the above ex- 
ample of the locomotive driving-wheel, we find that the 

= 105;^ ^ jgg Q^ revolutions 

2 X 3.UIG 



t>er minute. 

O. Periodic UotiOD. — During the operation of a ma. 
cbiQe, it usually happens that the various moving parts go 
•tbrough a series of changes of motion which reenr per* 

itqallj iu the s.iuic onh-r. Tlie iulerval of time which 



iDcIades in itself one such complete aeriea 
called a jt^^iod, and the ciiarncter of tlie motion ia described 
by the term periodic. The complete series of cbaugea of 
motion included in one period is called a cycle. 

In periodic motion, the general law of the succession of 
changes is the same in sueceasive periods, but the actual time 
may vary ; that is, the periods may be unequal in length. 
As a rule, however, the periods are equal, and the duration, 
magnitude, and law of succession of the changes are identi- 
cal, in sueceasive periods ; such motion is known a& uniform 
periodic motion. 

10. Cla^siflcatioD of Parts of Machines. — As the 
work for which machines are designed varies so widely, and 
Eis they may be actuated by so many different kinds of power, 
we find great differences in them as to details of construction 
and manner of oi>eratiou. But, in spite of these differences, 
every machine may be considered to consist of three classes 
of parts. At one end we Lave the parts which are specially 
designed to receive the action of the power; at the other 
we have those which are determined in form, position, and 
motion, by the nature of the work to be done. Between and 
connecting the former and the latter, we find the parts which 
are interposed for the purpose of transmitting and modifying 
the force and the motion j so that, when the Gi-st parts move 
according to the law assigned them by the action of the 
power, the second nmst necessarily move according to the 
law required by the character of the work. These three 
classes of parts are so far independent of one another, that_ 
any kind of worii may be done by any kind of power, and 
by means of various combinations of int€r|K)sed mechanism. 
The motion of tbe parts which receive the action of the 
power must be transmitted to the working-parts ; and, as 
the action of the latter is usually very different from that of 
the former, it follows that tlic motion must be modified, 
during transmissioQ, acconling to certain definite conditions. 
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Thia modification is accomplished by meaos of the interposed 
mechaDiam above mentioned, and it is to the discussion of 
the methods by which motion may be traoaniitted and modi- 
fied that the following pages are devoted. 

11. A Train of Mechanism is composed of a series of 
movable pieces, each of which is so connected witli the 
frame-work of the machine, that when in motion every point 
of it is constrained to move in a certain path, in which, bow 
ever, if considered separately from the other pieces, it is at 
liberty to move in the two opposite directions, and with any 
velocity. Thus, wheels, pulleys, shafts, and rotating pieces 
generally, are so connected with the frame of the macliine, 
that any given point is compelled, when in motion, to de- 
scribe a circle round the axis, and In a plane perpendicular 
to it. Sliding pieces are compelled by fixed guides to de- 
scribe straight lines, other pieces to move so that their points 
describe more complicated paths, and so on. 

12. These pieces are connected in successive order in 
various ways so that when the first piece in the series is moved 
from any external cause, it compels the second to move, 
wbich again gives motion to the third, and so on. The vari- 
ation in the laws of motion of the different pieces of a ti-ain 
8 eflecte<i by the mode of connection. 

13. Modes of Connection. — One piece may transmit 
ation to another by direct coidaal, or by means of an inter- 

connentor. In the latter mode of connection, the 
motion of the intermediate piece is usually of no imixiitance, 
ithe object to be secured being simply the proper relative 
potion of the two primary pieces. Two pieces connected in 
either of the above ways, so that a definite motion of one of 
the pieces will produce an equally definite motion of the 
Other, form an elementary/ combination. A train of meehan- 
^sm evidently consists of a series of such elementary com- 
tiinatioDS, each piece receiving motion from the one thai 
Ji-ecedes it, and transniitting nioliuu to the one next in order. 
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14. That piece of an elementary eombination to which 
motion IB imparted from some exti'aneoua source is termed 
the driver, uud tUut piece whose motion is received from, 
and governed by, the driver is termed the follovier. 

15. Velocity Ratio and Directional Relation. — It 
has been already shown that the paths of the pieces in an 
elementary combination are fixed, and depend on the con- 
nection of the pieces with the framework of the machine; 
while their velocity and direction of motion may vary, and 
must be determined for each instant of action. Thus, in 
comparing the motions of the pieces for successive instants, 
we may find changes of velocity or of direction, or both. 
But, while the absolute velocities and the absolute directions 
of Tx)th pieces may be liable to continual variation, it is 
evident that there will exist, at each instant, a certain 
definite ratio between the velocities, and an equally definite 
relation between the directions, of the driver and follower. 
This velocity ratio and this directional relation will depend 
solely on the manner iu which the two pieces are connected, 
and will be entirely independent of their absolute velocities 
or directions. The velocity ratio, and also the directional 
relation, may be constant during the entire perioil, or either 
or both may vary. For example, if two circular wheels 
turning on fixed axes gear with each other, their velocity 
ratio is constant. If one wheel is twice as large as the 
other, it will make only one-half as many turns in the same 
time, or its angular velocity will be half that of the smaller 
wheel. But during any changes in velocity whatsoever, as 
one wheel cannot rotate without turning the other, and as the 
respective radii of contact do not change iu length, the ratio 
of their velocities at any instant is the sanae ; that is, such 
wheels have a constant velocity ratio. And so, also, of the 
relative directions of the rotations. If the wheels are in 
external gear, they will tuiti in opposite directions ; if in 
Internal geiir, in the same dii-ectiou : but in either case the 
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directional relation will remain coiistant^ without regard to 
any change of abeolute direction of the driver. 

If the two wheels are elliptical, however, as those shown 
in Fig. 42, the directional relation will be constant^ while the 
velocity ratio will vary according to the varying lengths of 
the radii of contact. 

If, then, in addition to the paths of both driver and fol- 
lower, we have determined their velocity ratio, and the 
directional relation of their motion, for every instant of an 
entire period, our knowledge of the action of the combination 
will be complete. 



CHAPTER II. 



ELEMENTARY PROPOSITIONS. 



Oraphie Sepreaentatlon of Motion. — Composition and Resolution 
of Motions. — Modes of Transmitting Motion. — Vetociti/ Ratio. 
— Directional Relation. 

16. Graphic Representation of Motion. — The prob- 
lems relating to the motioua of points may be most readily 
solved by geometrical construction. It is evident that the 
reetilinear motion of a point may be represented by a straight 
line ; for the direc/io)i of the line may represent tlie direction 
of the motion, while tiie velocity may be indicated by its 
length. When a point moves in a curve, its direction of mo- 
tion at any instant is the same as the direction of the tangent 
to the curve at the point considered. Hence the curvilinear 
motion of a point may be represented in the same mannei 
as the rectilinear motion, using the direction of the tangent as 
tlie direction of the straight line alx>ve mentioned, and malting 
ita length pi-oixirtional to the velocity, as before. 

By thus i-epreseuting tbe motion of prot>eriy selected 
points, we may establish ceitain relations, by pui-ely geomet- 
rical reasoning, which will not only enable us to obtain the 
velocity ratio and the directional relation in the particular 
phase represented, but will lead to, and almost involve, the 
accurate construction on paper of the movements considered. 
The latter is such an important advantage in practical work, 
that this method is greatly to be preferred, aud has been 
adopted in this voloma. 
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17> CompositiOD of Motions. — If a mnteriEil ] 

receives a single impulae in a given direction, it will i 
in that direction with a certain I'elocity ; and, as above 
explained, its motion may be represented by a straight line 
baviDg the same direction as tbe motion, and of a length 
proportional to the velocity. If a jjoint receives, at tbe 
satne time, two impulses in different directions, it will obey 
both, and move in an intermediate direction with a velocity 
differing from that due to eith*T impulse alone. Such 
point may receive, at the same iustant, any number oT \ 
impulses, each one tending to impart to it a motion i 
deBnite direction and with a certain velocity. Now, it ia.l 
evident that the point can move ouly iu one direction and 1 
with one velocity ; this moti(4n is called the resultant; and J 
separate motions wbicb the different impulses, taken J 
singly, tended to give it, are called the compovenis. 

Parallelogram of Motions. — Given two 
ponent motions of a point, to find the resultant. 

In Fig. 1, let the iwiat A be acted on at the same time ] 
by two impulses, tending to give it tbe motions represented, 
in direction and velocity, by the 
straight lines AB and AD respec- 
tively. Through B draw BC 
parallel to AD ; through D draw 
DC parallel to jIB\ join AC. 
Then AG will represent, in diree- Fig. i 

tion and velocity, tbe motion 

which the iwint A will have as the result of the two im- 
pulses which separately would liave produced the motions i 
AB and AD resi>ectively. The length of the resultant may 
be altered by varying the lengths of the components oi 
angle between them, but in no case can it exceed Ihcir 
nor be less than their difference. 

This proi>o8ition is known as tbe paraUelogram of motions, 
and may be thus statjjd ; — 




If two componeot motions be represented, in direction anr; 
velocity, b; tbe adjacent sides of a paratlelograni, ibg 
resultant will be aimilarly represented by tlie diftgoDsl 
passing through their point of iotersectioa. 

10. Polygon of Motions. — By a repetition of the 
alx>ve process, we may find the resultant of any number of 
simultaneous indepen<1ent components. 




In Fig. 2, let AB, AD, AF, represent three such com- 
ponents. We first compound any two of them, as AB and 
AD, by completing the pai-allelogram ABGD, and find the 




resultant AC. We next compound AC with AF in a similar 
manner, and find the resultant AE. The latter is evidently 
the resultant of the three components. 
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This process may be continued for any number of coi 
ponents, and it makes no dtSerence in wbat order they & 
taken. Id Fig. 3, for instance, we have the same com- 
ponents as in Fig. 2, and find tlie same resultant, AE, I 
thougii the comi>osition is carried on in a different order. 

30. Resolution of Motiou. — This is tlie invei-se cf the I 
process just explained. It is obvious, that, if two or more I 
independent motions can be compounded into a single I 
equivalent motion or i-esuUant, the latter can he. agai 
separated, or renolved, into its components. Uiit it evidently I 
makes no difference wlietlior t!je single motion to be resolved j 
is the rcsulljint of a previous composition, or whether it i 
an original independent motion. Any single motion can be 
resolved into two otiiers, each of these again into two othera, . 
and HO on as far as desired ; these components being given 
any directions at |ileasnre. In Fig. 4, let AC represent the 
given motion. Through A draw the indefinite lines AE and 
jlffiu the directions in which it is p 

desired to resolve AC- Through 
C draw GB parallel lo AH, an<i 
intersecting AE at B ; also OD 
parallel to AE, and iuU^i'sectmg 
AH at D. Then AB and -lO 
will be the components required ; 
and it ia evident that by their 
composition {Art. 18) we would find their resultant to be 
AC, tlie given motion. 

21. Coiniuuui cation of Motion hy Direct Contact. 
— In Fig. 5, let AD and BC l)e two successive pieces of a 
train of mechanism, turning about the centres A and B 
respectively. Let AD be the driver, turning the follower 
BC, by contact, between the curved edges, as shown. Lot 
c be the point of contact between the two pieces ; and let 
Uie driver move the follower, until they occupy the [xisitiona , 
shown by dotted lines, the [loints a and b having come tn . 




Fis. -: 
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contact (it d. During this motion, every point of the cnired 
edge of the follower between b and c has been in contact 
with some point of the curved edge of the driver between a 
and c. If 6c is not equal in length to ae, it is evident that 
sliding of one edge on the other must have 
taken place through a space equal to their 
difference ; but, if ic = oc, there will have 
been no eliding. In the latter case the mo- 
tion is said to be communicated by rolling 
contact, and in the former case by sUdhtg 
contact. ■ 

Motion, then, may be communicated by 
two kinds of direct contact : — 

1 . By roUing contact, when each point of 
contact of the driver with the follower ia 
continually chauged, but so that the cin-ve 
joining any given pair of points of contact 
of the driver shall be equal in length to the 
mre Johiing the respective points of the follower. 

2. By sliding contact, when each point of contact of the 
driver with the follower ia continually changed, but so tliat 
the curve joining any given pair of points of contact of 
the driver shall not be equal in length to the curve joining the 
respective points of the follower. 

In contact motions, one or both of the curves must be con- 
vex ; and, in the former caae, the convex edge must havn a 

■ More strictly speaking, sliding contact should be defincil as tlinti 
motion in which every point of contact ol one piece comes into contact 
with all the coiisei?titlvc points. In their order, of a tine in the other. 
Thus, the piston of a steam engine moves in trne sliding contact with 
the interior snrtacc ot the cylinder. When tliis definition of sliding 
contact is adopted, it is iiBual to class under the liead of mise<l contact 
those contact motions which |>artake of both rollinp; and sliding. But. 
[or onr purposes, it is sufficient to di8t!nii:nish hetween contact which 
is rolling and that which la not; designating bf the term " sliding " not 
only tliat which Is purely so, »s just defined, but also the cases just 
spoken of as mixed contact. 
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sharper cnrvature than the concave edge. If this condition 
is not fulfilled, contact will take place at discontinuous 
points. 

22. Communication of Motion by Intermediate 
Connectors. — Such intermediate connectora may be divided 
into two general classes ; links, which are rigid, and must 
be jointed or pivoted to both the driver and follower ; and 
bauds, or scrapping connectors, whicli are flexible. 

The former class includes all fonns of rigid connectors 
which can transmit motion by pushing or pulling, such as 
connecting-ro<ls, locomotive side roiJs, etc. ; the latter in- 
cludes all forms of connectors which can transmit motion 
by pulling only, such as belts, ropes, chains, etc. 



'^^SI 




Id Fig. G, let A-P, BQ, be driver and follower, moving 
about the centres A and B respectively, and connected by 
the link PQ. If AP is turned so as to occupy another 
position, Ap or Ap', it will, by means of the link, move the 
arm BQ Into the position Bq, or Bq'. If the driver pusJi 
the follower, the connector is necessarily rigid, and, as just 
stated, belongs to the general class of links. But the con- 
Dcctor may be flexible, as in Fig. 7, where ACE is the driver, 
and BDF the follower, turning about the centres A and B 
respectively, and connected by a flexible but inextensible 
band which lies in the direction of the common tangent of 
tho two curves. If the driver be moved in the direction 
c4 the arrow, it will, by means of this connector, turn tfar 
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follower as indicated ; 




id tbe connector will unwrsp itself 
from the curved edge of 
the latter, and wrrtp itself 
on that of the forracr 
By means of this form of 
intermediate connector, 
which belongs to the 
general class of bands 




FHg.? 



follower as 

P 

I can be transmitted by 

F \ F putting or tension only. 

- — - /^ 23. Modes of Trans- 

mission of Motion. — 

Every elementary com- 
bination may be classi- 
fied according to one of 
the four modes of trans- 
misaioQ of motion justdoflDed; namely, — 

1. Rolling contact. I 3. Linkwork. 

2. Sliding contact. | 4. Wrapping connectors. 
34. Velocity Ratio in Linkwork. — In Figs. 8 and 

9, let AP, BQ, be two arms, turning on fixed centres A and B 
respectively, and connected by tbe rigid link PQ. Since tbe 
arm AP turns about the centre A, the point P will move in 
the arc of a circle, and hence its direction of motion at any 
instant will he represented by the tangent to that arc ; that is, 
by a line perpendicular to the radius ylV. Draw Pa per- 
pendicular to AP, and of such a length as to represent the 
velocity I'' of the point P in that direction at that instant. 
Similarly, draw Qb perpendicular to BQ to represent, by 
length and direction, the velocity v of the point Q at that 
instant. Let fall the perpendiculars ^1^ and BM from the 
fixed centres of motion upon the line of the link : and let T 
be the point of intersection of tbe line of the link with the 
line of centres. 
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The resolved velocity of P along the line of the link is 
FcosaPc = V cos PAN = Feos^ ; and the resolved velocity 
of Q along the line of the link is v cos hQd = v cos QBM 
= V cos <^. Since the link PQ is rigid, and can be neither 




Fig. 8 



E"i2.9 



extended nor compressed, the resolved velocities of the points 
P and Q along the line of the link must be equal. Hence, 

Fcos^ = vcost^. (1) 

v_ ^ oosO_ ^2) 

F cosc^ ^ ^ 

Let a = angular velocity of P about the centre A ; and 

a = angular velocity of Q about the centre B ; 

then (Art. 8) , 

F . , V 



a = 

a 

a 



PA' 
PA 



a = 



QB' 

PA cos AN 



©5 ^ F"" QBco9<l> BM' 



(3) 



Also, since angle ATJST = 



_ 4K _ 



AT 
BT 



(4) 



H ce th com t f m t I y 1 kw rk, — 

1 Th I loc t f tb m rsely pro- 
p t I t th 1 1 I 1 f tl fi 1 eotres of 
m t 1 tl 1 f ti I k 

2 Th ! loc 1 63 f tl m rsely pro- 
[)o t 1 t tb m ta t wb h tl 1 f the iink 
1 d tl 1 ft 

26. This propoaitlou may also be proved by means of the 
instantaneous centre. 




In Figs. 10 and 11 the link PQ may be regarded as 
turning, during each inatant of its motion, about aomo centre 
in space. This centre may lie constantly changintf ita posi- 
tion in space, and also with regard to the line PQ itself; 
but at any given instant eveiy point in P<^ has the same 
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angular velocity about this centre, and movca in a direction 
perpendicular to the line joining it to the centre, and with a 
linear velocity proi.iortioual to its dietance from it. As P 
moves perpendicularly to AP, the centre must lie in AP 




(produced if neceasary) ; and as Q moves perpendicularly 
to BQ, it must also lie in BQ (produced if necessary) : 
hence it will be found at the intersection of these two lines 
at 0. Let V and v represent the linear velocities of P and 
Q respectively- As both P and Q have the same angular 
velooity alwutO, their linear velocities will be proportional 
to their distance from that point ; that ia, 

V : 1! : : PO : QO. 

Let a and a be the angular velocities of P and Q about A 
ftod B respectively. Then 



AP ■ 



PO . 
AP ■ 



Let fall the perpendiculars OR, AN, and BM upon the 
line of the link ; then, from the similar triangles ANP^ 
ORP, BQM a.Dd OQM, £TMa.ndATN, we have 



and ^- 



OB 
BM' 



AT 
' BT' 



VP^^ 



PO ^ OR 
AP AN 
Hence 

^ ^OR^ AN ^ AN^ 
a BM OR BM ^ 
as before. 

26. I>lpootional Kelation. — From Figs. 8, 9, 10, and 
11, it is evident that the dtiectional relation of the rotations 
of the two arms depends on the position of the centres A 
and B with reference to the hne of the link PQ, If they are 
on the same side of PQ, the rotations will take place in the 
same direction ; if on opposite sides, the rotations will be in 
contrary directions. 

27. Velocity Ratio in Wrapping Connectors — In 
Figs. 12 and 13, let AO and BD be two curved pieces 




moving ibout the fixed centres A and B respectively, and 
let them be connected by the flexible but iuextenaible band 
EPQF, fastened to tbem at E and F. If AC be turned in 
the direction of the arrow, it will cause BD to turn by means 
uf the band, wliich will unwrap itself from the curved edge 
of BD, and wrap itself on that of AC. Let P and Q be 
the points at which the Udc of the band is tangent to the 



cmrecl edges. These poiuta muat move perpendicularly 
to the radii AF and SQ; and the action at any inataat 
is precisely the same as that of two arms, AP and BQ, 
connected by a link, PQ-, as discussed in the preceding 
articles. Hence, letting fall the perpendiculars AH and BM 




apon the common tangent, wliicb is the line of tlie wrapping- 
connector, and finding the intersection T of the latt«r and 
the line of centres, it follows, that, in the communication of 
motion by wrapping connectora, — 

1. The angular velocities of the pieces are inversely pro- 
portional to the perpendiculars from the fixed centres of 
motion upon the line of tlie wrapping connector. 

2. The angular velocities of the pieces are inversely pro- 
portional to the segments into which the line of tbe wrapping 
connector divides the lioe of centres. 

28. DirectlODal Kelatioo From Fi^. 12 and 13, it 

ia evident that the directional relation of the rotations of the 
two pieces depends on tlie position of the centres .1 and B 
with reference to the line of the wrapping connector PQ. 
It they are on tbe same side of PQ, the i-otations will take 
{daoe in the same direction ; if on opposite sides, tbe 
Mtations will take place in contrary directions. 
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29. Telocity Ratio iD Contact Motions. — loFigB. 14 

and 15 let the sectioned portiona in contact at p represent 
parts of two curved pieces turaing about fixed centres A and 
B. These curved edges may both be convex, as in the fig- 
ures i or one may be concave, provided that the curvature 
of the convex edge is sharper than that of the concave edge. 




If the lower piece be turned in the direction of the aiTow, 
It will drive the upper piece, and compel it to turn as 
indicated. 

Draw Hk, the common normal, and Br. the common tan- 
gent, to the curves at the point of contact. 

The point J) of the lower piece moves at any instant in a 
direction perpendicular to the radius Ap. Draw pa perpen- 
dicular to Ap, and of such a length as to represent the 
velocity y^of the point p in that direction at that instant. 
Similarly, let pb drawn perpendicular to Bp represent the 
velocity v of the point p of the upper piece at that instant. 
Resolving these velocities along and perpendicular to the 
common normal Mh, it is evident that the componaut along 



the normal mast be that which traosmits motion from the 
driTer to the follower; for the ■coinpoueut perpendicular to , 
the norma!, aeting tangeutially to the two curves, ca 
dently transmit no motion from the one to the other. 
In considering the communication of motion through a vei; j 




email angle, we may suLhtitute for the curves, circular arcs 
having the same curvature as the curves themselves at the 
point of contact. The centres of these circular arcs will evi- 
dently lie at some points P and Q in the normal Hh. But 
the length PQ, being thus equal to the sum of the radii of two 
circles, will be constant during tlie small motion considered. 
Hence, joining AP and BQ, we find that the angular motion 
of the two contact curves, for that instant, will be exactly 
the same aa that of two arms, AP nnA BQ, connected by the 
link PQ. Hence, the relation of the angular velocities will 
be e.\|irP3Bed in the same mannei' as in Art. 24. 
Letting a = angular velocity of lower piece about A, and 
: angular velocity of upper piece about B, 

I 
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BM BT 



Hence, in the commuiiication of motion by contact, - 

1. Tlie angular velocities of the pieces are inversely pro- 
portional to the perpendiculara from the fixed centres of 
motion upon the common normal. 

2. The angular velocities of the pieces are inversely propor- 
tional to the segments into which the common normal divides 
the hne of centres. 

30. Directional Relation. — From Figs. 14 and 15, 
■'t is evident that the directional relation of the rotations 
depends on the position of the centres A and B with 
reference to the normal Hh. If they are on the same aide 
of Sk, the rotations will take place in the same direction ; if 
on opposite sides, the rotations will take place in contrary 
directions. 

31. Condition of Constant Yelocitr Ratio. — The 
value of the velocity ratio (Art. 2d) is ^^_ 



- 4r 

' BT' 



Now, in order that this expression shall have a constant 
value, the ratio of AT to BT must remain unchanged. But, 
as AT + BT = AB, which is itself constant, it follows, 
that, in order to preserve the constancy of the above ratio. 
the actual lengths of AT and BT must not vary ; in other 
words, the point T must remain fixed in position. Hence 
we see, that, in order to obtain a constant velocity ratio in 
contact motions, the curves must be such that their common 
normal at the point of contact shall always cut the line o( 
centres at the same [joint. 



33. CODdition of Rolliu^ Contact It has been 

stated (Art. 29) that the components of the velocities Kand 
'), Figs. 14 and 15, along the conimon normal Hh, represent 
the tranamitttd raotion. As pointed out by Professor Ran- 
kine, these components must be equal ; or Fcosfl = v cos r^, 
using tbe same notation as in Art. 24. If this equation were 
Dot true, either one curve would move away from the other, 
or else one would intersect the other, both of which ara 
manifestly impossible while contact exists. 

As the components of yand v along the tangent Rr muE 
represent the lost motion, it is evident that tbe velocity with 
which the curves are sliding over each other will be repre- 
sented by the difference between these tangential components 
in the case of Fig. 14, and by their sum in the case of Fig. 
15. In other words, the velocity of sliding is Vs\q6 — v&m^ 
in the former case, and Fain 6 + u sin t/i in the latter. In 
order that there shall be pure rolling contact, it is evidently 
necessary that these expressions shall be equal to zero. 

Thus, we must have in Fig. 1-4, 



.TO. ^^J 



Vam 6 - 



V sin = 0. 



But, i 



B above stated, 

Foo.9«. 

DiviJing (1) by (2) we get 

tanfl = 



CI) 



(3) 



which can only be true when fl = t^ ; in other words, wheal 
I' coincides in direction with v. But Fand v are perpen-J 
dicular to Ap and Bp respectively ; hence the latter mua^ 
also coincide in direction, and as A and B are fixed, it fol-1 
lows that p must lie in the line of centres AB. The condition^ 
of rolling contact, then, for cui-ves revolving in the 
plane about parallel axes, is that the point of contact shall I 
always lie in the line of cunties. 



In most ciises of sliding contact, the point of contact ia not 
flxcil in position, and the amount of sliding will vary with 
the distance of the point of contact from the line of centres. 
We have found (Art. 29) that the velocityratio in contact 
motions depends on the position of the point of intersection 
of the common normal with the line of centres. But in roll- 
ing contact, the point of contact must lie on the line of cen- 
tres, and must hence be identical with the point of intersection 
just mentioned. Hence, in rolling contact, the angular ve- 
locities of the pieces are inversely proportional to the seg- 
ments into which the point of contact divides the line of 
centres. 

33. Similarity in all- Alodes of Trausmission. — By 
comparing the deductions of Arts. 24-30, we find a great 
similarity between the various modes of transmitting motion, 
BO far as the velocity ratio and the directional relation in the 
various cases are concerned. 

If we designate by line of action the line of the link in link- 
work, the line of the wrapping connector, and the common 
normal in contact motions, we may express the laws govern- 
ing the action of any elementary combination in which the 
pieces rotate about fixed parallel axes as follows : — 

1. The angular velocities are inversely proportional to the 
perpendiculars let fall from the centres of motion upon the 
line of action. 

2. The angular velocities are inversely proportional to 
the segments into which the line of action divides the line of 
centres. 

3. The rotations have the same direction if the centres 
of motion lie on the same side of tlie line of action, and 
contrary directions If they lie on opposite sides of that lino. 




CHAPTER III. 

COMMDNICATION OF MOTION Br ROLLING COMTACT. 

VELOCITY RATIO CONSTANT. 
DIHECTlOtiAL RELATION CONSTANT, 

Cyliidera, — Cones. — Syperhaioids. — FracUcal ApjilicatioiiB. — 1 
Classification nf Geariiin. 

34. It has been shown (Art. 32) that, in tlie rolling con- 
tact of curved pieces revolving in the same plane about fixed 
parallel axes, the point of contact will always lie in the line of 
centres, and that the angnlar velocities are inversely propor- 
tional to the segments into which the point of contact dividea 
that line. 

Therefore, if the velocitiy ratio of two such pieces in roll- 
ing contact is constant, these segments must be constant, 
and the cui-ves must have a constant radius ; in other wonls, 
the cnrvea must be circular area tuniing about their centres, 
and no other corves will satisfy the conditions. 

Axes Parallel. 

35. Boiling Cylinders. — In Fig. IG, let AC, BD, be 
parallel axes mounted in a framework, by wliioli tliey are 
kept at a constant distance from each other. Let E and F 
be two cylinders, fixed opposite to each other, one on each 
nsia, and concentric with it ; the sum of llieir radii being 
equal to tlic distance between tbe axes. 

The cylinders will, Ihcrefoi-c, be in contact in all positions, 



the line of eontnct being a comiDOa elempnt of both. If one 
cyliocler be made to rotate, it will drive tbe other by rolling 
contact, ftnd compel it to iBtate. The linear velocity of 
every point in tlie cyliiKlricul surface of either wheel must 
evidently be the same. 




E'iet lo 



Let R he tbe radiua of the driver, and r the radius of the 
follower. Let the circumference of the driver be divided 
into N equal parts, and let the circumference of the follower 
contain n of these parts. Let P and p be the periods or 
times of rotation ; L and I the number of rotations in a given 
time, or the synchronal rotations of driver and follower re- 
spectively ; and, as before, let a and a' be their angular veloci- 
ties. Then 



R N 



I . 



and it is evident that these ratios wiU hold, without regard to 
the absolute velocities. 

36. If the cylinders roll together by external contact, sa 
in Fig. IG, they will evidently rotate in opposite directions. 





MOTION Bt ROLLIKQ CONTACT. 

If it 18 desired to have tbein rotate in the same direction, oiM 

wheel is given the form of an annulun, or ring, as in Fig. 17,^ 
to which the other wheel is l;iDgL'iit inttjrnally. The rolling 
surfaces are cylinders, as before ; the line of contact is an 
element of both cylindera ; and the relations stated in the last 
article are equally true for this case, the only change being, 
that the rotations now take place in the same direetioD. The 
difference of the radii is evidently tiie distances between cen- 
tres. Thus, if we have given the distance between two axes, 
and the velocity ratio of driver and follower, expressed in 
any of the above terms, we can readily find the radii of 
wheels which will answer the given conditions. 




If the axes of rotation are not parallel, they may or may 
not intersect ; and these cases will be considered separately. 



Axes Intersecting. 

37< RollfD^ Cones. — The conclusions arrived at in 
Art. 34 follow directly from our pi-oiKtsitions concerning 
rolling contact; the circles in contact being in the same 
plane, and rotating about fixed parallel axes. A little con- 
sideration will, however, make it clear, that, if the axes bo 



tamed in their commoD plane alx»iit the point of contact ot 
the two circles, the latt«r will, at any angle, have a common 
tangent at this point. This tangent will be the line of in- 
tersection of the planea in which the two circles lie. Both 
circles will be in true rolling contact with this common tan- 
gent, and hence with each other ; and their perimetral and 
angular velocities will be the same as before. 




i^ig. la 
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In Fig. 18, let OA, OB, he two axes which intersect at 0; 
and let the two right cones OTD, OTF, Ire constmcteil on 
these axes, the cones having a common clement OT. If 
through any point Jf in OT'we pass planes ijeriTcndicnlar to 
the axes OA and OB, the sections of the cones will l>e cir- 
cles which will 1^ in contact at M; and a constant velocity 
riitio will Ije maintainctl between the axes by means of these 
circles. For the angular velocities of tliese circles are, as 
liefore, 

1. = ME = d^ 
a MU BT' 

n constant ratio ; therefore the two cones will rotate in true 
rolling contact, and their angular velocities will be inversely 
proportional to the pcrirendiculara from any point of the 
I element on thu axes. The relatioua of angular ve- 



locitjes, periods, etc., will evidently Ik tlie snme aa for tirm 
cylinders whose radii are in tbe same proportion as the rad!^ 
of tbe bases of the cones. 

38. Hming given the positions of tbe axes, and the v©« 
locity ratio, it is required to construct tbe cones. 




Fig. IS 



In Fig, 19, let OA be the driving axis, and OB the follow- 
ing axis ; and let tbe velocity ratio of driver to follower be 

— = — ; in other words, OA is to make 91 revolutions while 
a n 

OB makes m revolutions. On OA lay off OC equal to n 

divisions on any convenient scale. Through C draw CD 

parallel to OC, and make it equal in length to m divisions of 

the same scale. Through D draw ODT, which will be the 

line of contact. From any point Tof ODT, let fall the per- 

pendiculare AT and BT on the axes. If we now construct 

two right cones on these axes, having AT and BT as radii , 

of tlieir respective bases, these cones will roll together witb^ 

the rcquiretl velocity ratio ; for, from tlie figure, we have 



n COD ^ sin COD _ 
a GDC sin BOD~ 



AT ^ 
OT^ 



BT 



AT 
BT 
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In other words, tlie radii of the bases have the required relit. 
tion. 

39. It is usual Id practice to employ, not the whole cones, 
but onlj thin frusta of them, as shown in Figs. 19 to 2i. 



I 




In Fig. 19, the common element is located in the acute 
angle between the intersecting axes ; but it may as reatUly be 
placed in the obtuse angle, the location depending on the 




exact data of the problem. Examples of differeut arrange- 
ments are shown in Figs. 30, 21, and 22. In these Hgures the 
angles of intersection of the axes are the same as in Fig. 19, 



MOTION BY ROLLrNG CONTACT. 

bot the Telocity ratio and the directional relation may be 
varied at pleasure. In Figs. 19 and 20 the velocity ratio is 
different, and the direction of rotation of the follower is also ■ 




changed in the latter by moving the element of contact from 
the acute to the obtuse angle. In Figs. 21 and 22 the diree 




tiooal relation is the same as that of Fig. 20 ; but, by altering 
the velocity ratio, one of the cones becomes ajlat disc in one 
Be, and a concave conical surface in the other. 
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40. Thus far we have coDsidered only those cases ii 
the axes intersect obhquely ; hut in practice the axes inters 
moat frequently at right angles, as iii Fig, 23. In this a 
it will lie noticed that the cones are in contact along two e 
ments, OM and ON^, and that the followers will rotate 
opposite directions. Thus, in Fig. 23, where A is the drivi 
the two followers, B and C, rotate in opposite directions, 
shown by the arrows. But if, as in Fig. 24, the driving as 
A be continued beyood the common vertex of the cones, ai 
two other frusta he eonstrueted, motion will be given ' 
the two followers B and C in the same direction ; the velocil 
ratio of both pairs of frusta being the same. 

iAxes neither Parallel nor Intersecting. 
41. Hyperboloid of Revolution. — When the axes di 
not lie in the same plane, motion may be transmitted fron 
the one to the other by means of surfaces, known as hyperbo- 
loids of revolution. The hyperboloid of revolution is tht 
warped surface generated "by a right line revolving about 
another right line not in the same plane with the firat. Its 
I form and the raaoner of constructing it are shown in Fig. 25, 

both vertical and horizontal projections being employed for 
I the sake of clearness. Let the axis !>e taken vertical ; it will 

be horizontally projected at 0' and vertically at Cc. The 
revolving line, or generatrix, is, for convenieoce, taken in a 
position parallel to the vertical plane of projection, and is 
shown at MN, M'N'. As this line revolves about the axis, 
I any point, P, P , of the line describes a circle, whose radius 

; is projected vertically at OP, and horizontally in its trtie 

r length at C P". Draw the common perpendicular to the two 

I lines MN^ and Cc. It will be projected horizontally i» its 

true length at (/£/, and vertically in the point D. The circles 
I described by different points of the line AfN will evidently 

vary in size ; the largest being described by the points M and 
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«8pectively, and the smallest by the point D, To con- 
ct the p.rojeetions of the curved surface, we must find the 



N H 





l^ig. 



jeetions of the circle described by any point P of the line 
r. Its horizontal projection will be the circle W'P'R\ 
le its vertical projection will be the straight line TTPJB, 



and R and W will be points of the meridian curve. By re- 
peating this process for a sufficient number of points of tbe 
line MN, the meridian curve may be drawn ; and it will be 
found to be a hyperbola. The circle A'D'S, described by the 
point ly (which is the intersection of the generatrix with 
the common perpendicular (yif), is called the circle of the 
gorge; and the circles described by the points M' and N' aro 
called the circles of the lower and upper bases respectively. 

If we take the line raji, parallel to the vertical plane of 
projection, intersecting MN at i>, and making angle whw; = 
angle NMc, and revolve it about Co, we will evidently generate 
the same surface as before ; for the paths of m and M coin- 
cide, as do also those of n and N, and the point D is com- 
mon to both lines : hence any two points, one on each line, 
equidistant from i>, such as P and Q, will describe tbe same 
circle. 

Through any point of the surface, then, two rectilinear 
elements, or generatrices, may be drawn ; and their projec- 
tions on a plane perpendicular to the axis will be tangent to 
the projection of the gorge circle on that plane. 

43. Rolling Hyperboloids If through any point of 

a surface two lines of the surface be "irawn, the plane which 
contains the tangents to both these lines will be tangent to 
the surface at that point. Hence, if through any point of 
the curved surface of a hyperboloid we pass two intersecting 
generatrices, the plane containing these two elements will be 
tangent to the surface at that point. The normal to tbe sur- 
face at that point must, of course, be perpendicular to that 
tangent plane ; and, as the surface is one of revolution, it 
must intersect the axis. 

If a series of such normals be drawn through difTerent 
points of the revolving line, they will lie in planes perpen- 
dicular to the latter, and therefore parallel to each other. 
Suppose three planes to be drawn parallel to both the axis 
Ce and the generatrix MY; one through the axis, anothei 
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ttrongb the generatrix, and the third at any convenient dis- 
tance. Conceive a number of points to be laid off at definite 
and equal iBtervala on tbG line M2i. Now, in passing along 
Jlfjrfrom one point to the other, the normal, though always 
remaining perpendicular to MN'^ will still turn about the 
latter, so that its other end will describe on the plane through 
the axis a straight line ; viz., the axis itself. Now, as these 
three planes are parallel, and the normal moves so that its 
two ends trace straight lines on two of the planes, it is evi- 
dent that the prolongation of the norma! will trace a straight 
line on the third plane. This straight line may be taken aa a 
new axis ; and by revolving MN, the generatrix of the first 
hyperboloid, about this new axis, a second byperboloid will 
be generated : and these two surfaces will, by construction, 
have a common normal at every point of the element of con- 
tact MN, and will be tangent to each other all along that 
element. If one of these hyperboioids be now rotated about 
its axis, it will drive the other by a mixture of rolling and 
eliding eontaet ; the slidmg takicg place in the direction of 
the element of contact, and the rolling in a direction perpen- 
dicular to that element. 

43. Velocity Ratio of Rolling Hyperboioids In 

Fig. 26 we have two hyperboloida in contact along the line 
JtfW, and revolving about the axes Oo and Rr respectively. 
Let P be the point of contact of the gorge circles APL and 
BPK, and let the inclined hyperboloid be the driver. Then 
at any instant, any point on the gorge circle of either hyper- 
boloid will be moving in the direction of the tangent to that 
circle ; and the vertical projection of the tangent must evi- 
dently be perpendicular to that of the axis of the hyper- 
boloid. Draw Pa perpendicular to Rr, and of proper 
length to represent the velocity V of the point P of the 
driver at any instant. .Similarly, draw Pb to represent 
the velocity 11 of the point P of the follower at the same 
imtaut. 
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= angular velocity of driver, and 
= angular velocity of follower. 



Draw the comtDon normal to both surfaces at the point N", 
Aa the line M!f ia parallel to the vertical plane of pix)jection, 
its vertical projectioa will evidently be perpendicular to that 
of tlie normal. Hence, for the vertical projection of tlie 
normal, draw ONR, perpendicular to MN at N. and R 
being iwiuta on the axes, we readily fiod its horizontal pro- 
jection C/N'B'. As 0, N, and R are respectively the ver- 
tical projections of three pointa on a straight line whose 
horizontal projoctions are ff, N', and R', we have the ratio 
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The actual transmission of motion between the hyperbo- 
loida takes place by pure rolling contact in a direction per- 
pendicular to the common element passing through the points 
of contact ; for the slidiDg contact which takes place along 
that element can, of course, transmit no motion. Drawing 
PS perpendicular to MN, and noting that in rolling contact, 
each pair of points of the surfaces which are in contact at a 
giveu instant, must at that instant be moving in the same 
direction with the same velocity, we have 



VCOb6 = l!C03^, 

_f _ cosfl 
F" cosi^ 



(5) 

(6) 



Substituting in (4) the value of — , just found, we have 

^ — cosfltanfl _ sing 

a cos 1^ tan ^ sin 0' *■ ^B 



NH 

' EN' 



(8) 



Hence, projecting both a^es and the common element on 
a plane parallel to all of them, as in Fig. 26, we find that 
the angular velocities of the hyperboloids ai-e inversely pro- 
portional to the sines of the angles made by the projection of 
the common element with the projections of the respective 
axes ; that is, inveraely proiiortioua! to the projections of the 
perpendiculars let fall on the axes from any point of the 
common element. 

The radii of the gorge circles are directly proportional to 
the tangents of tliese angles ; that is, to the projections of 
the lines drawn from any point of the common clement pei^ 
pendiculai' to the lattci', ami terminating in the axes. 
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44. While the components of V and v along the 
contact must evidently have a constant value for all 
the same hyperboloid, yet as the angular velocities of all 
points of the bypcrboloid must be the same, it follows that 
the values of V and v theniselve* must increase as the points 
considered are farther from the gorge circle, aud hence that 
the percentage of sliding must decrease at the aame rate, 

45. Having given the positions of the axes, and the 
velocity ratio, it is required to construct the hyperboloids. 



line of '^^^H 

points of ^^^ 




In Fig. 27, let Rr, R-/, and Oo, (/, be the projections of 
the driving and following axes respectively ; the vertical 
plaae of projection being taken parallel to botti ax&&, \j& 



the driver be required to make n revolutions while the follower 
makes m revolutions ; in other words, — = — . 

On PR lay off PV eqnal to n diviaions on any convenient 
scale. Through V draw VN parallel to Oo, and equal to 
m divisions of the same scale. From J/" let fall EN and Nli 
perpendicular to Oo and Rr respectively. Through N and / 
dtaw the line NP. This will be the vertical projection of the 
element of contact ; for, from the triangles in the figure, 

m^NV^ sinJVPF ^ siD NPV ^ J.g_ a' 
« PV aiaPNV tAn EPN EN a' 

Through N draw ONR perpendicular to NP. ONR ia the 
vertical projection of the normal ; hence the horizontal pro- 
jection of the point B must be at ff on the horizontal 
projection, R'/, of the axis Rr. Joining O'R'. we have the 
horizontal projection of the normal. Projecting N hori- 
zontally at N' on O'if, and drawing N'P' parallel to R'r', 
we have the horizontal projections of the common element 
and the gorge circle radii (/P' aud P'Q. We have thus 
determined all the data necessai-y to the construction of the 
hyperboloida, as explained in Art. 41. 

As in the case of cones, only thin frusta of these hyper- 
boloida (Fig. 26) are used in practice ; and their location ia 
optional, except that, as already indicated, the {lercentage 
of sliding increases as they come nearer the goi^e planes. 

46. Analog'y lietween Cones and Hyperboloids. — 
As the radii of the gorge circlea are made smaller, the 
meridian curves of the hyperboloids will liecome flatter, and 
the aurfaeea will begin to approximate to the conical shape. 
When the radii of both gorge circlea reduce to zero, the 
axes will intersect, and the hyperboloids will become true 
couea ; the element of contact lying in the plane of the axes, 
and passing through their point of intersection. Cones, 
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then, may be eonsiderod as the limiting case of hypt 
boloids ; and it will be found, that, uudev Bimilar coaditions, 
they will present similar [Kculiarities of arrangement. From 
the similarity of the solutions in Arts. 38 and i5, it is 
obviona that we may use our discretion in locating the 
common element in the ease of the hyperboloida, just as 
explained in Art. 39 for the case of cones. By changing 
the common element from the acuta angle between the 
projections of the axes, to tlie obtuse angle (a cliaiige similar 
to that shown by Figs. 19 ami 20), we will change the 
directional relation of the hyperboloids. Again : by varying 
the velocity ratio so ns to divide the angle in the same ratio 
aa in Figs. 21 and 22, we will reduce one hyperboloid to a 
Jlat disc in one case, and to a hollow hyperbolic surface in 
the other. 

47. The case of axes neither parallel nor intersecting -I 
may also be solved by means of two pairs of cones. 




Jn Pig. 28, let Aa, Bb, be the driving and following axes 
respectively. Draw tlie line Co intersecting the two axes in 
the points C and c, and let an intermediate axis be taken 
n this line. Now, a pair of rolling cones, <l luid e, having 
IheireomnKin apex at C, will communicate motion from the 
18 Aa to thu intermediate axis Cc ; and a ptur of roUias 
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cones, /and g, having their common apex at c, will transmit 
motion from the intermediate axis Cc to the axis Bb. By 
this means the rotation of Aa is transmitted, by pure roHing 
contact, to Bb. 

Let a, n', and a" he the angular velocities of the axes Aa, 
Bb, and Cc respectively, and R, r, and B" the radii of the 
bases of tlieir cones, those of the cones e and / being the 
same. Then 



ff . 



exactly as if the cones d aad g were in immediate contaofc.i 



Practical ApplirMions. 



\ 



48. We have now determined the theoretical forms re- 
quired to transmit motion by rolling contact with a constant 
velocity ratio, but the successful application of these forms 
in practice requii'es certain changes or substitutions to be 
made. It is impossible to transmit motion against any 
considerable resistance by means of such smooth surfaces, 
and hence various expedients are resorted to in order to 
obtain the necessary adhesion. 

49. Frictioo Gearing. — For light machinery, and in 
cases where a constant velocity ratio is not imperative, the 
rolling pieces may be made of different materials; for 
instance, one may be made of wood and the other of iron. 
In this case, the iron wheel should be the follower. Again : 
one of tlie wheels may be covered with leather, or rubi>er, 
or other elastic material. To secure the necessary amount 
of adhesion in such cases, the rotating pieces are kept in 
contact and pressed together by adjusting their bearings, or 
(^plying weights or springs. 



60. Gpoaved Friction Gearing. — Another method is 
shown in Fig. 29. The wheeb are provided with angular 
grooves, shown in an oulai^ed section on the left. The 
ai^le tietweeo ab and cd is usually about forty to fifty 
degrees. The adhesion ia greatly increased by this means, 
and is obtained, as before, by pressing the wheels together, 
Such wheels are widely used for hoi sting- engines, and are 
generally made of caatriron. 
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51. Gearing. — The methoil in most general use for the 
prevention of slipping between rotating pieces is, to form 
teeth upon them. 

Gearing is the general term which includes all forms of 
mechanistic devices in which the motion is transmitted by 
means of teeth. The contact surface of the rotating pieces 
is called the pilck surface, and its intersection with a plane 
perpendicular to the axis of rotation is termed the pilcJi tine. 
This line is the basis of all calculations for velocity ratios 
and for the construction of teeth. The pitch line in the 
cases in which the velocity ratio ia constant evidently 
becomes a pitch circle. 

53. Classification of Gearing:. — Gearing is divided 
bto classes according to the form of the pitch surfaces foi 



^ 



which the toothed wheels are the equivalents. There are five 
Buch daseea ; namely, spur gearing, bevel Rearing , shew g 
ing, screto gearing, and face gearing. 




53. In Spur Gearinn, illustrated by Fig. 80, the puc 

surfaces are cylinders, and the teeth engage along straight 



I linee 




lines which arc parallel to the elements of the cylinders. A 
wheel having a small number of t«etL is usually called 
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ft pfnum. When the teeth are fonned on the inside of a 
ring, as BhowD in Fig. 31, the wheel is termed an annular 
la this case, as before pointed out, the directions of 
rotation of driver and follower are the same ; wbiie in the 
case of two spur wheels, the directions are opposite to each 



I 




other. Ab the diameter of the pitch circle of a wheel 
increases, its curvature becomes less and less, and finally 
disappears when the former becomes infinite. In this cose 
the toothed piece is called a rack (Fig. 32), and its pitch line 
is the straight line tangent to tlie pitch circle of the wl 
with which it works. In Figs. 30, SI, and 32, the vari 
pitch lines are shown dotted. 




54. In Bevel 

[utch surfaces are c 



Fib. 33 

Gearing, illustrated by B 
, and the teeth engage a 
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Kne8 the directions of which must all pass throngh the com- 
mon vertex of the two coneB. In actual wheels, the teeth 
are, of courae, placed all around the frusta ; but in the fignre 
they are drawn only on part of the wheels, in order to 
show more clearly the relation in which they stand to the 
pitch surfaces. When the axes are at right angles, and 
two bevel wheels are constructed on equal cones, the line 
of contact making an angle of forty-five degrees with each 
axis, or, in other words, tha velocity ratio being unity, the 
wheels ai-e termed mitre gears. 

5S. lo Skew Gearing, illustrated by Fig. 34, the 
pitch surfaces are hyperboloids of revolution. The teeth of 
these wheels engage in lines wliicli appi-oTiimate, in their 

I general direction, to that of the common element of the two 
hyperboloids. This class of gearing is not often used, 
owing to the difficulty of forming the teeth ; the usual 
method for axes neither parallel nor intersecting being^ 
^yi 





56. In Screw Gearing, illastrated by Fig, 35, tho 
pitch surfaces are cylinders whose axes are neither paralld 1 
Qor intersccliog ; and lieDce the cylinders touch each other at 




', point only. The lines upoa which the teeth are con- 
structed are helices on the surfaces of these cylindere. 
Motion is transmitted by a. purely helical or screw-like 
motion. 

67. In Pace Gearing, illustrated by Fig. 36, the teetb 
are pina usually arranged in a circle, and secured to a fla* 
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' cirenlor disc fixed on the axis. Thus the contact is only 
bfltween points of the sorfaces of the pins. In Fig. 86 
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the wheels are in planes perpendicular to each other, and 
the perpendicular distance between the axes is equal to the 
diameter of the pins, which in this case are cyHndrical. 
This class of gearing is best adapted to wooden mill ma- 
chinery, and has been used for that purpose almost exclu- 
sively. 

58. Twisted Gearing In Fig. 38 is illustrated 

another form of gearing, sometimes called twisted gearing. 
It may be regarded as obtained from the stepped wlieel 
shown in Fig. 37. The lattei' may be produced by cutting 
an ordinary spur wheel by several planes perpendicular to 





the axis, turning each portion through a small angle, and 
then securing them all together. By placing this wheel in 
gear with another, made iq a similar manner, we combine 
the advantage of strength of lai^e teeth with the smooth- 
ness of action of small ones. If the number of cutting 
planes be indefinitely increased, and each section be turned 
through an exceedingly small angle, it is clear that a twisted 
wheel, such as shown in Fig. 38, will be the result. But 
instead of ordinary spur teeth, whose elements are parallel 
to the axis of the wiieel, we now have teeth whose elements 
have the directions of helioes. The result ia, that, in addition 



to the preBBure producing the rotation, there will l>e a I 
pressure produced in the direction of the axis, tending 
slide the wheels out of gear. 




The endlong pressure on the bearings may be prevented 
by the use of a wheel Buch as is shown in Fig. .39. By tliia 
arrangement, there is no longitudinal pressure on the bear- 
ings whatever, and the whoels run in gear with a smoothness 
of acUoD nnsurpaased by any other Idnd of gearing. 



CHArXER IV. 



COMMUNICATION OP MOTION BY ROLLING CONTACX | 

VBLOCITT KATIO VARYING. 

DIRECTIOSAL BELATION CONSTANT. 



Logarithmic Spiralg. — Ellipses. — Lobed Wheels. — Intermittent 
Motion. — Mangle Wheets. 

69. It has been ahown (Art. 32) that, in the rolling con- 
tact of curves revolving in the same plane about fixed parallel 
axes, the point of contact always lies in the line of centi'es. 
The radii of contact coincide with this line ; and at the point 
of contact the curves have a common tangent which mast 
make equal angles, on opposite aides of the line of centres, 
with the two radii of contact. 

80. In the preceding chapter, the ratio of the radii of 
contact was constant, and honce the velocity ratio was con- 
stant. If the enrves are such that the radii of contact vary, 
the point of contact moving along the line of centres, the 
velocity ratio must vary. The sum of the lengths of each 
pair of the radii of contact must evidently be constant if the 
point of contact lies between the axes, or their difference 
must I>c constant if the axes lie on the same side of the 
point of contact. 

•61. The IiOgarltliinic Spiral is a curve having the 
property, that the tangent makes a constant angle with the 
radius vector. Let two equal lognritiimic spirals be placed 
in reverse positions, and turned about theii respective poles 
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aa fixed centres UDtil tbe curves are in contact. Each of tbel 
radii of contact is a radius vector of the curve in which it^ 
lies, and hence both radii make the same angle with the 
common tangent at the point of contact. But this can only 
be true if the radii of contact lie in one straight line, namelj, 
the line of centres ; in other words, the point of contact lies 
on the line of centres, and equal logarithmic spirals are I 
therefore rolling curves. 

•62. To Construct tlie Logarithmic Spiral. — In Fig.J 
40, let be the pole of the spiral, and let A and B be twoj 
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points through which it is desired to draw the curve. From ' 
the pro|>erty of the curve given above, namely, that the tan- 
gent makes a constant angle with the radius vector, it may 
readily be proved that, if a radius vector be drawn bisecting 
the angle littween two other radii vectors, the former will be 
A mean proportional between the two latter. Draw the radii I 
vectors AO and BO, and the line OD bisecting the angle 
AOB. Tlien, it D is & point of the curve, OD most be a I 
mean proportional between OA and OB; in other words, ' 

^ = ^. On the straight line AO lay off 00 = 0B. On 

AGO as a diameter, describe the semi-circle AEG. Draw 
OP perpendicular to AGO. Then OS is a mean proportions] J 
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between OA and OB. Therefore make OD ^ OE. and D 
will then be a point on tlie curve. 

In the same manner, bisect the angle AOD, malte OF a 
mean proportional between OA and OD to liitd the point F, 
and so on. 

63. Since the l»^aritliraic spiral is not a closed curve, two 
such spirals cannot l>e used for the transmission of continu- 
ous rotation ; but they are well adapted for reciprocating 
circular motion. 

In Fig. 41, let the distance between the axes A and B be 
given ; and let it be required, that, while the driving axis A 
turns through a given augle, the velocity ratio shall vary 
between given limits. 
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Divide AB at T into two segments whose ra-tio is one of 
the given limits, and at C into segments whose ratio is the 
other limit. Lay off the angle DAC equal to the given angle, 
and make AD = AC. 

The problem is now simply to construct a logarithmic spiral 
(ArL G2) having the pole A, and passing through the iwinta 
T and D. 

The follower ia necessarily a portion of the same curve in 
a rtTerse position ; and the latter having been drAwn abont 



the pole B, draw ares of circles about B with the rndii BO 
and BT. The portion of the ciuve between the iDt^raections 
of these arcs and the spiral will be the required edge of the 
follower. 

Let a = angnlar velocity of driver, and a' = angular 
velocity of follower; then, while the driver turns from the 
position in the figure through the angle TAD, the velocity i 

ratio will vary between the limits — = — -- and — = — -. 
^ a BT a BC 

64. KolUns Ellipses. —In Fig. 42, let ETH and FTG 
be two similar and equal ellipses, placed in contact at a point 





T, such that the arcs ET and FT are equal , E and F being 
the extremities of the respective major axes. It is a proiJ- 
erty of the ellipse that the tangent CTD makes equal angles 
with the radii BT and bT, or AT and uT. Therefore the 
angle DTA = angle CTB, and angle DTb = angle CTa; 
hence BTA and bTa are straight lines. Also, since the arc 
ET = arc FT by construction, TA and Tb are equal; 
therefore BT + TA = BT + Tb ^ FG = EH, a constant 
length whatever the position of the point of contact, T. 
Bunilorly, bT + Ta = FG = El£. Hence two equal and 



eimilar ellipses can transmit motion lietween parallel asea 
b; pure rolling contact ; each ellipse turning about a focus as 
a fixetl cenlrc, and its major axis being equal to the dis- 
tance betwecD those centres. The velocity ratio wiil in this 
case vary between the limits ? — — — ■ 



and — = 



BO AE 
^, the two limits being reciprocals of each other. 



AE ^AE 
FB AH' 

65. Lobed Wheels. — By using rolling ellipses, as 
shown in the precediug article, we can obtain a varying ve- 
locity ratio having one maximum and one minimum value 
during each rovolation. 

But it may be necessary that there shaU be two, three, or 
more maximum, alternating with as many minimum, values 
of the velocity ratio during each revolution. 

Lobed wheels which will roll together and answer these 
conditions can be produced by several methods from the 
Ic^aritlimic spiral and tfie ellipse, 

66. Lobed Wheels derived from the IiOgarithmic 
Spiral. — In Fig. 43, let^ and B bo two fixed parallel axes, 
and let it be required to communicate motion between them 
by wheels so constructed that the velocity ratio will have 
four maximum and four minimum values. Let — — — — be 

one limit : then the other is Decessaiily the i-eciprocal of this, 

a' AT 
"'■Z^^BT- 

Make the angles TAC and DBT equal to 45°. Make 
BD = AT and AO = BT. Construct {Art. 65) the por- 
tion CT of a logarithmic spiral having A as the pole, and 
passing through the points C and T. Draw CF, TE, and 
TD, similar curves symmetrically placed with regard to BT 
and AC. We have thus constructed one lobe of each wheel ; 



and, as tl 

of a eircumfery 



\F aucl DBE each include one-fourth 
thi: qiiiidrilobes can be completed as 
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showD, and will roll together with the varying velocity ratio J 
required. 




FHe. -13 



The angles TAF and DBE may include any aliquot part 
of a circle ; hence pairs of wheels with any desired number 
of lobes can be mode in this way. They will roll together in 
similar pairs, unilobe witli unilobe, bilobe with bilobe, and 
so on ; but dissimilar pairs, such as one bilobe and one 
trilobe, will not roll together. 

07. liobed Wheels derived from the Ellipse. — 
Lobed wheels may be derived from rolling ellipses by the 
method of contracting angles, as illustrated by Fig. Ai. 

Let A and B be the fixed foci of two equal rolling ellipses 
in contact at T. Draw the radii -41, At, etc., dividing the 
eeini-ellipee TG into equal angles about the focus A, and con- 
aequentty iuto unequal arcs. If we describe area abouX. T 
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through the points 1, 2, 3, etc., Putting the other semi-ellipse 
re' at the points 1', 2', 3', etc., it is evident that the arc 
Tl = TV, Ti = T-2', TZ = Ti\ etc. Therefore the points 
1 and 1', 2 and 2', etc., will come in contact on the line of 
centres -AB; and AB = A\ + B\' = A'l + B2f =, etc, Bi- 
aect the angle TAi by the liiie AI, and bisect the angle TBI' 
l>y the line BI'. Make AI= Al^BI' = Bi'. It is evident 
that these points, / and r, will come in contact on t!ie line of 
centres when they have turned through the angles TAI 
(= J angle TAI) and TBI'{= f angle TBI') respectively. 




Thus, if we find the aeries of points /, II, III, etc., and r, 
II', III', etc., in the manner just described, and draw through 
them two curves, as shown in the figure, they will be quad- 
ranta of two similar and equal bilobea, of which the remain- 
ing similar portions can then be readily drawn. From the 
above considerations, it is evident that these biiobes will roll 
together in perfect rolling contact. The velocity ratio wilt 
AT , a' BT 



vary between - 



By contracting the 



angles to one-third. \q caa form the outlines of a pair of 
biiobes, and so on. 
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The wheels thus outlined will roll together in similar pairs, I 
ss bilobe with bilohe, triloba with trilobe, and i 
dissimilar pairs, such iis one bilobe and one trilobe, will aot J 
roll together. 

*6S. Id ter change able I^obed Wliecls. — In Figs. 45 
and 46 is illustrated a method of constructing lobed wheels 
from an ellipse, by which any two tvheets of the set will roll 
together. The process of construction is simple and practi- 
cal ; but the rolling properties of the curves do not admit of 
simple demonstration, although they may readily be proved 
by graphical construction. In Fig. 45, let A and B be the 
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foci of an ellipse, C6PV. Describe a circle about its centre 
with a radius equal to the semi-focal distance OA. Draw 
the indefinite tangent HN parallel to BA. With radius OC, 
equal to the semi-major axis, and centre 0, describe an are ' 
CK, and lay off on the tangent the lengths EL, LM, and MN, 
equal to UK. From the centre lay off on OF the dis- 
tances 00 = OK, OD = OL, OE = OM, and so on. With 
OC, OD, OE, etc., as semi-mitjor axes, describe a series of 
concentric ellipses, having the common foci A and B. The 
primary ellipse is the curve required for the unilobe ; the 
second ellipse, DQ, ia the basis for the bilobe; the third, 
ER^ for the trilobe ; the foui'th, FS, for the quadrilobe ; and 



80 on. Draw & semi-circle aliout A, and divide it into sinj 
number of equal angles hy equidistant radii. 

To form the bilolae (Fig. 4G), divide a quadrant into tlie 
same number of equal angles as tlie semi-cirele is divided, 
and on the eqaidistont radii in the quadrant lay off BV = Al, 
B2' = A2, etc. ThrougL the points 1', 2', 3', etc., draw a 
curve: this will be one-fourth of the bilobe ; the remaining 
portion of which, being symmetrical, can readily be drawn. 




For a trilobe, an angle of 60° is similarly divided, and the 
proper distances laid off on the equidistant radii in that angle. 
For a quadrilobe, we use an angle of 45°, and so on. 

The velocity ratio of any two of these wheels in gear will 
vary between two limits, one of which will be the longest 
radius of the driver divided by the shortest radius of the 
follower, and the other the shortest radius of the driver 
divided by the longest radius of the follower. 

69. Compulsory Rotation of Boiling Ellipses. — In 
the case of rolling ellipses (Fig. 42), it is evident tfiat, when 
faumotioD takes place in the direction of the arrows, the 

gjjd i^f contact of the driver is increamvg from AE to AH, 
motion cao be readily transmitted from the axis A 

11 
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to the axis B. But, when ff !ias pas9e<^l G, the ra<1ius of the 
driver is decreasing, and the driver will therefore tend to 





leave the follower. Tliia can l>o pi-ovunttd by forming teeth 
OD the rolling faces of both pieces ; but, if this is done, we 
no longer have pure rolling contact. 




Wben the position of the pieces will allow it, we can con- 
nect the free foci by means of a link, as in Fig. 47, since 



(Art, 64) tho distance between the free foci is c»nstaiit in 
rolling ellipses. There wUl, however, be times durlDg the 
i-evolution wiien tiie link will be in line with the fixed foci, 
and hence cunnot transmit motion. This neceasitAtes the 
formation of teeth on a small portion of each ellipse, near 
the ends of the major asia, as shown in Fig. 47. 

Another inethod, when the revolution always takes place 
in the same direction, is, to form teeth on the retreating edge 
of the driver and the corresptmding edge of the follower. In 
this caae it is necessary to provide some means of insuring 
tbe proper contact of the teeth in onler to prevent jamming. 
This may be done, as shown in Fig. 48, by placing a pin on 
the driver and a guide plate on the follower, which arrange- 
ment compels tbe flret tooth to enter the proper space. 

70. Intepinittent Motion. — It may happen that the 
variation in the velocity ratio ia to consist of an intermittent 




motion of the follower, while the driver revolves u 

In Fig, 49 is shown an intermittent motion fonned from 

two spur wheels by cnttiug away the teeth of the driver on a 



portion of the circumference. There is the same objet 
to tliis method as before mentioned for elliptical wheels; 
namely, that the teetli are apt lo jam after a period of rest 
of the follower. A partial remedy is the application of a pin 
and guide plate, similar to the arningement shown in Fig. 48. 
A more complete motion ia shown ia Fig. 50. A portion of 





the driver is a plain disc of a radius greater than the pitch 
circle of the driver. A portion of the follower ia cut away, 
to correspond to this ; so that, while there is a slight clear- 
ance between the two faces, tlie follower is prevented from 
taming until the pin and curved piece come in contact. 



VelocitT/ Ratio Varying. Directional Relation Cliangivg. 

71. Mangle Wlieels. — By combining a s-piir wheel with 
an annular wheel, we obtain a mangle wheel, as shown in 
Fig. 51. The direction of rotation is changed by causing the 
pinion, which always revolves uniformly in the same direc- 
tion, to act alternately on the spur and on the annular portion. 
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The velocity ratio is constant daring each partial revolution 
of the mangle wheel ; but it is changed each time that the 
pinion piiases from the spur to the annular portion, and vice 




Tersa. The pinion is mounted so that its shaft has a vibra- 
toi'y motion, working in a straight slot cut in the upright bar. 
The end of the pmion shaft is guided in the groove CD, the 
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centre line of which is at a distance from the pitch lines of 
the mangle wheel equal to the pitch radius of the pinion. 
The pinion may also be mounted in a swinging frame, as 
indicated by dotted hnes. 
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If we construct the teeth of the spur and annular portions 
of the mangle wheel on the same pitch line, as in Fig. 52, we 
will obtain a combination in which the velocity ratio is con- 
stant; the directional relation changing, as in the preceding 
arrangement. 

72. Mang^le Back. — A rack can be made in a similar 
manner to the above, and a reciprocating motion obtained 
from continuous rotation. Such motion is, however, more 
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simply obtained by means of the pinion and double rack, 
shown in Fig. 53. Pins are placed on a portion of the face 
of the pinion, which engage with the pins of the rack above 
and below alternately, driving the rack back and forth. 
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CHAPTER V. 



COMMDNICATION OF MOTION BY ELIDING CONTACT. 
VEI.OCITT RATIO CONSTANT. 
DIRECTIONAL RELATION CONSTANT. 
TEETH OF ^ 



Special Ourcea. — RectificaUon qf Circular Ares. — Conatruction oj 
Special Curtes, — Circular Pitch. — Diametral Pitch. 

73. General Problem It has been shown (Art. 32) 

that, in oi-der to obtain a conatant velocity ratio in contact 
motions, the axes of the pieces tieing parallel, the curves 
must be such that their common normal at the point of 
contact shall always cut the line of centres at the same point. 
The curved eclge of one of the moving pieces may always 
be aasumed at pleasure ; the problem then l>eing to find such 
a curve for the edge of the other, that, when motion is 
transmitted by the contact of these curved edges, the velocity 
ratio of the two axes may be constant. This problem is 
always capable of solution, theoretically at least ; and, as 
the aasumed curve may be of any shape whatever, we can 
obtain an infinite number of pairs of such curves. For 
practical purposes, there are certain definite curves in almost 
universal use, and these will be first discussed. In Chap. III. 
has been explained the method of finding the diameters of 
two pitch circles, which by their rollmg contact shall trans- 
mit motion with a given velocity ratio. We now propose to 
show how to describe certain curves, which, when substi- 
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toted for the circles, and caased to move each other by 
aliding contact, shall exactly rejilace the rolling nctioQ of 
the circles, so far as relates to tbe production of a coDstant 
velocity ratio. 

74. Epicycloid and Hypocyclold. — In Pig. 54, let 
A and B be the centres of motion of the driver fnd follower 
respectively, and let — be the required velocity ratio. 



with radii AT and BT we describe two pitch circles, itfJV 
and RS, as shown, these two circles will roll in co-i*act 
witb the required velocity ratio- 




Let a describisG; circle be taken of any raditis, sach ea I 

cT, and with it ciescril>e an epicycloid Td by rolling it on 1 

the oiitgide of the pitch circle Ml^, and a hypocycloid 2% by j 

rolling it on the inside of the pitch circle SS. If these 1 

es be UBCfl for the curved edges of two pieces whose 1 

. centres of motion are A and B respectively, and the lower ■] 

[ one be rotated to tbe position aa', it will drive the other a 



as to bring it to tiie poaitioa bb' ; for, by the known 
properties of the curves, they will have their point of cou- 
tact, P, in the circumfereace of the describing circle when 
its centre c is on the line of centres, AB, and they will also 
have a common normal and n common tangent at that 
point. Draw the hoe TP from the point of contact of the 
two pitch circles to the point of contact of tbe two curves. 
Now, ou whichever of the two pitch circles we regard the 
describing circle to bo rolling at the instant, its instan- 
taneous centre of motion will evidently be the point T. 
For that instant, then, the point /* revolves about T\ that 
is, it moves in a direction perpendicular to TP, and hence 
the line TP is the common normal to the two curves at 
that instant. Of course, this same argument may be applied 
to any other position of the curves in contact ; and, as tlieir 
normal thus always cuts the line of centres in tbe fixed 
point T, it is evident that these curves will transmit motion 
with a constant velocity ratio. Furthermore, as the arc 2'« 
= arc TP, and as tbe arc Tb = arc TP, we have arc Ta = 
arc 2*6 ; showing that the velocity ratio will be the same as 
that of the two pitch circles. By transmitting motion by 
sliding contact, then, between these two curves, we may 
exactly replace the rolling action of the two pitch circles, 
as far as the velocity ratio is concerned. 

75. Epicycloid and Radial Line. — In Fig. 51 the 
diameter of the describing circle is less than the radius jST". 
But this is not a necessary condition. If we change its 
diameter, we will change the shape of both curves ; but the 
two curves generated by tbe same describing circle will 
always work together. 

If we take tbe diameter of tbe describing circle just eqifU 
to the radius BT, we will get a special case of tbe bypo- 
eycloid. Under these conditions (Fig. r>5) the latter will 
become a straight line passing through the centre B. AL 
the ai^umeuts of the last article apply to this case aa well; 
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aiid we thus see that in this case an epicycloidRl cnrvft 
tuniiDg about A, iind a radial piece turning about B, will, 
by sliding contact, transniit motion with tbe same velocity 
ratio as the pitch circles. 




Fig. 5S 



76. Epicycloid and Pin. — In Fig. 54 the convexity 
of the two curves lies in the same direction, and they lie 
on the same side of the common tangent. In Fig, 55 
the hypocycloid haa become a straight line coinciding with the 
tangent of the epicycloid. If we increase the diameter of 
the describing circle still more, the two curves will have 
their convexities in opposite directions, and they will He on 
opposite sides of the common tangent. As the describing 
circle becomes lai^er and larger, the hypocycloid becomes 
more and more convex, and decreases in size, until, when 
the describing circle is takeu with the same diameter as the 
pitch circle RS, the hypocycloid will degenerate into a mere 
point, the tracing point itself. If, then (Fig. 56), we 
assume a pin to be placed at the point P in the circum- 
ference of RS (the diameter of the pin being so small that 
the latter may be considiTt'il as a mei'c mathematical line) 




77. Involutes. — In Fig. 57, let A and B be the centres 

^AT^ - 
BT 

MN and BS, as before. Throngli T draw the straight 
Lne DTE tciined at any angle to the line of centres ; from 
A and B drop the perpeudieulars AD and BE upon DTE, 
With these perpendiculars as radii, and A and B as centres, 
deseril>e the circles M'N' and EfS\ which will evidently be 
tangent to the line DTE. Through the point T describe 
the involute aTd on the base circle M'N', and the involute 
bTe on the base circle ffS'. If these curves be used for 
the edges of two pieces whose centres of motion are A and 
B respectively, and the lower one be rotated to the position 
a'P^, it will drive the other to the position b'P^. For 
any line tangent to either base circle will evidently be 
normal to the involute of that circle. Now, when the curves 
are In contact, the normal to the involute of M'N' must be 




a line drawn from the point of contaet tangent to Jf JV*, ' 
and the normal to tbc involute of R'S' must be a line drawn 
from the point of contact tangent to JfS'. Bnt, as the 
curves must be tangent to each other at the point of contact, 
they must have a coinmon normal at that poiutl This 
common normal must evidently be tangent to botJi base 
circles, and must bcnce be the line DTE. The point of 
contact, then, always lies iu the straight line DTE; and 
as the latter is the common normal, and cuts the line of 
centres in the fixed point 7', the velocity ratio is constant, i 
and is equal to that of the base circles. 




But, from similar triangles 



that 



BE ^ ST , 

' AD AT' 

velocity ratio of the pitch circles is the same as that of tlie 
base circles. Hence the invwiiites, as described, will by 
diding contact transmit motion with the same velocity ratio 
s« the pitch circles would by rolling contact, 

78. General Solutlou. — The four methods just de 
scribed are the ones most generally employed in the practical 
Bolutioa of the problem of securing a constant velocity 
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ratio in aliding contact motions. But we are not by any 
means limited to the cuiTea above given. Instead of a 
describing chxle., we may use a describing curve of any shapCt 
provided only that its radius of curvature never exceeds in 
length tbe radius of the circle in which the curve is to roll, 
and thus generate an infinite number of pairs of curves thft 
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wO! satisfy the given condition. Thus, in Fig, 58, let A, B, 
and T be taken as before, and draw pitch circles MN and 
RS. Now, if we take any curve, such as HTP, and roll 
it on the outside of one pitch circle and on the inside of the 
other, any point of this describing curve will generate two 
curves which will give the desired velocity ratio by sliding 
contact. For, let the describing curve be in the position 
shown, being in contact with the pitch circles at T\ and let 
P be the describing [joint. The straight line TP will be the 
common normal to the two cutves, because, on whichever 
of the two pitch circles we regard the describing curve to 
be rolling at the instant, the point of contact, T, is the in- 
stantaneous centre of motion ; so that the motion of P In 
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either curve is perpendicular to TP. Aa the point of ] 
contact of the two curves is always io the describing curve, 
the same argument is true for any point of contact. As the 1 
CommoD normal will thus always pass through the same \ 
point, T, of the line of centres, AB, these curves will, l^ 1 
moving in contact, produce the desired velocity ratio, f 
exactly replacing the rolling action of the two pitch circles. 

79. Conjugate Curves. — Any two cui-ves so related, 
that, by their sliding contact, motion wiU be transmitted with 
a constant velocity ratio, are called conjugate curves. Any 
curve being assumed at pleasure, we may proceed to find 
another curve, so that the two curves will be conjugate to 
each other. If, for instance, in Fig. 58, the cun-e Pa be 
given, it is only necessary to find the shape of the curve, 
HTP, which, by rolling on the «utaide of MN-, will generate 
Pa. By then rolling this describing curve MTP on the 
inside of RS, we will obtain the required curve, Pb. Again : 
had Ph been given, we could, by a similar process, have 
found Pa ; and Pa and Ph are conjugate curves. 

The labor of Qading the shape of this describing curve, 
and using it in this manner, is, however, generally very 
considerable ; so that, for practical purposes, the following 
simple and satisfactory mechanical expedient, due to Pro- 
fessor Willis, ia usually resorted to. 

In Fig. 59, A and B are a pair of boards, whose edges \ 
are formed into area of the given pitch circles. Attach to ' 
A a thin piece of metal, C, the edge of which is cut to the 
shape of the proposed curve ab, and to B a piece of draw- 
ing paper, D ; the cui'ved piece being slightly raised above 
the surface of the board to allow the paper to pass under it. 
Roll the boards together, keeping their edges in contact, so 
that DO slipping takes place ; and draw upon D, iu a suffi- 
cient number of positions, the outhne of the edge ab of C. 
A carve, de, which touches all the successive lines, will be i 
tbe corresponding curve required for B. 







For, by the very mode in which it has been obtained, it 
will touch ab Id every position ; hence the contact of the 
two curves ab and de wiO exactly replace the rolling action 
of the two pitch circles. To prevent the boards from 
slipping, a thin band of metal, such as a watch spring, may 
be placed between them, being fastened to B at 3, and to 
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A at h. The respective radii of the circular edges of i 
boards must, in that case, be made less than those of the 
given pitch circles by half the thickness of the metal baud. 

80. The solutions given above may be used to find tlie 
cuiTcd edges of any two pieces transmitting motion by 
sliding contact with a constant velocity ratio, but by fur 
their most important application is in finding the proper 
shapes for the teeth of wheels. 

We shall now give the methods of laying out on paper 
the principal curves employed for that purpose, and then 
proceed to examine their pvactical application in the forma- 
tion of teeth. 

81. Kectification of Circular Arcs. — In construct- 
ing these curves, as well as in many other graphic operations, 
it becomes necessary to determine the lengths of giveu 
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circular arcs, as well as to lay off circular area of given 1 
lengths. Either of these problems may, of course, be solved 
by calculation ; but for oui' purposes it is much more satis- 
factory to employ the following elegant and suqjrisingly 
accurate methods of approxiuiu-tiou, devised by Professor 
Raukioe. 

I. To rectify a given circular arc; that is, to lay off its 
tetigth on a straight line. 







In Fig. 60, let AT be the given arc. Draw the straight 
line BT tangent to the arc at one extremity, T. Bisect the 
chord AT at D, and produce it to C, so that TO = DT = 
AD. 

With (7 as a centre, and radius AC, describe the circular 
arc AB, cutting BT at B. Then BT is the length of the 
given arc AT, very nearly. 

II. To lay off, on a given cirde, an arc equal in length to 
a given straight line. 



Fi|t.61 

In Fig, 61, let r be the point desired for one extremity 
of the are. Let BT, drawn tangent to the circle at T, be 
the given straight line. Lay off CT = \BT. With C as a 
centre, and radius BC, describe the circular arc BA^ cuU.ui% 



elementaut mechanism. 

the given circle at A. Then the arc AT is equal In length 
to the given straight hue B T, very nearly. 

Jt follows that, to lay off on a given circle an arc equal to 
a given arc on another circle, we must first rectify the given 
arc according to I., and then lay off according to II. the 
required arc equal to the length so found. 

83. Degree of Accuracy in Above Processes. — The 
ciTor in each of these processes consists in the straight line 
being a little less than the arc. But this difference is very 
slight, amouoting to only g-J^j of the arc when the latter is 
60°, The error varies as the fourth power of the angle, so 
that it may be reduced to any desired limit by subdivision. 
Thus, for an arc of 30% the error will be ^^ >< (IB)* = 
ytJuit' So long, then, aa we nse these processes for arcs 
not exceeding 60°, the resalta will be abundantly accurate 
for all practical pui'poses. When the arcs exceed 60°, sub- 
division should be resorted to. 

83. Construction of the Epicycloid. — In Fig. 62, 
let C be the centre and CT the radius of a circle rolling on 
tlie outside of the Jixed circle whose centre is A and whose 
radius is AT. Any point iii the circumference of the rolling 
circle will describe a curve, which is known as an epicycloid. 
Let it tie required to draw the curve described by the point 
T of the rolling or describing circle. 

Divide the semi-circumference of the latter into any 
number of equal arcs, TV, I'S', 2'3', etc., and through the 
points of division, 1', 2', etc., and also through C, describe 
arcs of circles alwut .d as a centre. Lay off on the fixed 
circle (Art. 81) the arcs T\ = TV \ 1, 2 = I', 2'; 2, 3 = 
2', 3', etc. ; and through the points of division, 1, 2, 3, etc., 
draw radii from A, and produce them. 

As the describing circle rolls along the fixed circle, its 
centre will successively occupy the positions c„ c^, c,, eto. 
Tf we draw the describing circle with its centre in any one 
of these successive positions, as c,, its intersectioD b with 



the circular arc through 2' will be a point of the epicycloid I 
required. Similarly, we obtain the poiota a, d, e, /, g; t 
and the curve drawn through these points will be the epi- I 
cycloid required. If greater accuracy ia required, we need ' 
only increase the number of area into which we have divided I 
the describing circle. 




This method of finding points of the cuiTe is objectionable 
on account of the resultant obliquity of the intersections at 
a and /. This may be avoided, and the construction sim- 
plified, by laying off the arc lb = h2', md = ^3', etc. In 
Ihia case it is not necessary to constnict tlje lolJing circle 
1 its various positions ; and, as this method gives the beat 
results for points of the curve near T (which is the part of . 
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the curve empIoye<1 in teeth of wheels), it ia greatly to be 
preferred for practical work. 

84. Construction of the Uypocycloid. — The hypo- 
cycloid is the curve described by a point in the circumference 
of a circle rolling on the inside of a fixed circle. Its con- 
Btniction, shown iu Fig. 63, is in every way similar to that 
of the epicycloid. 




When the diameter of the rolling circle ia less than the 
radius of the fixed circle, tbe curve lies ou the same side of 
the centre A as the successive points of contact of the two 
circles. When the diameter of the rolling circle ia greater 
than the radius of the fixed circle, the curve lies on the 
opposite side of the centre A. When tbe diameter of tbe 




rolling circle is equal to the radius of the fixed circle, as 
shown on the left in Fig. C3, the radii A2, .4 3, etc., pass 
through the points 2', 3', etc., and the points b and /;, k and 
d, etc., coincide so that the curve beeomea a straight line ; 
ami this line is a radius of the fixed circle. 

85. Construe tiou of tLe Cycloid. — Tlie cydoid is the 
s]>ecial case of the epicycloid and hjpocycloid, in which the 
radius of the fixed circle becomes infinite, and the circum- 
ference of the circle a straight line. The cycloid is thus 
described by a point in the circumference of a circle rolling 
on a straight line. Its construction is in all respects similar 
to that of the epicycloid and hypocycloid, 

80. Construction of the Involute. — The involute is I 
I by a point in a straight line which rolls along n« 




fixed circle ; or we may regard it as formed by the end of a 
thread which is unwound from about the circle, and kept taut. 
It will thus always lie in the direction of a tangent to the 



circle. Hence, to coDatnict the curve, draw any number of 
tangents to the base circle, aod on them lay off the rectified 
arc of the circle from the point of taugency to tlie point on 
the circle where the involute begius. In Fig. Hi, then, make 
a2 = arc 1, 2 ; b3 = arc 1, B, etc. The curve drawn througb 
the points 1, a, b, c, etc., will be the required involute. 

87. Circular Pitch Having divided the line of cen- 
tres, in any given case, according to the assigned velocity 
ratio, and described the pitch circles, we must nest divide 
the circumfei'CQce of each pitch circle into as many equal 
parts as its wheel is to have teeth. The length of the circu- 
lar arc measuring one of these divisions is called the circular 
pitch, and often simply the pitch, of the teeth. Circular pitcJi, 
then, is the distance, measured on the circumference of the 
pitch circle, occupied by a tooth and a space. This pitch 
must evidently be the same on both pitch circles. The num- 
bers of the subdivisions, and bence the numbers of teeth, 
are proportional to the diameters of the pitch circles ; and, a 
fractional tooth being impossible, the pitcli must be an 
aliquot part of the circumference of the pitch circle. 
Let /* = circular pitch of the teeth in inches ; 

i) t= pitch diameter, i.e., diameter of pitch circle in 

inches ; 
N= number of teeth ; 

IT = ratio of circumference of a circle to its diame- 
ter = 3.14IG. 
Then 

NF = wD, 
and hence 

N=-D, D = ^N, P=^w. 

From the above relatione, we may evidently find any one 
of the three elements P, 2>, N; the otLer two having been 
given by the problem. 
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For 


convenience in calculatioii, the following table is ap- 


ponilpd, in which the pitch diameters ure calculated for a. \ 


[litoh of one inch. 






PITCH DIAMETERS. 








FOR ONE INCH CIRCULAR PITCH, 
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Kich 
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Toeth. 




rlt. 


Dtameler. 


Trelh. 


Diiusiiur. 


Tenih. 


OUmcler. 









2.S6 


32 


10.10 


B3 


17,51 


78 


24.83 




10 


3.18 


33 


10.50 


50 


17.83 


79 


25.10 






II 


3.50 


34 


10.82 


57 


18.14 


80 


25.46 






12 


3.82 


35 


11.14 


53 


18.46 


SI 


25.78 






i;J 


4.14 


30 


11.40 


59 


18-73 


82 


20.10 






14 


4.40 


37 


11.78 


60 


19.10 


S3 


2G.42 






15 


4.77 


38 


12.10 


61 


19.42 


S4 


20,74 






10 


5.W 


311 


12.41 


02 


19.74 


85 


27.06 




■ 


n 


6.41 


40 


12.73 


63 


20.05 


86 


27.37 






ig 


5.73 


41 


13.05 


64 


20.37 


87 


27.00 






19 


8.05 


42 


13.37 


05 


20.69 


88 


23.01 






20 


6.37 


43 


13.69 


06 


21.01 


89 


28.33 






21 


6.63 


44 


14.00 


67 


21.33 


90 


28.65 






-22 


7.00 


45 


14.32 


68 


21.65 


91 


23.97 






23 


7.32 


46 


14,64 


69 


21.90 


92 


20.28 






24 


7.64 


47 


14.1» 


70 


22.28 


93 


20.00 






25 


7.93 


48 


15.28 


71 


22.00 


94 


20.02 






2fl 


8.28 


49 


15.60 


72 


22.92 


95 


30.24 






27 


8.59 


60 


15.92 


73 


23.24 


90 


30.50 






2JH 


8.91 


51 


16.23 


74 


23.55 


07 


30.88 






2i) 


S.23 


52 


16.55 


73 


23.87 


03 


31.10 






,!0 


9.55 


53 


10.87 


76 


24.10 


09 


31.51 






ai 


0.87 


64 


17.19 


77 


24.51 


100 


31,83 




Th* 


table is used in the following manner : — 




1. C 


iven tbe circular pitch and the number of 


teeth, to 


find tb 


e pitch diameter. Take from the table the 


diameter 
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corresponding to the given number of teeth, and mnltiply thia 
tabular diameter by the given pitch in inches. The product 
will be the required pitch diameter in inches. 

2. Given the pitch diameter and the number of teeth, to 
find the pitch. Take from the table the diameter correspond- 
ing to the given number of teeth, and divide the ffiven pitch 
diameter by this tabular diameter. The quotient will be the 
required pitch in inches. 

3. Given the pitch and the pitch diameter, to 6nd the 
numtier of teeth. Divide the pitch diameter by the pitch; 
and, taking the quotient as a tabulitr pitch diameter, find from 
the table the numtier of teeth corresponding to thia tabular 
diameter. If the latter is not found in the table, the pitch 
assumed is not an aliquot part of the pitch circumference, 
and must be altered slightly so as to agree with the numbet 
of teeth corresponding to either the next larger or next 
smaller tabular diameter. 

88. Diametral Pitch. — It has been shown in the last 
article, that the relation between the circular pitch, the pitch 
diameter, and the number of teeth, introduces the incon- 
venient number 3.1416, As the number of teeth must be an 
integer, and as the pitch is usually taken some convenient 
part of an inch, it follows that the pitch diameter will very 
often contain an awkward decimal fraction. This may be 
obviated by the use of the diametral pitch, which is being 
rapidly introduced in this country. 

As the circular pitch is obtained by dividing the pitch 
drcumference by the number of teeth, so another ratio may 
be obtained by dividing the pitch diameter by the number of 
teeth. In practice, it ia found more convenient to invert thia 
last ratio ; and, when so inverted, it is called the diametral 
pitch, though theoretically that designation would more prop- 
erly belong to the ratio as it stood before inversion. In other 
words, we define diametral pitch to be the number of teeth 
per inch of pitch diameter. Thus, a wheel which has 8 teeth 



per inch of pitch diameter, is spoken of as an " 8 -pitch " 

Tlie diief merit of this system, and one which entitles it to 
great favor, is, ttiat it establishes u coQvenicat and manage- 
able relation between the pitch diameter and tbe number of 
teeth ; so that the calculations are of the simplest descrip.. - 
tion, and tbe results convenient and accurate. 

Let M = diametral pitch.; then we have MP = 3.1416, or 
the product of the circular and the diametral pitches is the 
number 3.1416. 

In this system, the number of teeth and the pitch diameter 
are so related that the circular pitch is usuallj' some decimal ; 
but ibis is of slight importance, as the circular pitch is rarely 
set off by actual measurement, but usually by dividing the 
pitch circle into the required number of parts. 

To find the number of teeth in any wheel, multiply the 
diametral pitch by the pitch diameter. For instance, an 
8-pitch wheel of 12 inches pitch diameter has S x 12 = 96 



Again : to find the pitch diameter, divide the number of 
teeth by the pitch. Thus, a 6-pitch wheel of 25 teeth has a 
pitch diameter of ^ = 4J inches. 

In tbe comparison of circular and diametral pitches, the 
following table will be found useful : — 



A 


B 


A 


B 


A 


B 


A 


B 


i 


12.60 


If 


1.80 


3+ 


0.90 


7 


0.45 


i 


6.28 


2 


1.57 


4 


0.78 


8 


0.30 


I 


4.20 


2* 


1.40 


4+ 


0.70 


9 


0.35 


1 


3.14 


at 


1.25 


6 


0.63 


10 


0.31 


H 


2.50 


2i 


1.15 


5* 


0.68 


12 


0.26 


H 


2.10 


3 


1.05 


6 


0.62 


18 


0.20 



J 



Find the given pitch, circulai 
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be, in colamn A ; then the equivalent pitch in the other sys- 
tem will be found opposite in column B. 

In this volume, circular pitch is always meant when the 
word " pitch " is used without further qualification^ 



CHAPTER VI. 
COHuninoATiON of motion bt eliding contact. 

VELOCITT BATIO CONSTANT, 
DIRECTIONAL RELATION CONSTANT. 
TEETH OF "WHEELa (CONTINUED). 

D^nUiana, — Angle and Arc of Action. — Epicyctotdal System,— 
Interchangeable Wheels. — Aiinitlar Wheela. — Customary Dimea-m 
KioTit. — Involute SyBtem. 

89. Teeth. Definitions That part of the front or 

acting surface of a tooth which projects beyond the pitch 
surface is called the face, and that part which Ilea within the 
pitch surface is called the Jlank. The corresponding portions 
of the back of a tooth may be called the back face and the 
backjtank. The /ace of a tooth in outside geariog is always 
convex ; thejtank may be convex, plane, or concave. By the 
pUdt point of a tooth is meant the point where the pitch line 
cuts the front of the tooth. In Fig. 72, let the front or 
acting surface of the t«eth be to the left. Then 6, k, are 
the pitch points of the teeth ; n6 is the /ace; 6m is the flank; 
de Is the back face; en is the hack Jlank. 

The depth, AD, of a tooth is the radial distance from root 
to top ; that portion of the top of a tooth which projects be- 
yond the pitch surface is called the addendum., AH; and a 
line drawn parallel to the pitcli line, and touching the tops of 
all the teeth of a wheel or rack, is called the addendum line, 
or, in circular wheels, the addendum circle, odA. The radius 



of the pitch circle of a circular wheel is callecl the geomelricai 
oi pitch radiua ; that of the addendum circle is called the real 
radius ; their difference is evidently the addendum. 

Clearance is the excess of the total depth above the work- 
ing depth ; or, in other words, the least distance between the 
top of the tooth of one wheel and the bottom of the space 
between two teeth of another wheel, with which the firat 
wheel gears. 

Backloih is the excess of the space between the teeth of 
one wheel over the thickness of the teeth of another wheel, 
with which the first wheel geara. The amount of backlash 
depends on the accuracy with which the teeth are coDstruct«d, 
and should always be made as small as possible. For our 
present purposes we may neglect it altogether. 

90. Allele and Arc of Action. — The angle through 
which a wheel turns, from the time when one of its teeth 
comes in contact with the engaging tooth of another wheel 
nntil their point of contact Las reached the line of centres, is 
called the angle of approach; the angle through which it 
turns from the instant that the point of contact leaves the 
line of centres until the teeth quit contact, is called the angh 
of recess. The sum of these two angles Is called the a7tgle of 
action. The arcs of the pitch circles which measure these 
angles are called the arcs of approach, recess, and action 
resijectively. The corresponding arcs must evidently be the 
same in both pitch circles, while the corresponding angles 
are proiKirtional to the velocity ratio ; in other words, in- 
versely proportional to the diameters of the pitch circles. 

In order that one pair of t«eth may continue In contact 
until the next pair begin to act, the arc of action must be at 
least equal to the pitch arc, and in practice it ought to be 
considerably greater. 

Now, in practice, the friction which takes place between 
surfaces whose points of contact are approaching the line of 
centres is found to be of a much more vibratory and injurious 
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character than that which takes place while the points of 
contact are receding from the lino of centres. It is therefore 
expedient to avoid the first kind of contact as much i 



Bl. Construction of Tootli Outlines In Fig. 65^ 

let A and B be the eentrea of driving and foUowing \ 
respectively. Let T be fonnd as nsnal. Draw the pit^ 




circle MX and RS, aud assume a describing circle of any 

BT 
radiuB CT, less than -^. Let Ta, Tb. be the given pitch 

arcs, and lay off on the describing circle the are TP= Ta = 
Tb. If we now roll this describing circle on the outside of 
MN, the ijoint P will describe the epicycloid Pa ; and this 
curve will be the face of the driver's tooth. Bisect Ta at //. 
and draw tbe epicycloid Up, similar to Pa, but reversed in 
position. Join pP by a circular arc concentric with MN; 
then HpPa will be the complete outline of that part of the 
driver's tooth which projects beyond the pitch line. 

If we now roll the same desciibing circle on the inside of 
RS, the point P will descrihe the lijpocycloid Pb, which will 
be the acting flank of thp.follower. But although Pb is all 
of the flank of the follow- .''s tooth that comes in contact with 
the face Pa of the driver's tooth, yet in order to make room 
for the point of the latter, as it revolves, it is necessary to 
lengthen the driver's fiank. This is usually done by con- 
tinuing the hypocycloid hP to D, making the depth of the 
follower's teeth within the pitcb circle RS slightly greater 
than the height of the driver's teeth beyond the pitch circle 
MN. 

The bottom of the space between the follower's flanks con- 
sists of a circular arc concentric with RS. 

To determine the faces of the follower's teeth and the 

flanks of the driver's teeth, we proceed iu a precisely similar 

manner. Assuming a describiug circle with radius TL less 

AT 
than — — , and rolling the same on the outside of RS, llie 

point P' will describe the epicycloid I^b' for the face of tlie 
follower's teeth. Again, rolling the same circle on the in&ide 
of MN, the point P" describes the acthig flank a'P' of the 
driver, which must be extended to G', as iu the case of the 
follower's flanks. By laying off half the pitch arc around 
tlie circumferences of both pitch circles, and drawing through 



these points carvea similar to those already found, ,but alter- 
nately reversed in position, and ti'i'minating them at the top 
of the faces and bottom of the flanks by cireuiar area con- 
centric witli the pitch cireles, we will obtain the complete 
tooth outlines for both wheels. 

92. In this construction, the driver's flank first comes 
into contact with the follower's face at P'. The driver mov- 
ing as indicated by the arrow, the point of contact travels 
along the lower describing circle in tJie arc P'T^ until it 
reaches T, where the action between the driver's flank and 
the follower's face ceases, and that between the driver's face 
and the follower's flank begins. 

The driver still moving as indicated, the point of contact 
travels along the arc TP of the apoer describing circle, and 
at P the contact ceases. 

The iK)iuta P" and P may be assumed at pleasure on the 
circumferences of the respective describing circles, and will 
fix the lengtliB of the arcs of approach and recess. In the 
flgurc, they have been so chosen as to give an arc of approach 
and an arc of recess each equal to the pitch. These arcs are 
usually made equal if each wheel is to act indiscriniinately as 
driver or follower ; but if the same wheel is always to drive, 
the arc of recess, for the sake of freedom from vibratory 
motioD, is usually made the greater. 

The arc of approach evidently governs the length of face 
of the follower's tooth, aud tbe are of recess the length of 
face of the driver's tooth. 

03. Draw the radial line AP. and let K be the intersection 
of ^P with the pitch circle MN. As pointed out by Pro- 
fessor Willis, Ka may be equal to, but can never be greater 
than, half the thickness of t)ie tooth, as required by the pitch. 

In the figure, Ka is less than half the thickness of the tooth. 
Had the point P been so taken that Ka had been just half 
this thickness, the tooth of tiie driver would evidently have 
bvan pointed. 
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94. Size of I>escribfni: Circle The lengths and 

shapes of tbe faces and flanbs of the teeth of the wheels, 
with given ares of approach anil recess, evidently depend 
on the relation between the diameters of the pitch and de- 

BCribing circles. 

If, in Fig. 65, tbe diameter of the upper describing circle 
were increased, the face Pa would become shorter, and the 
curvature of both Pa and Pb would decrease, until, when 
the diameter of the describing circle became just equal to 
the radius of RS, the hypocycloid Pb would become a straight 
line passing through the centre of the pitch circle BS (Art. 
75), This fact is often taken advantage of in laying out 
teeth. When the diameters of both describing circles are 
thus taken equal to the radii of the pitch circle in which thoy 
roU, the Jianka of the teeth of both wheels become radial 
lines, while the faces remain epicycloids. The consequent 
reduction in the labor of laying out the shape of such teeth 
has led to their extensive introduction ; though, in conse- 
quence of the convei^euce of their radial flanks, they have 
the disadvantage of being comparatively weak at the root. 
If the diameter of the describing circle be made still largCr, 
the hypocycloidal flanks will converge still more as they 
recede from the pitch circle, making the tooth still weaker at 
the root. Though describing circles have been successfully 
used having a diameter flve-eighths as great as that of the 
pitch circle in which they roll, yet it seems a good practical 
rule to make the radial flank the limit in this direction. The 
smaller the describing circles, the longer will be the faces of 
the teeth, and the greater will be the consequent obliquity of 
action ; but, on tb» other band , the stronger will be tbe tooth. 
We thus have the two conflicting conditions of obliquity of 
action and strength of teeth, and the size of the describing 
circle will be regulated in each ease by their relative impor- 
tance. A good general rule, which is found to work well in 
practice, is to make each describing circle of a diameter 



equal to three-eighths of the diameter of the pitci) circk' iu 
whicli it rollB. 
95. Kelatioii between Pitch and Arcs of Approacb 

and Recess.— The diameters of pitch and describing eirclea 
being given, and certain area of approach and recess buiiig 
required, to determine the limits between which the pitch 
may vary. 




Fia. 



In Fig. 66, let MN, liS, be the pitch circles, and CT the 
radiua of the upper describing circle. Lay off Ta = Tb, the 
arc of recess desired. Lay off tlie are TP — Tb, thus fixing 
the position of P. Describe the epicycloid Pa, and draw 



PA, cutting MN\a K, Now, as previously explained, if Ka 
is equal to or lose than faalf the thickness of the tooth, — in 
other words, if Ka is equal to or less than one-fourth the 
pitch, — the construction ia ^wssible. Hence the pitch of 
the teeth of the driver must be equal to or greater than four 
times Ka, If it is just equal to four times Ka, the teeth will 
be pointed ; if greater, they will have some thickness at the 
top. 

Let Ta' = Tb' be the given arc of approach ; then, by a 
Biwilar construction, we find that the pitch of the teeth of the 
follower must be equal to or greater than four times K'b'. 

Agam ; it is evident that the pitch of the driver's teeth 
cannot be greater than the are aa' ; for, if it were, one pair of 
teeth would quit contact at P before the nest pair would come 
into contact at P'. Similarly, the pitch of the follower's 
teeth cannot be greater than the arc bb'. But aa' ~ W = 
total arc of action. The pitch of the teeth of both wheels 
must evidently be the same; heuce we find, that, to secure 
the desired arcs of approach and recess, the pitch must not 
be greater than the total arc of action, nor less than either 
iKa or 4 K'b'. 

The pitch being given, to find the arcs of approach and 
recess, draw a radius of 3f?r, and lay off on MN, from the 
point where the radius intersects tlie latter, an arc = ^ pitcli. 
Through the point so found draw the epicycloid which would 
be formed by rolling the describing circle CT on MN', until 
ft meets and intersects the radius at some point. , Through 
[h!? point of intersection draw a circular arc concentric with 
MN; where the latter cuts the describing circle will be tin.' 
point P, and the arc of recess will be determined on the sup- 
position that the teeth are pointed. If they are not pointed, 
let X be the addendum ; then a circular arc with radius AT ■+■ 
X will cut the describing eirale at the point of quitting con? 
tact, P, aa before. 

The arc of approach is found in a similiir manner. 



For example, let the piteh and {leacrihing circles be given 
as in Fig. G6, aud let the required ana of approach and 
receas be J inch and | incJi respectively. Lay off TP = Ta 
= Tb^% inch, and TP' = Ta' = Tb' = ^ incli. Drawing 
the radial lines AP and BP', we flud that Ka = ^ inch, and 
K'b' = ^ inch. Hence the pitch cannot be greater tlian 
| + J= IJ inches, nor leas than 4/itt = ^ inch. Both of 
these limiting values of the pitch are, however, to be avoided 
in practice. For, if the pitch be taken at its smallest pos- 
sible value, the teeth of the driver wiU be pointed, and with 
any wear at the pointa, the desired arc of recess will no 
longer be secured ; while, on the other hand, if the maximum 
possible value be given to the pitch, the action will not be 
smooth, as only one pair of teeth will be in gear at the same 
time. In addition, the possible values of the pitch will be 
further limited by the fact that the pitch must be an aliquot 
part of both pitch circumferences. 

Again, let the pitch be given at one inch, and let it be 
required to determine the maximum arcs of spproacJi and 
receas. Draw the radius Ad aud lay off mn = J pitch = J 
inch. Draw the epicycloid nt, and through ( describe a cir- 
cular arc ip concentric with MN; then 7^ = 0.79 ioch is the 
jnasimum arc of recess. Proceeding similarly, we find that 
Tp' = 0.81 inch is the maximum arc of approach. But these 
arcs are determined on the supposition that the teeth of both 
wheels are pointed. In any practical case, somewhat smaller 
arcs should be used, so as to give the teeth some thickness 
at the top. 

96. Wheels haviiig Arcs of Recess only. — As pre- 
viously pointed out, the arc of approach depends on the length 
of face of the follower's tooth. But from the considerations 
concerning friction (Art. 90), it is evident that where a very 
smooth action is required, the arc of approach is objectionable ; 
and in such cases itratiy be gotten rid of altogether by the simple 
expedient of cutting off the follower's teeth at the pitch circle. 



The follower's teeth, then, having no faces, of course the 
driver's toeth will need no flauks. In Fig. 67 is shown the 
coDstructiou of a pair of wheels of tbis kind. The diugi-am 
is drawn full size, and is the practical solution of the follow- 
ing problem : — 




3 that ' 



= — = -. Hence the radius of the pitch 



Distance bctwi-C-, cectroaof pitch circles, 9 inches. Driver 
(lower wheel) to have 40 teeth ; follower, 50 teeth. Arc of 
recess = 1^ time^ the pitch. Divide line of centres AB at T 

' BT' 

circle M27 = 4 iucbesj'and that of the pitch circle MS is 5 
inches. 

Let the driver move as indicated by the arrow. Take the 
diameter of the describing circle ^= f of that of the pitch 
circle BS of the follower = J x 10 = 3J inches. Find the 



pitch by dividing the circumference of MN into 40 equal 
pai-ts, and lay off the arc Ta = 1^ x the pitch so found. Lay 
off the arcs TP = Tb = Ta, also ffli = J pitch. Roll the 
describing cirde on the outside of MN and on the inside of 
ES, describing the epicycloid Pa and the hypocycloid Pli 
respectively. Drawing a radial line from P to the centre of 
MN, we find Ka to be less than i Sa ; hence the case is a 
practicable one. 

Through H draw an epicycloid HE similar to Pa, hut 
reversed in position ; through P draw an arc of a circle PE 
concentric with MN^, and cutting HE at E. Lay off bF = 
Sa, through F draw a reverse hypocycloid similar to Pb, 
and join F and 6 by an arc of the pitch circle ES. Now, Pb 
is all of the hypocycloid that comes into contact with the epi- 
cycloid -Pa ; but, in order to provide room for the point of the 
latter, the hypocycloid is continaed to D, just as was done in 
Fig. 65. 

If the workmanship were accurate, the wheels would work 
properly, provided the depth of the space between two suc- 
cessive teeth of one wheel were just equal to the height of 
the teeth of the other. To provide against any accidental 
contact, however, both sets of teeth are given clearance; that 
is, the bottoms of the spaces between the teeth are formed 
by area of circles concentric with MH and MS respectively, 
and at such a distance as to leave a clearance of about one- 
tenth the pitch in both wheels. The outlines of the teeth 
are then completed by joining the bottoms of the epicycloids 
and hypocycloid previously drawn, to these area by means of 
small fillets, as shown in the figure. 

The teeth will come iuto contact at T, the point of contact 
travelling in the arc TP, until it reaches the point P, where 
the contact ceases. It is evident that, before any one pair 
quits contact at P, another pair will ha*-e been in contact 
while the wheels were moving over one-third the arc of 
action. 



07. Wheels witb Arcs of Approacli and of Recess. — 

Wheels such as siiown in Fig. <J7 are sometimes used to great 
advantage, particularly in light mechanism where smoothness 
of aotioD is especially important. But whenever the pressure 
to be transmitted is at all henvy, the wheels should have arcs 
of both approach and recess, so that more teeth may be io 
action at the same time. By this means the pressure is dis- 
tributed over more teeth, while tlie maximum obliquity of the 
line of action is not increased. This is, in fact, the form 
moat usually employed in practice, and in i'ig. G8 is shown 
the method of laying out a pair of such wheels. The diagram 




Is drawn full size, and is the practical solution of the follow- 
ing problem : Distance between centres to be 9 inches. The 
driver (lower wheel) to have 40 teeth, and the follower 60 
teeth. Arc of approach to be equal to the pitch, and the aro 



of recess to be one and a half times the pitch. The condi- 
tions given are the same as those given in Art. 96, except 
that there is to be an arc of approach in this cose. The 
pitch ridii of tbe wheels are 4 iind 5 inches, as before ; and 
tlie diameters of tlie respective describing circles are 3 and 
3f inches. 

The faces of the driver's teeth and the flanks of tiie fol- 
lower's teeth are found as in Art. 96, and are, in fact, iden- 
tical with those there found. In this case, however, we do 
not finish ofE tlie bottoms of the faces of the driver's teeth 
and the fops of the flanks of ttie follower's teeth b; 
circles, as is done in Fig. 67. 

Lay ofl' the arc TP" = Th' = arc of approach. Using the 
describing circle of three inches diameter, and going through 
the process explained in Art. 91, we obtain flanks for the 
driver's teeth, and faces for those of the follower. By this 
construction, as shown in Fig. G8, there are three pair of 
teeth in contact; ooe just quitting contact at P, anotlicr in 
contact at p, and a third pair at p'. In practice, after we 
have determined that tlie given sires of action may be secured 
with the given pitch (Art. 95), the four curves are usually 
laid down at T, as shown ( Td and Tg being epicycloids, and 
Te and Tli hypocycloids) . The addendum drde bounding 
the tope of the teeth, and the root circle bounding the bottoms 
of the spaces, arc next drawn. The pitch points of the teeth 
are then laid off on the respective pitch circles, and the re- 
spective curves are drawn through the successive pitch points 
in alternately reversed directions, being limited at the top by 
the addendum circle, and connected at the bottom by fillets 
to the arcs of the root circle. 

98. IntercliaiigeaWe Wheels. — If the describing circle 
be made of a diameter bearing a fixed ratio to that of the 
pitch circle, any pair of wheels so laid out will work together ; 
but they ciumot both work properly witlt a third wheel of 
different diameter. Thus, a givtn wheel having radial flanks 



4 



cannot work properly with two or more olhi?r wheels of dif- 
ferent diameters, aucl also having radial flanks. 

If, however, we use the same liescribing eircle for all the 
faces and all the flanka, we will obtain a aeries of inter- 
changeable wheels, any one of wliich will work correctly with 
any other of the same set. This suggestion ia duo to Tro- 
fesBoi Willis, and this method of faying out teeth is iu^'alaable 
for such purposes as eonstroeting the change-wheels of a lathe. 

As, with a conefwU describing circle, the outlines of the 
teeth will vary with the diameters of tbe wheels, so as to 
make the obliquity of action greater aa the latt«r increases, it 
is usually advisable to employ as large a describing circle as 
possible. From the considerations discussed in Art. 95, the 
practical rule follows, that, for a set of interchangeable 
wheels, the diameter of the constant describing circle should 
be half the diameter of the pitch circle of the sjnaUest wheel 
of the set. 

90. Rack and Wlieel. — When a wheel works with ft 
rack, the line of centres becomes a peri>endicitlar to the pitch 
line of the rack, and passing through the centre of the wheel. 
The rack will travel through a distance equal to the circum- 
ference of tbe pitch circle of the wheel for each revolution 
of the latter, whatever the number of teeth. Tbe pitch of 
the rack teeth, therefore, is found by rectifying the pitch arc 
of tbe wheel, and laying off this rectified arc upon the pitch 
line of the rack. In Fig. -69 the two desciibing circles are 
made of the same diameter, so that any other wheel of the 
same pitch whose tooth outlines are formed by means of 
the same describing circle will also gear with the rack. In 
fact, the rack is merely a special case of the wheel ; and all 
the deductions of tbe previous articles as to tooth outlines. 
arcs of action, etc., apply, with obvious modifications, to this 
ease as well. Both faces and flanks of the rack teeth are 
cr/doids (Art. 85) : their toiis aud bottoms ai^e straight lines. 
Tbe clearance is obtained as usual. 
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In the figure, which is drawn full size, the diameter of 
Ditch circle of the wheel is four inches, and the wheel has 
forty teeth. The arcs of approach and recess are each made 



CD 
O 




equal to the pitch. Assuming the rack to drive to the right, 
the contact begins at P', the point of contact travelling along 
the arcs FT and TF; and iit P the action ends. 



sxn^ rvor. 



The principle of making teeth with straight flaokB may, of 
<»urse, be extended to the case of a rack and wheel, as shown 
in Fig. 70, The describing circle whose diameter is TB, tbe 
radius of the wheel, generates the cydoidid faces of the rack 
teeth and the radial flanks of the wheel teeth. The radius of 
the rack being infinite, the diameter of the other describing 
circle is also infinite ; in other words, it is a straight iine. 




Hence the fa/xs of the witeel teeth are evidently involutes of 
the pitch circle, while theflanka of the rack teeth are straight 
lines perpendicular to MN. The area of action and the 
addendum of the rack teeth are found as before. Tbe rack 
driving to the right, the contact begins at P'. (tlie point of 
intersection of the wlieel addendum circle with the line MN) , 
travels along the straight line P'T, then along the are TP to 
the point P (the intersection of the rack addendum line with 
the describing circle) , where the teeth quit contact. In Hiia 
form of rack tooth the acting flank has degenerated into a 
mere point, which is consequently subjected to excessive 



wear. This is a serioua defect, and forma a grave objection 
to the use of this form of tooth for racks. 

lOO. Annular Wlieels. — The constnictioD explained I 
in Art. 91 is applicable not oaly to the case of wheels i 
external gear, as there shown, but to that of wheels in inter- 

\* 




nal gear as well. Fig. 71 is drawn full size, and is a prac- 
tical solution of the following problem : Distance between , 
centres of pitch circles, 3 iucbes. The pinion to be the ' 
driver, and to have "20 teeth ; the annular wheel to have 
50 teeth. The arc of approacb and the arc of recess to lie 
each equal to the pitch. The radii of^the pitch circles of the 
two wheels are evidently 2 and 5 inches respectively. As- 
Biimiug the diameters of the respective describiitg circles at Ij 
and 3J inches, we proceed with the construction as before. 
Ic £act, on comparing this dingr:im with Fig. C8, both Gguret j 



being Bimilarly lettered, we will see that all the details of 
construction are the same in both. The pinion is an ordinary 
spur wheel ; while the acting curves of the annular wheel are 
identical witb those of a spur wheel, having the same pitch 
and describing eircles, the tooth of the one corresponding to 
the space of the other. 

Th p nciple of interchangeability (Art. 98) applies to 
ano 1 heels just as to spur wheels. Thus, a set of spur 
a 1 an lar wheels may be made in which each spur wheel 
will g ar ot only with every other spur wheel, but also with 
e y an lar wheel. In this case, however, there must be a 
diff n n the number of teeth of the spur and annular 
wheels which are to gear together, at least equal to the num- 
ber of teeth on the smallest yinion of the set. 

101. Custx>Diary Dunensions of Teeth. — By the pre- 
ceding methods we may design the teeth of gear wheels so as 
to fill til any proposed conditions as to the relative amounts of 
approaching and receding action. In the majority of eases, 
however, the precise lengths of the arcs of approach and 
recess are not a matter of importance ; and under these cir- 
cumstances it is customary to make the whole radial height 
of the tooth a certain definite fraction of the pitch, the part 
without the pitch circle being a little less than that within, by 
which clearance is provided for. 

There are a number of such arbitrary proportions ; but 
none of them can be considered absolute, as the proper 
amount of clearance and backlash evidently depends on the 
precision with which the tooth curves are laid out, in the first 
place, and on the accuracy with which the shapes of the teeth 
are made to conform to the curves so found. 

In the manufacture of the best cut gears at the present 
day, the backs of the teeth barely clear each other when the 
fronts are in contact ; but in the majority of cases a greatei 
allowance is still made, depending for its amount on the accu- 
racy of the workmiinslitii. In cast wheels backlash is abso- 



lutely necessary to allow for u 
deraDgemeDt of the mould. 




Iq Fig. 72, let bk = circular pitch = P. Then, accord- 
ing to several systems in general use for proporlioniug teetb, 
we have the following values : — 



Total depth . . AD 


AP 


0.75P HP 


0.750P 


Clearance , . , CI) 


i^,tP 


0.O5P 


^P 


aOflOP + 0,0* In. 


Working-depth . AC 


i\>P 


0.70P 


HP 


O.8fp0/> - 0.04 iu. 




^P 


O.S.'iP 


i- 


0.34.iP - 0.02 in. 


Tliicknesa of tooth, 6e 


AP 


0.43P 


-fsP 


0.470P - 0.1^ In. 


Widlli of space , ke 


frP 


0.55/* 


AP 


0..T30P + 0.02 in. 


Backlash . . frt - I.e 


hP 


0.10P 


I'.P 


O.00OP + 0.04 in. 



In the fii-st three systems the percentage of backlash is ] 
eotistant. the actual amount of backlash thus increasing •' 
directly with' the piteli. It seems more rational, however, to 
make the percentage of backlash greater for small jiitches 
than for large ones ; for, the eoaraer the pitch, the smaller 
will be t!ie pro]>ortioQ borne to it by any unnvoiiliible error. 
The last system, that of Fairliaini ami Hnnkine, is founded 
on tliis view of the proper proportion of backlash. In tim 1 



system the percentage of backlash gmdaaUy ctiminishes as 
tlie pitch increases. The actual amoiint as given by this 
system is, however, rather larger than is generally used at 
present. Teeth proportioned by any of these systems will 
in general be of good sha[>e, and answer the purpose desired. 
Shoiikl the wheel have less than about" twelve teeth, or shoulil 
the exact amount of approaching or receding action be of 
importance, no ai'bitrary system should be used. In aU such 
eases the proper dimeusiona of the teeth should be found as 
previously explained. The backlash and clearance should 
always be made as small as the character of the workmanship 
will permit. In our diagrams we have assumed no backlash 
to exist ; but its introduction would have no effect, except to 
diminish the thickness of the tooth. Instead of half the pitch, 
as it is in the diagrams, the thickness of the tooth would be 
half the pitch minus half the backlash. In using the diametral 
pitch, the working depth of a tooth is almost always taken at 
two pitch parts of an inch, and the addeudnm at one pitch 
part of an inch. That is, in a 4-pitch wheel, the working 
depth is 5 = ^ inch, and the addendum is J inch. The clear- 
ance and backlash are taken at from a fourth to an eighth of 
one pitch part of an inch ; thus, in a 4-pitch wheel, they would 



of a 



iuc!]. 



be taken at from — i — f =- —1 to — ^ — I = — 1 

The simplicity of these proportions have led to their almost 
universal adoption whenever the diametral pitch is employed. 

103. Involute System- — It has l>ei'n shown {Art. 77) 
that involutes of certain circles possess the property of trans- 
mitting motion by sliding contact with a constant velocity 
ratio, and the application of such curves to the formation of 
the teeth of wheels is shown in Fig. 73. 

Let AB be the line of centres, divided at T, so that 
-zpz, = — . Draw the pitch circles 3/jV and US, and their 
common taugent t'Tt. Draw p'Tp. making an oblique angle 
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pTt with the tangent fTt. From the centres A and B drop 
the perpendiculars Ap' and iJp on the line p'Tp; and with 
these perpendicnlars as radii, describe the circles M'N' and 
Bf^, which will be tangent to the line p'Tp. 




For the sake of simplicity, let the arcs of approach and oT 
lecess each equal the pitch. On the pilch circle MN, lay 



ELEMENTARY MECHANISM. 

off the pitch Ta. With M'N" as a base circle, draw the in- 
volute a"P, passing through the point h, aocl intersecting the 
line p'7'p at P. Then (i''P will be the acting outline of the 
driver's tooth ; and, similarly, b"P' will be the acting outline 
of t!ie follower's tooth. The tooth outlines of each wheel 
are evidently continuous eurvca, there being do marked divis- 
ions into face and flank, as in the epicycloidal system. Com- 
pleting the tooth outliues, as shown in the diagram, we find, 
that, as in the case of epicyeloidal teeth, room must he pro- 
vided for the points of the teeth as they revolve. As the 
involutes cannot extend within their own base circles, tliis 
clearance space is provided by continuing the flanks by radial 
lines, and joining the latter by means of circular arcs. The 
contact begins at P', and during the action the poiut of con- 
tact tiavels along the line j/Tp till it reaches P, where contact 
ceases. By making the teotb of both wheels pointed, we can 
evideutlycanse them tobegin contact at J)', and quit contact at p. 

If this is doue, each involute will be long enough to toucli 
the other at its root, and the area of approach and recess will 
be directly proportional to the radii of the pitch circles of 
the driver and follower respectively. Where pointed teeth 
are to be employed, it follows that the action will be 
smoother when the smaller wheel is the driver. But pointed 
teeth are objectionable here just as in the epicycioidal sys- 
tem ; so that, practically, the arcs of approach and recess 
are adjusted for each paiticular case, by making the teeth of 
the proper length. 

103. Given the pitch circles, the obliquity of the line of 
action, and the desired arcs of approach and recess, to find 
the limiting values of the pitch wliich will secure these arcs 
of action. Tlie receding action evidently continues while the 
point of contact travels from 2" to P in the lino TP, a dis- 
tance equal to the arc Oct". 

The curves OTIf and a"aP being equal involutes of M'N', 
and the points T, «, lying in t!ie circumference of the circle 
gentric with that of M'2f which contains the polnta 



i Oa" = 



le TAa 
Ap' 



angle 0,4a", aod 
X Ta. 



0, a", it follows that the i 
arc Oa" _ Ap' 
arc To ~ AT' """■^'^ "' ~ ^T ' 

On the tangeDt Tt lay off the distance Td = Ta; from d 
draw a perpendicular to TP. Then, from the similar trian- 



gles TA^ and TdF, we will have TP 



Ap 

'~ AT ' 



X Ta = Oa", 



as required. 

Draw the radius PA, cutting MN in K. Now, the pitc> 
cannot be less than 4^a. If it ia juat equal to 4A'«, the 
teeth will be pointed ; if greater, they will have aotne thick- 
ness at tbe top- Similarly, the pitch cannot be less than 
iK'b. Hence we find that the pitch cannot be greater than 
the total arc of action nor leas tban either iKa or AK'h. 

104. Given the pitch circles, the obliquity of the line of 
action, and the pitch, to Gnd the arcs of approach and rt:ceas. 
From T lay off on the circle MN an arc = J pitch, and 
through the point bo found draw an involute of the circle 
M'N'. Through the point of interaecticm of this involute 
with the line AB, draw a_ circular arc concentric with 
MN, and cutttng the line p'Tp at some point P. Then P 
will be tlie point at which the teeth will quit contact, and 

Ta = — X TF will be the arc of recess. This ia only true 

Ap' 
if the teeth are pointed ; if they are not, let x be the adden- 
dum. Then a circular arc struclt about A, with radius AT 
+ Xf will cut p'Tp in the point where tbe teeth quit contact. 
The arc of approach is determined in a similar manner, 

106. Practical Example Fig. 74 ia diawn full size, 

and is the practical solution of the following problem : — 

Distance between centres, d inches. Driver (lower wheel) 
to have 40 teeth; follower, 50 teeth. The constant obliquity 
of the line of action to be 15°. Draw the pitch circles MN 
and RS with radii of 4 and 5 inches respectively, and their 
Q tangent ifTt. Draw the line of action DE, making 



i 




the angle ETt = 15°. 
and B£, with which, 
and HfS', 

The arcs of approach and recess in this problem are each 
to be equal to the pitch. Hence lay off the pitch arc Ta ; 

Then P is the point at which the teeth quit contact. 



On DE drop the perpendiculars AD 
radii, describe the base circles M'N' 



and lay off, on the line of action, the distance TP = 




As the arcs of approach and recess are to be equal, lay off 
TP" == TP. Then P' is the point at which the teeth Grat 
come in contact. Through P draw the involute Pa" of the 
base circle M'N', and tlirough P" draw the involute P'b" of 
the base circle IfS'. Draw the addendum circles through 
J" and P, lay off the piteli i>oints of tlie teetli around the 
pitch circles MN" and RS, and draw through the points so 
found, In alternately icversod positions, the involutes Pa" and 
P'b" respectively. 

The tops of the teeth are bounded by arcs of the respective 
addendum circles. To provide clearance, coutinue the tooth 



outlJDes from the bottoms of the invohites by radial lines to 
the proper depth. The bottoms of the spaeea are circular 
arcs concentric with the centres of motion, and joined to the I 
tooth outlines by ineaDs of small fillets, as shown. 

In tbeae wheels, there are evidently always two pairs of ■ 
teeth in contact. In the poeition shown, there ia one pair in 
contact at T on the line of cenb'es, while a second pair is 
quitting contact at P at the same moment that a third pair 
is engaging in contact at P". 

106. Interference of Involute Teeth. — So long as 
the teeth are of such a length that the points F and P" (Fig. 
74) lie between E and D, they will work properly. In other ■ 
words, the addendum circle of the teeth of the lower wheel ' 
must lie within a circle through E, and concentric with MN. 
Also, the addendum circle of the teeth of the upper wheel 
must lie within a circle through D, and concentric with RS. 
But wlien the dimensions of teeth are decided on by means 
of some ai-hitrary system, such as those of Art. 101, it fre- 
quently happens that the length of tooth so found will be 
great enough to cause the addendum circles to lie outside of 
the concentric circles through E and D respectively. It fol- 
lows, that the part of the tooth projecting beyond this limiting - 
circle will come into contact with that part of the tooth of the 
other wheel which lies within the base circle. As this inner < 
part is always made radial, it cannot gear correctly with an i 
involute face, and interference will take place. In case a 
looth of such length is considered necessary, and the involute 
aystem is to be used, all that part of the face of the tooth 
of one wheel coming into contact with the radial part of tJie 
tooth of the other wheel must be an epicycloid whose de- 
Bcribing circle is half the diameter of the pitch circle of the 
second wheel. As, by this means, we forfeit oue of the great 
ailvantiiges of the involute system (the power of vaiying the 
(liBtsDCB between centres without affecting the velocity ratio), ' 
this construction is uot to lie rcTOmmeuded, and the length of j 



tooth should not he ullowed to exceed the amoniit determined 
by the methods of the preceding articles. 

107. Hack and Wlieel. — If, in Fig. 74, the radiu3 AT 
of the driver were to increase, the curvature of MJf, as well 
as that of the involute of M'N\ would necessarily decrease; 
uDtil, when MN became a straight line, M'N' would also 
become a straight line, and the involute of M'S' would be- 
come B. straight line, which must be perpendicular to the line 
of action, DTE. ^^M 
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The method of constractjng the teeth is exactly similar to 
that shown in Fig. 74. 

In Fig. 75 the rack is the driver, and the follower is the 
same wheel that was used as follower in Fig. 74. The teeth 
of the follower remain the same as in the other case, while 
those of the rack have straight sides. The tops and bottoms 
of the rack teeth are straight lines parallel to pitch line 3/-V 
of the rack. In order to drive the follower through one 
complete revolution, the rack will evidently have to travel a 
distance equal to the circumference of the pitch circle of the 
wheel. 

The construction of the teeth of anvalar wheels is also in 
all respects similar to that explained above for spur wheels. 



108. Peculiar Properties of Involute Teeth In 

the precediug constructions of practical probleraa, the line of 
action was drawn at an angle of 15° with the common tan- 
gent of the two pitch circIeB. This angle is by no means 
fixed, and may be considerably varied i but experience has 
shovrn that for general practice it should not be greater thajt 
fifteen degrees. As the magoitude of this angle has formed 
no part of the ai^ument in the preceding cases, it follows 
that, by varying the obliquity of action, au infinite number of 
pairs of base circles may be used in connection with any 
given pair of pitch circles. Conversely, with a given pair 
of ba«e circlea, we may, by altering the length of the line of 
centres, have an infinite number of paira of pitch circles. 
The common tangent to the two base circles will always cut 
the line of centres into segments having the same ratio as 
their radii, which will be the same as that of the radii of any 
of the pairs of pitch circles ; from which follow two impor- 
tant practical deductions : — 

1- Any two wheels with involute teeth of which the pitch 
arcs on the base circles are equal, will gear correctly with 
each other. 

2. The velocity ratio will not be affected by any change in 
the distance between their centres. 

The peculiarity of int«rchangeabilitj is also obtainable 
with epicyclofdal teeth under certain conditions (Art. 98). 
The peculiarity of constant velocity ratio with varying dis- 
tance between the centres is not found m any other form of 
teeth, and is of specijil importiince in mechanism requiring 
exceptional smoothness and imiformity of action. The 
shafts may be at the proper distance apart, or not, as 
happens ; and they may change position by wearing, or by 
variable adjustment, as when used on rolls, or they inay be 
hronght closer together to abolish backlash. In fact, the 
involute tooth is remarkably well adapted to such variable 
demands, and will accommodate itself to errors and defects 
,g^<^ tQ avoid jn £ractiC5i 



The line of action of epieyeloidal teeth is perpendicular to 
the line of centres at the instant when the point of contact is 
oa that line ; but that of ijivolute teeth ia constantly in the 
direction of the cominoa tangent of the two baae circles, and 
hence always oblique to the line of centres. The obliquity of 
involute teeth, then, is constant ; and it is, in general, greater 
than the mean obliquity of epicycloidal teeth having the same 
angle of action. The thnist on the bearings is therefore 
greater with involute than with epicycloidal teeth; and 
though for heavy pressures tiiis is sometimes a serious objec- 
tion to the use of involute teeth, yet for ordinary work it 
would scarcely be so considered. 

The involute tooth has a great advantage over the epicy- 
cloidal tooth in being of a much stronger shape, spreading 
considerably at the root, which in the epicycloidal form ia 
ofteu the wealcest part. Though the epicycloidal tooth is 
still in much greater use than the involute tooth, yet the 
merits of the latter are bein^ rapidly recognized by manu- 
facturers ; and, for light worte at least, it is gradually eoming 
into more general use to replace tha epicycloidal form. 
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COMMIINIOATrON OF MOTION BY SLIDING CONTACT, 
f KATIO CONSTANT. 
. RELATION CONSTANT. 
TEETH OF WHEELS (CONTINUED). 



Approxtmate Forms qf Teeth. — iViUis' Method. — IFilHs' Odontih 
graph. — Grant's Odtintngrapk. — SoMnson's Odontograph. 

109. Approximate Forms of Teeth. — In order to 
secure perfect snioothness of action in toothed wheels, it is 
easenlial that tbe tootli outlines should be accurately laid out, 
as explained in the preceding pages, and that the teeth 
bIiouIcI t)e constructed so as to conform exactly with tbe 
oatlines so found. If tlie teetb are to be cut, there is no 
reason why the exact curves should not be used, for it is 
as easy to form the cutter of the exact shape as of any 
approximate one ; and the cutter once formed, the exact , 
curves can be cut as easily as siny other. When the teeth 
are to be simjily cast, however, or when, for other reasons, 
perfect accuracy is not sought after, we may replace the 
exact curves iiy others which approximate to them more or 
less closely, but which are sitnpler to construct. When 
approximate forms of teeth are employed, some one of the 
arbitrary sets of proportions given in Art. 101 is generally 
followed. 

The two principal methods of approximation are by cir- 
cuUr arcs and by curved teioplels. 



110. "Willis" Metliocl of Circular Arcs In Fig. 76, 

let A and B bo the ccDtreB of motion, and T the point of 
contact of tbe pitch circles- MN and JiS. Draw the line of 
action DTE, making any assumed angle with AB. and erect 
on it the peri^cndieular TO. On TO assume the point O, 
and through this point draw the lines APO and BOQ. We 
have now formed a system of linkwork, cousisting of the 
arms AP and BQ, connected by the link PQ ; and a 




eonstractioD, O is the instantaneous centre of PQ, it foflowa 

(Art. 25) that — = ^^ for that instant. If at any 

point 6 on DE we draw two curves, nic and hbe, in contact, 
and of such shape that P and Q are their respective centres 
of curvature, these curves will, by revolving alxiut centres A 

and B respectively, produce the constant velocity ^ = 

the same aa that of the pitch circles. In the preceding 
articles we have already discussed the tlicoretical shapes of 
such curves; and, from the above, it ia evident that, it 
drcular ai'cs be drawn through b, with centres P and Qt 



AT 
Bt 



■1 



they will fulfil the required condition for that Iristant. 
howevei', the teeth are short, and the obliquity is not ^ 
great, these arcs differ bo siiglilly from the true curves that 
they may be substituted for the latter with very good results. 
In tlie figure the arc dbc will be tlie face of the tooth of 
M2^, while hbe will be the flank of the follower. 

111. Approximate Involute Teetli liy 'Willis' 
Method. — In this case the side of the tooth is made to 
consist of a single arc, and a very simple rnle may be 
obtained. 

In Fig. 76, let TO -= oo ; then AP and BQ will become 
perpendicular to DE, and the points P and Q will fall at 
P' and (^ respectively. 

Let the circular arcs be struck through, T; let K be the 
radius, AT, of the wheel, and ift the angle which DE makes 
with A£. Then TF' ■= if cos ^, which is independent of 
the wheel RS, as well as of the pitch and number of teeth 
of MN. If, tlierefore, the angle ^ be made constant in a 
Bet of wliei'Is. and their teeth be described by this method, 
any two of them will work together. 

Aasnme ^ ^ 75° 30', which is a very convenient valne, 
for which TP' = ii cos 75° 30' = 0.25038B = ^ very, 
nearly. 

112. Practical Example Let it be required to con- 
struct, by this method, the teetli of a wheel of 25 teeth ; 
diameter of pitch circle, 4 inches. Let AT (= 2 inches) be 
the radius (Fig. 77), and Jf^the pitch circle, of the proposed 
wheel. The pitch, as near as mny be, ia half an inch. We 
will make the teeth of the proportions given in the first sys- 
tem of Art. 101. This gives addendum = 0.15 inch, total 
depth = 0.35 inch, backlash = 0.04 inch. Hence draw the 
Bddondnm and root circles at distances of 0.15 inch without, 
«od 0,20 inch withiu, the pitch circle, respectively. Di-aw 
STP, making an angle of 75° 30' with the radius, and drop 



. perpendicular, AP, upon TP (or describe a. semicircle 
AT\ 



upon AT, and set off TP = 



) ; then will P be the centre 



from which an arc, aTb, described through T, will he the 
aide of the tooth required. To deacribe the otiier teeth, 
draw, with centre A and radius jiP, a circle, mn, witliin the 




pitch circle MN\ this will be the locus of the centres for the 
teeth. Set off around the pitch circle, area of 0.23 inch and 
0,27 inch in length alternately, being the respective widths 
of tooth and space on the pitch circle. Take the constant 
radius in the compasses, and, keeping one point in the circle 
mw, step from timth to tooth, and describe the arcs, as shown 
in the figure, pining them directly to the ares of the adden- 
dum circle, and by small fillets to tjie arcs of the root cirele. 
If uTb were an arc of an ini'oliite having mii for a base 
circle, T/* would be its radius of curvature at T. These 
teeth, therefore, approximate to involute teeth ; and thej 
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pDsaeea, in common with them, the oblique action, the power 
of acting with wheels of unj number of teeth, and the 
udjustmcnt of backlash. But, as the sides of the teeth con- 
sist each of a single arc, there is but one positiou of action 
in which the angular velocity is strictly constant; namely, 
when the point of contact is on the line of centres. 

The length of the teeth should always bo kept within the 
limits shown in Art. 102, and in such cases the above method 
of approximation will give fairly good reaults. The larger 
the wheel, the more closely will the circular arcs obtained by 
this rule agree with the tree involute curve. 

113. Approximate Epicy^cloida,! Teeth by Willis' 
M etiiod. — By making the side of each tooth consist of two 
arai joiuetl at the pitoh circle, and struck in such wise that 
the exact point of action of the one shall lie a little before the 
line of centres, say at the distance of half the pitch, and 
the exact point of the other at the same distance beyond that 
line, an abuiiilunt degree of exuctitude will be obtained for 
all practical purposes. 

In Fig. 78, let A and B be the centres of motion, and 
T the point of contact of the pitch circles MN^ and RS. 
Draw BE, making an angle of 76° with AB. This angle 
ia, in fact, arbitrary ; but 75° has been found by Professor 
Willis to give the best form to the teeth. 

Draw OTO' perpendicular to J)E, and set off the lengths 
TO and T(/, equal to each otlier, and less than either jir or 
BT. Through draw the lines BOQ and APO, and through 
C draw the lines B^a and ACP'. By this construction, 
which ia merely an estenaiou of that of Art. 109, we obtain 
four tooth centres. /" will bo the centre for the faces of 
Jf^; Q tlie centre for the flanks of RS, <7 for the faces 
of JiS, and /" for the flanks of MN. The JlanJc of RS and 
the face of MS" will be circular area, with centres Q and P 
respectively, and drawn in contact at a distance of half the 
pitch to the right of the line of centres ; the face of RS and 



the Jlitnk of MN will be circular area, with centres Q' and P', 
and drawn in contact at a distance equal half the pitch t o the 
left of the line of centres. 




From the construction it appears that the teeth of one 
wheel are not changed in shape by any change in the radius 
of the other wheel. In short, if any number of wheels be 
described in the above manner, in which the angle DTA is 
constant, the distances TO and Tff being the same for the 
whole set of wheels, then any two of these wheels will work 
together. The distance TC may be determined for a set of 
wheels by considering that if A approach T, the point O* 
remaining fixed, AP' becomes parallel to DE, and the flank 
of the tooth of MN becomes a straight line. If A approach 
still nearer, P" appears on the opposite side of T, and the 
ftank liecomes convex, giviug a very awkwanl form to the 
tooth. The greatest value, therefore, that can be given to 
TO and TO' must be one which, when employed with the 



HmaUest rndias of the set, will make AP" parallel to DE. 
By aasiiming consljint values for this smallest radius, as well 
as for the angle DTA, in a set of wheels, the values of the 
radii of curvature of the faces and flanks which correspond 
to different numbers and pitches, maybe calculated and tabu- 
lated for use, so us to supersede the necessity of making the 
construction in every case. Thus, the values in the tables of 
Fig. 79 were obtained by assuming that the least radius was 
just great enough to give the wh<el twelve teeth of the required 
pitch, and that the angle DTA was T5°. 

114. Willis' Odoutograph. — This instrument, repre- 
sented in Fig. 79, was contrived by Professor Willis for the 
purpose of laying out the approximate forma of teeth accord- 
ing to the principles of Art. 113. The figure represents the 
iostruinent exactly half the size of the original ; but, as it 
may be made of a sheet of bristol- board, this figure will 
enable any one to make it for use. The side NTM, which 
corresponds to the line DE in Fig, 78, is straight; and the 
line TC makes an angle of exactly 75° with it, and corre- 
sponds to the radius AT of the wheel. This aide, NTM, 
is graduated into a scale of twentieths of inches ; and each 
tenth division is numbered, both ways, from T. 

The instrument is often made of brass, and in that case 
is of the shape shown in Fig. SO ; the tables not being on the 
instrument, but on a printed sheet accompanying the same. 

The manner of using the instrument is shown in Fig. 80, 
Let it be required to describe the foim of a tooth for a wheel 
of 29 teeth of 3 inches pitch. This determines the radius 
^r of the piteh circle MN. Lay off the arcs TD and TE, 
each equal to half the pitoh, and draw the radial lines AD, 
AE. To dr.iw the flunk, apply the iustruraent with its slaut 
edge on AD, so that D is at the zero point of the scales. In 
the table headed "Centres for the Flanks of Teeth," look 
down the column of 3-inch pitch, and opposite to 30 teeth, 
which is the nearest uurrilier to that required, will be found 
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CENTRES UPON TH E SCALES. 


CENTRES FOR THE FLANKS OF TEETH. 1 


TEETH. 


PITCH IN INCHES, 1 


1 


tH 


IH 


IH 


2 


2H 


an 


3 


13 


19S 


"iso" 


Im' 


335 


257 


l89~ 


laT 


386 


14 


69 


87 


104 


131 


139 


156 


173 


308 


15 


40 


S3 


74 


86 


99 


111 


123 


148 


16 


40 


50 


59 


69 


79 


80 


09 


121 


17 


34 


43 


50 


59 


67 


75 


84 


101 


18 


30 


37 


45 


53 


50 


67 


74 


89 


20 


25 


81 


37 


43 


49 


50 




74 


23 




37 


33 


39 


43 


49 


54 


65 


24 


20 


25 


30 


35 


40 


45 


49 


59 


26 


18 


23 


27 




37 


41 


46 


55 


80 


17 


ai 


35 


29 


33 


87 


41 


49 


40 


15 


18 


21 


25 


28 


33 


35 


43 


60 


lit 


15 


19 


22 


25 


28 


81 


87 


80 


13 


15 


17 


20 


33 


26 


29 


35 


100 


11 


14 


17 


20 


33 


35 




34 


150 


11 


13 


ID 


19 


21 


24 


27 


32 


Rack 


10 


12 


15 


17 


20 


33 


25 


30 


CENTRES FOR THE FACES OF TEETH. ( 


13 


5 


6 


7 


9 


10 


11 


13 


15 


15 


5 


7 


8 


10 


11 


13 


14 


17 


20 


e 


8 


9 


11 


12 


14 


15 


18 


80 


7 


9 


10 


13 


14 


16 


18 


21 


40 


8 


9 


11 


13 


15 


17 


19 


2S 


60 


8 


10 




14 


IG 


18 


20 


35 


80 


9 


11 


13 


15 


17 


ID 


21 


26 


100 





11 




15 


18 


20 


23 


2B 


150 


9 


11 


1^ 


16 


10 


21 


2i 


27 


Ruck 


10 


13 


15 


17 


30 


33 


35 


80 



WILLIS' ODONTOGRAPH. 

Fie- TO 
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tlie number 40. The point g, indicated on the drawing-board 
by the iwaition of this number on the scale marked "Scale of 
Centres for the Flanks of Teeth," is the centre required, irom 
which the arc Tp must bo drawn with the radius gT. The 
centrii for the face Tn is found in a manner precisely simi- 
lar, by applying the slant edge of the instrument to the radial 
line AE. The number 21, obtained from the lower table, 
will indicate the position, h, of the required centre on the 
lower scale. The arc Tn. is then drawn, with A aa a centre, 





and radius Tk. We have now the complete tooth outline for 
one side of one tooth ; the curve pTn being limited at the top 
by the addendum circle, and at the bottom by the root circle, 
Having proceeded thus far, the simplest way of drawing the 
rest of the tooth curves is to describe two circles about A. 
one through g and the other through A. Then all the centres 
for the flanks will lie on the former, and all the centres for 
the faces on the latter, of these two circles. We may now 
find these centres by striking from each pitch point an arc 
with radius equal to gT to cut the circle of centres for flanks, 
and an arc with radius TJi to cut the circle of centres for 
faces. 

The curve nTp is also correct for au annular wheel of the 
Uitte radios and number of Until, ; n bi.'1'oming the loot^ «&& 



* 



p the point, of tlie tooth. Numbers for pitches not inserted 
in tlie table may be obtained by direct proportion from llie 
colurnn of Bome other pilch ; thus, for 4-ineh pitch, by 
doubling those of 2-inch pitch. Also, no tabular numbers 
are given for 12 teetb in the upper table, because their flanJts 
are radial lines. 

The variation in the contour, due to the addition of a 
single tooth, becomes less and less as tbe number of teeth 
increases ; so that the same curve will serve for wheels with 
nearly the same number of teeth. Consequently, if the num- 
ber assigned is not found in the tables, the nearest number 
found there ie to be used instead. 

115.» Improved Willia Odontograpli. — In Fig. 80 
the points g, It, are found by drawing two radial lines, AD 
and AE, and applying the ineti'ument to each of them, or by 
drawing two additional lines, gD and Eh, at an angle of To" 
with AD and AE respectively, and setting off on them cer- 
tain lengths obtained from tables. Having found these 
points, circles of centres are drawn through them, and used 
as explained above. 

If, now, instead of proceeding in this manner, we could 
find from tables the radii of the two circles of centres, and the 
radii gT and Tit, the construction would be mueb simplified. 

This improvement is due to Mr. George B. Grant, who has 
calculated the distances of the two circles of centres from the 
pitch circle, and also the radii of the arcs for the faces and 
flanks. His results appear in the following table, where 
" Dis." represents the radial distance between tbe circle of 
centres and the pitch circle, and "Rad." tbe radius of the 
face or flank arc as the case may be : — 



" The tables In Acta. 115 and 116, and the niibstaiice of the mat 
QioBe articles, are taken, by perniiasion, Irom " A Hundbook o 
TeeOi of Qeara," by Oeori;i! B. Grant, Bustou, Mass. 



IMPROVED WILLIS ODONTOGRAPH TABLE. 

(Copyrighl, 18S5, by Qsorge I). Omnt.) 







FCB OM! 


r>u»KT 


RAl. 


FoRONK-lKrH 1?.1«;1I1.AR 


t;. 




p 


TCB. 




PITCH. 


B WUKEL. 




th>.r MWh, 


For any Other Pilch, 






dlvido Tub 


lar Ta 




mulllply Tabular Vuliie by 


- 




that nich. 




that Pitch. 




Fm«. 


Ptank.. 


Fa™. 


Flank-. 


ElMt, 


Idtan-BlB. 












Rud. 


Dls. 


Knd. 


ni». 


Had. 


M.. 


.^. 


Die. 


12 


12 


2.30 


0.15 


^ 


. 


0.73 


0.(B 


_ 


_ 


i;h 


13-14 


2.;ir) 


0.1(1 


15.42 


10.25 


0.75 


0.05 


4.1)2 


3.23 


15^ 


ir,- 10 


2.40 


0.17 


8.3S 


3.S8 


0.77 


0.05 


2.8(i 


1.24 


m 


IT- 18 


a.45 


0.1« 


6.43 


2.35 


0.78 


O.OB 


2.05 


0.75 


20 


in- 21 


2.50 


0.1 B 


6.38 


J.02 


0.80 


0,0U 


1.72 


a52 


!i3 


22- 24 


2.B3 


n.21 


4.15 


1.23 


0.81 


0.07 


1.5a 


0.39 


27 


25- 29 


2.li1 


n.2H 


4.31 


0.H8 


0.83 


0.07 


1.36 


0.31 


»8 


30- 36 


2.88 


0.2.1 


3.1)7 


0.70 


0.85 


0.08 


1.2fl 


0.20 


4S 


37-48 


2.75 


0.27 


3.(10 


0.(10 


0.88 


o.on 


1.1H 


0.21 


58 


4ft- 73 


2.83 


0.30 


3.49 


0.57 


0.00 


a 10 


1.10 


0.18 


W7 


73-144 


■IMS 


o.:« 


3.-;w 


0.4!) 


o.m 


0.11 


1.05 


0.15 


21HI 


145-rack 


■J.IA 


0.37 


3.18 


0.42 


O.0T 


0.12 


1.01 


0.13 



This iiHpixjved Willis jti'occss will produce exactly tlio 
same circular arc as the usual method, with the same theo- 
retical error ; but its operation is simpler, and leas liable to 
errors of manipulation. Bytliis process the circles of cen- 
trea are drawn at once, without preliminary constructions, at 
the tabular diataDces from tbe pitch line ; and the table also 
gives the radii of the face and flank area. No special instrn- 
ment is required, no nnglfs or special lines are drawn to 
locate the centres, and Leuee the ebauee of error is much 
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116.* Grant's Odoutograph. — If, in the method de- 
scribed in the preceding article, we use, instead of the 
pular arcs employed by Professor Willis, arcs which sIjuII 
approsimate still more closely to the true epioycloidal and 
hypocycloidat curves, we shall evidently obtain more satis- 
factory results, Mr. Grant has computed and tabulated the 
location of the centre of the circular arc that passes through 
the three most important points of the true curve; viz., at 
the pitch line, at the addendum line, and at a point midway 
between. The Willis arc runs altogether within the true 
cun-e, while the Grant are crosses the cm-ve twice. The 
average en'or of the Grant arc is much less than that of the 
"Willis arc, and it is hence to be preferred. 

The circles of centres arc drawn at the tabular distances, 
"Dis.," inside and outside the pitch line respectively; and 
all the faces and flanks are drawn from centres on these 
circles, with the dividers set to the tabular radii, "Rad." 
The tables are arranged in an equidistant series of twelve 
intervals. For ordinary purposes the tabular value of any 
interval can be used for any tooth in that interval ; but for 
greater precision it is exact only for the given "exact" 
number, and intermediate values must be taken for inter- 
mediate numbers of teeth. 

When the number of teeth is twelve, the Sanks are radial, 
and hence no tabular values are given for the flanks of that 
number. 

To illustrate the use of the following table, let it be re- 
quired to draw the tooth outline for a wheel of 24 teeth of 
Ij-inch pitch. Draw the pitch circle with its proper radius 
of 11,46 inches, aud mark off the pitoh points of the teeth. 
Draw the addendum, i-oot, and cleai-ance circles, having fixeit 
on the dimensions of the tooth by means of some system of 
proportions such as those given in Art. 101. 
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GRANT'S ODONTOCRAPH TABLE. 

JLOIDAL TEKTU. 
(CopjTighl, ISSB, by Omrgn B. OrsDt.) 
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Fa 
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^ 


»,.. 


aad. 


DI». 


Ead. 


Z 


Rad. 


nil. 


12 


12 


2.01 


0.08 


_ 


. 


0.64 


0.02 


. 


^ 


13i 


13-14 


2.04 


0.07 


15.10 


S.43 


0.65 


0.02 


4.S0 


3.00 


15i 


15-16 


2.10 


0.09 


7.88 


3.46 


0.67 


0.0.1 


2.50 


1.10 


nj 


11- 18 


2.14 


ail 


0.13 


2.20 


0.68 


0.04 


1,95 


0.70 


20 


19- 21 


2.20 


0.13 


5.12 


1.57 


0.70 


0.04 




63 


0.50 


23 


22- 24 


2.29 


0.15 


4.50 


1.13 


0.72 


0.05 




43 


0.30 


27 


25- 29 


S.38 


0.16 


4.10 


0.96 


0.74 


0.05 




30 


0.20 


33 


30- 30 


2.40 


0.19 


3.80 


0.72 


0.76 


0.06 




20 


0.23 


42 


37- 48 


2.48 


0.22 


3.52 


0.63 


0.79 


0.07 




12 


0.20 


58 


4ft- 72 


2.60 


0.25 


3.33 


a54 


0.83 


0.08 




06 


0.17 


S7 


73-144 


2.SS 


0.2S 


3.14 


0.44 


a90 


0.01) 




00 


0.14 


290 


145-300 


2.62 


0.31 


3.00 


0.38 


0.93 


0.10 





95 


0.12 


QD 


Rack 


2.90 


0.34 


2.96 


0.34 


0.94 


O.ll 





94 


0.11 



From the above table take the values given foi' the interval 
22-24 ; and, as the pitch is 1^ inches, multiply these tabular 
^ values by 1^. We then obtain 

DlHlance between, pitch circle and circle of face centres = 0.07; 

I face radius = l.Ofl. 

Distance between piteb circle and circle of flank centres = 0.54; 



I Draw the circle of face centres 0.07 inch inside the pitch i 
I circle, and the circle of flank centres 0.54 inch outside of j 



the pitch circle. With a pitch point as a centre, strike an 
arc with railiuB 1.08 inches to cut the circle of face centres, 
and an arc with radius 2.15 inches to cut the circle of flank 
centres. With these two points of intersection as centres, 
deserihc the face and flank through the pitch point, draw the 
same arcs in reversed i>osition through a point on the pitch 
circle whose distance from the pitch point is the desired 
tooth thickness, connect the faces by an arc of the ad'lcndtim 
circle, and join tlie Banks hy fillets to the oleai'ance circle, 
and the tooth is complete. 

This odontograph, as well as Willis', is arranged for an 
interchangeahle set (Art. "J8) , from a wheel with twelve teeth 
to a rack. 

IIT. Robiuson'8 Templet Odontograpli. — ^In the use 
of this instrument, a method entirely diflerent from those just 
mentioned is pursued. Instead of using circular arcs, the 
outlines of the teeth are drawn by means of a templet, which 
ia the curved edge of the instrument itself, when the latter is 
brought into .t proper positioa. 

As the epicycloidal curve is normal to the pitch line, and 
very nearly so to the tangent to the pitch circle di-awn from 
the middle of a tooth, it is clear that if a curve of rapidly 
changing curvature be so placed as to be noiTnal to the tan- 
gent, as above described, and at the same time intersecting 
the addendum cirtlc at the same point tliat the epicycloidal 
curve required for the tooth does, it will represent the epicy- 
cloidal tooth face with great precision. 

The curve adopted as conforming most closely, in general, 
with limited initial portions of the epicycloid, is the toga- 
rithwAC spiral. This cui-ve appeal's to possess the highest 
degree of adaptation, because of its uniform rate of curvature, 
and also because tliis rate can be assumed at pleasure. In 
adopting the particular logarithmic spiral for the odontograph 
curve, inasmuch as this spiral may have an infinite variety 
of obliquities, it is evident that the selection Is not a matter of 



inilifference. Wlifn tlie obliquity, or angle between the nor- 
mal and radius vet-tor, is very small, tbe arc of tliia spiral 
changes curvature Iihss rapidly than when the obliquity is 
great. When the obliquity ia zero the spiral becomes a 
circle, and when it is 00° the spiral is simply a radius ; 
neither of which approsimattts to tbe desired cui've. 

To find that obliquity which makes the spiral best fit the 
epicycloid, it will probably be most satisfactory to assume 
an epicycloid which represents an average of those likely to 
be used for Ixitb curves, and adapt the spiral to it, though 
auy ordinary logarithmic spiral will evidently conform more 
closely to it than the circle. Tbe spiral which most closely 
osculates the epicycloid for a pair of equal pitch circles is 
therefore adopted, because the opposite wheel may be either 
larger or smaller, thus making a higher or lower epicycloid. 

By an elaborate mathematical investigation," Professor 
Robinson !iaa shown that this curve will produce tbe required 
results in all tbe various cases of epicycloidal and involute 
gearing. 

118. Manner of usin? OdontoB''apli, — The instru- 
ment is shown in Fig. 81 of full size, and of suitable capacity 
for laying out all teeth below six inches pitch. The curved 
edge -ilB ia the logarithmic spiral above spoken of ; and the 
curve ^C ia its evolute, in other words, an equal spiral. 

The instrument should be made of metal, because it is 
intended that it may l>e used directly for a scribe templet, in 
which use it will be subject to wear from the passes of the 
scribe. It has several holes in it, so that it may be attached 
by wood screws, or by bolts expressly prepared, to any con- 
venient wooden rod, in such a manner, that, wlien the rod 
swings around a centre-piu of the wheel, all tbe faces of the 
teeth may be described directly from the instrument itself. 
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^lie desired result is thus obtaiaeil ilirectlj without the uae J 
■^f a pair of compasses. I 

Accompanying the instrameDt are aix different tables, J 
varying according to the kind of tooth desired. One of the I 
tables is for the teeth of wheels lielooging to an interchange- i 
Me series; the other tables are for variously curved flanks I 
and for annnlar wheels. The manner of using nil the tables J 
is nearly the same, so it is simply necessary to indicate the I 
method for any one of them. Fig. 82 shows the manner of J 
using this odontograph to lay out the teeth of a ivbeel belong- J 
ing to the interchangeable series. 1 

The table for this system is aiTaaged in four columns, 1 
headed respectively, 1, "Diameter in Inches;" 2, " Nnm- I 
ber of Teeth ; " 3, "Face Settings ; " 4, "Flank Settings." I 
The two settings are given for oue-inch pitch. I 

In the figure, let MX be the pitch circle. If it is not J 
given, it may be found by multiplying the pitch by the num- I 
ber in the column "Diameter in Inches" corresponding to J 
the number of teeth. I 

Assume the point T as the middle of a tooth, and lay off I 
TD = ilB half-thickness. At T draw the tangent tTif, and I 
at D the tangent Dd. Make TH = TD. Take from the j 
column "Face Settings" the figure corresponding to the j 
numlier of teeth, and multiply it by the pitch ; this will give 1 
the setting number. Then place the graduated edge of the 1 
odontograph at R, and in such position that the number and J 
division of the scale shall come precisely on the tangent lino 1 
at H, while at the same time the other curved edge is tangent. I 
to the line tTt'. The tooth outline is then traced along 1 
the instrument from D as far as needed. By turning over the J 
instrument, which is graduated on both sides, and repeating 1 
the operation, we get the opposite face of the same tooth, I 

To draw the flank, And a similar setting number by using | 
tiie column " Flanlc Settings." The instrument is to be set I 
with the division at D, and the other curved edge tangent to \ 



Dd ; and the flank may then be drawn to the proper depth, 
When it is desired to repeat the operation of drawing the 
curves all around the wheel, the simplest waj to locate the 
instrument is by drawing circles through the points A and C 
when it is once properly located. The instrument can then 
be readily placed at any tooth outline by placing the gradu- 
ated edge on the pitch point, and keeping the points A and C 
in the circles just mentioned. 

For instance, let it be required to draw the teeth of a wheel 
having 50 teeth of S-inch jjitch. For this number of teeth 
we find the tabular values ; — 



No. ot Todh. Ftce 

50 



0.4! 



0.66 



The diameter of the pitch eirele is 8 X 15.917 = 47.751 = 
47J inches. The proper setting to draw the face is 3 x 0.42 
= 1.26, and the corresponding setting for the flank is 3 X 
0.66 = 1.98. 

Hence, to draw the face, the odontograph is placed ao that 
the number 1.26 on the scale is at the point H (Fig. 82) ; 
and, to draw tho flanks, it is placed so as to bring the Dumber 
1.98 at D. 



CHAPTER VIII. 



COMMUNICATION OF MOTION BT SLIDINQ CONTACT. 

VELOCITY KATIO C0S8TAMT. 

DIRECTIONAL T.ELATION CONSTANT. 

TEETH OF WHEELS (CONCLUDED). 

Ph Gearing. — Low-Numbered Pinions. — Unsymmetrieal Teeth.—- 
TwMed Gearing. — Non-Circular Wfleet*. — Bevel Gearing, — 
SkeK-Bevel Gearing, — Face Gearing. 

119. Pin Gearing. — In Art, 76 it has been shown 
that an epicycloid traced on tbe pitch circle of the driver, by 
rolling on the latter a deaeriiting fircle equal to tlie pitch 
circle of the follower, will drive a pin in the circumference 
of the following pitch circle with the same constant velocitj 
ratio us if the pitch circles rolled together. 

In Fig. 83, let MN' and RS he the pitch circles. Lay off 
the equal pitch area Ta and Tb ; and, with JiS as the 
describing circle, trace through « the epicycloid aD, which 
will, of course, pass through b. Draw the equal epicycloid 
TD in reverse position through T, and let D he the point of 
intersection of the two epicycloids. Then aDT is the com- 
plete outline of a tooth of My which will drive a pin 6 
(having no appreciable diameter) on RS with the constant 
AT 



velocity ratio ~ = 



BT 



Through D draw the arc DP c 



wntric with MN". The point /*, where this arc intersects 
US, will evidently he the point at which lite tooth aDT and 
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the pin b will quit oontaet. Tlirougli P draw *Jie epioyeloicl 
Pa' equal to Da ; then TP = Ta' = arc of recess. ' The 
wheel MN moving iis indicated by the arrow, the contact 
will begin at T, and the point of contact will travel to the 
right, along the arc TP, until it reaches the point P, where 
contact ceaaes. The contact is wholly on one side of the 
line of centres ; and when the teeth drive, as they should 
rlwaya do (Art. 90), there is no arc of approa 




120. With given pitch circles, to find the relation between 
the are of receaa and the pitch. 

In Fig. fi3, let TP, the arc of recess, lie given. Through 
P describe the epicycloid Pa' by rolling RS ou jIT.V; ilruw 
the radius PA, intersecting 3f3/' in A'. Then, in order to 
secure the desired arc of recess, the pitch mnst not be greater 
than Ta' = TP, nor leas tlian 2A'ii'. If Ta (= 2A'n') be the 
pitch, and the tooth be pointed, tlie arc of recess will he 
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M*, aa required. If, with the same pitch, the tooth be given 
Bome thicliness at the top, the arc of recess will become less ; 
and, when tlic latter has its smallest value (i.e., when it is 
just equal to the pitch), the top of the tooth will be cut oft 
o as to give the tooth outline Tcfm. 

121. If the pitch be given, and it is required to find the 
arc of action which may be secured, lay off on ^JV the given 
pitch arc Ta, and, with RS as describing circle, construct 
the epicycloids TD and aD. Through their point of inter- 
section, D, draw the arc DP concentric with MN. Then TP 

and Tb {= pitch) b the minimum, value 
of the arc of recesa ; the tooth in the former case being 
pointed, and in the latter cut off at cb. 

122. Pins of Sensible Diameter In the preceding 

articles we have treated the pins as mere mathematical lines ; 
but in practice they must, of course, be given some magni- 
tude, and they are usually made as cylinders of a diameter 
of about half the pitch. The form of the toolk must then 
be so modified, th^t, when it acts on the cylindrical surface of 
the pin, the latter shall move just as thougji its axis were 
being driven by the original epicycloid ; in other words, the 
constant normal distance from the latter to the new tooth 

lutline must be equal to the radius of the pin. The manner 
of finding this derived curve is shown in Fig. 83. About 
successive points along the epicycloid, as centres, circular 
area are drawn, having the same radius as the pin ; a curve' 
drawn tangent to this series of arcs will be the required tooth 
outline. 

In deriving the new tooth outline to act with a pin of sen- 
sible diameter, the length of the driver's tooth has evidently 
been reduced, causing a certain diminution of the arc of 
recess. Now, assuming the derived curve to be an epicy- 
cloid, identical with the original ejiicycloid, but simply moved 
in position, it is evident that contact will begin just as the 
centre of the pin reaches tlic iiiiiit T\ in other words, bjx 



4 



arc of approach will have been introduced practically equal 
to the radius of tlie pin. Now, although this assumption as 
to the shape of the derived curve ia not strictly true, yet the 
error thereby introduced is inappreciable, and of do impor- 
tance in any practical case. 

123. Llmitiug Diametar of Pin.^ — In the practical 
construction of problems in pin gearing, it sometimes becomes 
important to determine the maximum diameter of pin that 
can be used under given conditions. For instance, let the 
diameters of the pitch circles and the pitch be given, and let 
it be required to determine the maximum diameter of pin 
which will secure a certain arc of action. In Fig. 84, let 
MN and BS be the given pitch circles, and let the given 
pitch be § inch. Let the-required arc of action be IJ times 
the pitch ; that is, 1^ X § = if inch. Lay off the ares Ta 
and Tb, each equal to the desired arc of action, and let abe 
be the epicycloid which would be described by the point b in 
rolling the circle BS on the outside of MN. Join Tb by a 
straight line, which will be normal to the epicycloid abe at 
the point b. Now, as the contact between the derived tootli 
and the cylindrical pin begios when the centre of the latter is 
at T, the desii-ed arc of action will be secured if contact 
ceases when the centre of the pin reaches b. Hence 6 will 
be the position of the centre of the pin at the moment of quiU 
ting contact, and the poiat of the tooth must evidently lie on 
the line Tb at a distance from b equal to the radius of the 
pin. 

But as ac is the pitch arc-, the point of the tooth must evi- 
dently also lie on a radius bisecting this pitch arc ; and it 
will consequently be found at P, the intersection of these 
two lines. Pb then will be tlie radius that will secure the 
given arc of action on the supposition that the teeth are 
pointed. 

But if, as is usually the case, it is desired that the teeth 
should have some thickness at the top, the radius of the pin 
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mast be made somewhat smaller than the maximum radius 
just found. 

Thus, in the present example, let us determine the shape 
of the tooth which will give the same arc of action with a 
smaller pin. Let the pin be made of the usual diameter 
employed in practice ; namely, i pitch. 




Fig. 84, 



In Fig. 84, on the left of the centre line AB^ lay ofif Ta' = 
TV = arc of action, and aV = pitch, as before. About b' 
as a centre, describe the circle of the pin with a radius, VP\ 



of one-fourtli the pitch. Now, although P" will evideBtlj be 
the extremity of the derived tooth curve, jet it will be found 
that the radius passing through that point will no longer bi- 
sect a'c'. In fact, the tooth now has some thickness at the 
top ; and drawing, in a reversed position on the other side of 
the middle point of aV, the derived curve found for this 
diameter of pin, and joining the two curves at the top by a 
circular arc through P" aud concentric with MN, we have the 
complete tooth outline for this case. 

124. Practical Example. — In Fig. 85 is shown a prac- 
tical example of pin gearing, the diagram being drawn full 
size, and being the solution of the following problem : — 

Distance between eentrca of pitch circles, 9 inches. Driver 
to have 50 teeth ; follower 40 pina. Arc of action to be 2 J 
times the pitch. Dividing the line of centres at T in accord- 
ance with the given number of teeth, we find the radius of 
the driver to be 5 inches, and that of the follower to be 4 

Eolling the circle RS as a describing circle on the outside 
of MN, the point T will descriire the epicycloid Tt, which 
which will be the form of a tooth of MN that would work 
with a pin of no appreciable diameter on RS. To find the 
maximum diameter of pin that will secure the desired arc of 
action, we proceed as in Art. 123. Lay off the arcs Ta aud 
Tb, each equal to the required arc of action, i.e., 2J times 
the pitch; and lay off ««' equal to the pitch. Joining Tb, 
and drawing the radius bisecting oa', we find the maximum 
size of the pin and the coiTesponding shape of the tooth, as 
shown in dotted lines. We may, of course, use any radius 
of piu less than Pb, and still secure the desired arc of action. 
In order to get teeth of better proportions, let us make the 
radius of the pin equal to one-fourth the pitch. On making 
a construction similar to the one explained in the latter part 
of Art. 1'23, we will find the shape of the tooth as finally 
drawn in the diagram. Just as iu other gearing, clearance 



most be given at the liottom of the spaces, iind this is usually 
done by means of circular ai'cs, as shown. 

The principal advantages of pin gearing are its amooth- 
neas of action, and the facility with which the pina may be 
turned in a 




T)ie pin wlieel is often mw\c- of two platea, tlic ends of the 
pins lieiniT fixed into equi-distant IioIm in both plates, thua 
making a very strong arrangement, and cue whicli ia fro- 
queiitiy employeil in clock-work. Sucli wheels are called 
lauteruB or trundles, and their pins are called staves, 

125. Rack and Wheel. —As previously stated, the 
pins ai-e always given to the follower, anil lieuce this com- 
bination will present two cuses according to whether the 
rack is driver or follower. In Fig, 86 the rack drives and 
tbe wheel carries the pina. TLe teeth of the rack are formed 



by cun'ca parallel to the cydoids which would work correctly 
witii the axes of the pina. In Fig. 87 the wheel drives and 




*he rack carries the pina. The teeth of the wheel are forined 
by curves parallel to the involutes of its own pitch circle, 
wDich would work correctly with the axes of tbe pina. 




126. Annnlar Wheels If the annular wheel drives^ 

no in Fig. 88, the pins are given to the small wheel, and the 
teeth of the annular wheel are formed by carves parallel to 
the hypocycloids which would work correctly with the axes 
of tbe pins. If tbe annular wheel is tbe follower, as in 
Fig. 89, it carries the pina ; and the teeth of the small wheel 
are formed by curves parallel to the epicycloids which would 
work correctly with tbe axes of tlie pins. 

Wben the annular wheel is tbe driver, and is twice as large 
as the wheel with wbicb it gears, the bypocycloJds become 
straight lines, and the parallel tooth outbuee will evidently 
also be straight linua. 



I 
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Fig. 90 shows such an arrangement, in whieh the pin 
wlieel boa 1jut three pins, while the wlieel teeth are fonuG^ - 




by cutting three straight grooves, intersecting each other at 
the centre of the wheel, at angles of sixty degrees, each 




I 



being of a width equal to the diameter of a pin. By placing 
rollers on the pins, aiid making the widths of the slots equal 




to the diameter of these rollers, this arrangement of ] 



gearing can be used aa a shaft coupling to drive in either 
direction, 

127. IiOW-NMml>ered Pinions. — As the number of 
teeth in a wheel decreases, the teeth themselvea become 
longer, and both the obliquity of action and the amount of 
sliding rapidly increase. Pinions having very few teeth are, 
for these reasons, unsuitable for general use ; and accord- 
ingly we find that in practice no wheel of less than about 
twelve teeth ia employed if it can possibly be avoided. In 
order to secure smoothness of action and a minimum obliq- 
uity of pressure, the number of teeth assigned to any given 
wheel is usually so great that do doubt exists as to their 
successful working. It occasionally happens, however, that 
it becomes imperatively necessary to employ wheels having 
as few teeth as possible ; and it then becomes a matter 
of importance to determine whether the desired numbers of 
teeth will work together. 

128. Practical Example The practicabQity of any 

assumed ease can be readily determined by the construction 
of a diagram, keeping in mind the limitations as to pitch, arc 
of action, etc., explained in previous articles. For example, 
let us examine the case of two pinions, of five and seven 
teeth respectively, and having radial flunks. 

In Fig, 91, let A and B be the centres of the pitch 
circles, and T their point of tangency. As the fianks are 
to be radial, the diameters of the describing circles will be 
equal to the radii of the respective pitch circles, aa abown. 
Assume the arc of action to have its smallest value (namely, 
just equal to the pitch arc), and let the arcs of approach and 
recess be equal. Constructing the teeth under these condi- 
tions (Art. 97), we will obtain the wheels shown in Fig. 91. 
These wheels will just barely work, one pair of teeth quitting 
contact at P at the same instant that another pair are coming 
into contact at P". It is evident that, by continuing the 
opposite faces until they meet, the arc of action con be some' 
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trhat increased without making any other change. Two such 
•rheelfl, then, can be made to work, though they will never 
tun with the smoothness of iictioD that characterizes wheels 
havin}; a laige number of U'eth, 



that in this case PT = i> x ~,= 1-24 p, and Pb = PT sin 
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129. In Fig. 91, let PT represent in magnitude, as it 
dues in direction, the pressure lietween a pair of teetli at the 
moment of quitting contact, the angle PTi being thirlj-Hix 
degrees. Tlien Pb evidently represents the component of 
PT which tends to force the axes apart, thus producing frio- 
tiou and wear in the bearings. Now, calling p the tangential 
pressure necessary to transmit any given power, it is evident 

,4T- 

• AP~ 

3()° = .73 p. The obliquitj has thus caused a pressure be- 
tween the axes almost three-fourths as great as the pressure 
producing rotation. It is evident that there is a limit beyond 
which the angle of maximum obliquity cannot go without 
increasing the prejudicial component Pb to an inordinate ex- 
tent. The limit for the mean obliquity is usually placed at 
fifteen, and that for the maximum, at thirty degrees ; though, 
where the pressure to be ti-ausmitted is not great, thirty-six 
degrees may be made the limit for the latter. In the case 
of involute teeth, the obliquity is constant, and should never 
exceed fifteen degrees. 

The maximum diameter of the describing circle (Art. 94) 
is usually taken as half the diameter of the pitch circle m 
which it rolls ; but, for special reasons, it may be increased 
to five-eighths of that diameter. By repeating the constmc- 
tion within these iimita of obliquity and of size of describing 
circle, we will find that Jive is the least number of teeth for 
each of two equal pinions, that four will work with Jive or 
any greater number, that three will work with any number 
greater than fourteen, and that less than three cannot be 
made to work at all. 

130. Two-Leaved Pinion. — There is, however, an 
exception to the last statement ; for if the teeth are placed 
in parallel planes, instead of, as usual, in the same plaue, a 
two-leaved pinion can be made to drive in a very satisfactory 
manner. 
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igenieiit i 
disc, to Tfhich teeth 6, 
opposite aides. The 
straight, and radiate ii 
driver is formed of a 
A is in tbe pli 
plane of the teeth b' 
circle of B, and hence 
for the teeth, is equal 
to the outer extremity < 



i shown in Fig. 92. B represents a 

b', b, b', etc., are fixed alternately on 
acting surfaces of these teeth are 
I directioD from the centre of B. The 
pair of double epicycloids, of which 
the teeth b, b, etc., aud A' is in the 
6', etc. The ratliua of the pitch 
the diameter of the describing circle 
to the distance from the centre of B 
)f one of its teeth. 





B^e- 93 

The action is not very oblique, but the amount of all 
is considerable. As the driver has only faces, and the 
lower only flanks, the action takes place on one side of the 
line of centres only. The combination is always usefl bo 
that the action may be receding ; and the result is, that tbe i| 
motion is exceptionally smooth and noiseless. 

A pinion of one tooth communicating a constant angnlai 
velocity ratio between parallel axes, ap|>ears absolutely im-J 
possible. The endless screw is equivalent, however, to B.I 
pinion of a single tooth. 
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An arrangement Bimilar to that of Fig. 92 may aiao be 
employed to give motion to s. rack, as shown in Fig. 93. 
Tlie construction in this case ia simplified, the curves of the 
piDion becoming involutes of the pitch circle, while the rack 
consists of a straight bar, Laving equal rectangulat 
flxeu lo it at regular intervals on both sides. 




Fie.G3 



J 



This arrangement is objectionable on account of tbe wear 
being confined to a single point, just as was explained in the 
case of Fig. 70. Hence, in any practical case it would be 
better to use a describing cL'cle of comparatively small di- 
ameter, making the outline of the rack teeth cycloidal In 
shape, and thus distributing Che action over a greater amount 
of surface, 

131. In Arts. 128 and 129 we have assumed the arcs of 
approach and of recess to be equal ; that is, each equal to 
half the pitch. Though the total arc of action cannot be 
less than the pitch, yet we may evidently vary the relative 
amounts of approaching and receding action at pleasure. 
If, as is usually the case, the arc of i-ecess is to be the 
greater, it is evident that a, pinion of fewer teeth can lie 
used to drive than to follow ; for the arc of recess depends 
upon the length of the driver's teeth, and this length again 
depends on the size of the describing circle. If we take a 
given wheel and pinion, and gradually decrease the number 
of teeth in the pinion, — in other words, make it of a smaller 
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diameter, — we shall evidently also decrease the diameter of ] 

the describing circle, which generates the faces of the wheel 1 
teeth, and hence diminish their lengths. The generating circle 
for the faces of the pinion's teeth will not be affected, so that , 
the length of these teeth will remain almost the same. 

But, whatever the conditions, we can evidently determine 
the practicability of any given case by the construction of a 
diagram, as explained. 

132. IJeast Follower for given Driver. — Though the I 
construction of a diagram will always enable us to ascertain 
whether a given combination of driver and follower is pos- 
sible, yet the problem may sometimes be stated in a more 
general form. For example, let it be required to find the i 
least numlier of teeth that can be given to a wheel which is | 
to follow a given driver. Let the pitch circle, pitch, and arc 
of recess of the driver be given as in Fig. 65. Taking Ihe 
upper describing circle, as given in the diagram, it is evident 
that the follower may have less teeth than there shown. For 
we may make the radius of the follower's pitch circle only 
twice rC, in which case the follower's teeth will have radial 
flanks. 

Now, if the diiver's teeth were to be pointed, instead of 
as shown in the diagram, it is clear that with the given pitch, 
the i-equired arc of recess eould be secured with a smaller 
describing circle ; and hence a smaller follower could lie 
used. In this case, at the moment of quitting contact, the 
point of the driver's tooth must lie at the intersection of the 
upper describing circle with a radius of MN bisecting Ha, 
and at a distance from T, measured on the circumference of ' 
the describing circle, equal to the arc of recess. Hence, 
drawing the radius bisecting Ha, and finding (Art. 81) the 
l>oaition of this point, we describe through the latter and 
the point T a circle whose centre lies on AB. This will be 
the upper describing circle required. If we then make the 
diameter of the follower's pitch cii'cle twice the diameter of 



tlic describing circle thus found, wc shall evidently have 
determined the required least numljer of teetb, on the asaump- 
tion that they are to have radial flanks. Aa previously 
mentioned, the diameter of the pitch circle may, for special 
rcnsons, be made as small ns | of that of the describing 
circle: but the size of this |iitch circle n ins t always be such 
that the given pitch will be an aliquot pai't of the cireumfer- ' 
ence. Having thus determined the least number of teeth, 
we must ascertain if the obliquity is within the desired I 
limits. If it is found to «seeeil the assigned limit, the size 
of the pitch and describing circles must be increased until ' 
the obliquity is reduced to the proper amount. 

133. Again, the assigned conditious may laelong to the 
follower, and it may be re(|uired to determine tbe least nuni- 
ber of teeth for the driver. This case may be solved by an 
obvious modification of the above process. Both of these 
cases wiil also present themselves in tbe involute system. 
With involute teeth, the maximum arc of recess wilt evi- 
dently be secured if the driver's tooth te pointed, and if 
its point touch tbe base of the follower's involute at the 
moment of quitting contact. The obliquity of action which 
secures this result is the greatest possible, and gives the 
minimum /oHoicer that can be employed. 

Similar problems will occur in regard to annular wheels ; 
and such problems may be solved by similar methotls, the 
only peculiarity being, that there will be botii maximum and 
minimum values. 

The least annular wheel which can be driven by a given 
pinion must have one tooth more than the pinion. The 
amallest pinion which can lie thus used is one of three teeth, 
the wheel then having four teeth. 

The least annular wheel that can drive a given pinion mtist 
have one and a half times as many teeth aa the pinion when 
the latter has radial flanlvs. The various questions of limit- 
hig numbers may also be solved in pin gearing, though t'at 
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T to tlie peculiar nature of the 



method ia more complei 
derived curve. 

134. But, in any case, it is sinnply a question of graphical 
constructioa ; the teeth being laid out in accordance with the 
preacribed conditions. Tables have been prepared giving 
Buch least numbers, calculated witli considerable exactness, 
for various arcs of recess i and though it ia always prefer- 
able to make the graphic construction for the special case 
under consideration, yet the following brief extract from 
aucli tables may not ije without interest. In these tables 
the flunlis of all the spur wheels are supposed to be radial, 
*Dd the thickness of tlie tooth and the width of the apace, 
measui-ed along the pitch circle, aje supposed to he equal. 
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TABLE OF THE LEAST-NHlIBEitKD SPUR \VHEEI,8 AND 

ytlMBEEED ANNULAa WHEELS THAT WILL WORK WITH 
PIN10X8. 
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135. Unsym metrical feeth. — In all the figures of 

teeth hitherto given, the teeth are symmetrical, so that they 

will act whether the wheels be turned one way or the other. 

If the machine be of such a nature that the wheels are to be 

required to turn in one direction only, the strength of the 

teeth may be greatly increased by an alteration in fomi first 

suggested by Professor Willis. In Fig. 94 are repi-esented 

two wheels, of which the lower is the driver, and always 

moves in the direction of the arrow. The describing circles 

are made large, thus reducing the obliquity of action. The 

p right side of the driver's teeth and tlie left side of the fol- 

l^lower's teeth are tlie only portions that are ever called into 

fc'Hetion ; and they are made precisely as usual in the epiey- 

' oloidal system. If the other sides were made the same, this- 

would give a very weak form at the root. To obviate this, 

the back of each tooth is bounded by an arc of an involut*. 

The bases of these in\'olut*s being proportional to the pitch 

circles, they will during the motion be sure to clear each 

otheri "beeause," geometrically speaking, they would, if the 
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wheels moved the other way, work together correctly, though I 

the iiielitid,tion of their commoa aoitDal to the line of centres { 

is too great for the trananiisaioii of presaure. The effect of ] 

this shape is to produce a very stroug form of tooth by j 

tailing away matter from the extremity of the tooth where J 
the ordinary form has more than is required for strength, 
and addiug it to the root. 




130. Twisted GcariD^. — In tliis class of gearing (Art. 
58) the point of contact travels, during the motion of the I 
wheels, from one side to the other. The outer planes of 
the wheel should he twisted through an angle equal to th& I 
pitch. Bo that a fresh contact ia always Iieginniog on one side I 
as the last contact is quitting on the other. In the double I 
wheel shown in Fig. 39, there ai-e, of course, two points of I 
contact, travelling in a symmetrical manner with respect to J 
the mul-plane of the wheel. The teeth must be so formed, [ 
that, when the angular velocity ratio ia constant, contact shall 
Only take place at the instant of crossing the line of centres. 
Otherwise, if the teeth were formud uix>u the usual priud' 
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pies, it is evident that the sliding contact before and after 
the line of ceotrea would still remain. This maj evidently 
he accomplished by making the flanlis by any of the usual 
methods, and then making the faces so that they will Ue 
witJiiii the faces which would l>e pi-oper for a spur wheel with 
the flanks assumed. The simplest mode of making such 
teeth is to give them radial flanks, and make the faces semi- 
circles whoae diameter is the thickness of tlie tooth at the 
pitch circle. The motion is now transmitted by pure rolling 
contact, and the action of these wheels is esceedingly smooth 
and noiseless. They are, however, hetter suited for light 
work, because the pressure is confined to a single point, 
instead of being distributed along a line. For heavy worlt 
it is preferable to employ the stepped wheels (Fig. 37) in 
which tlie teeth are of the usual forms for spur wheels. In 
this case, the motion is, of course, no longer transmitted by 
pure rolling contact ; but the action is, nevertheless, much 
smoother than that of ordiaary spur wheels. 

137. Non-cireular Wheels. — In all tlie preceding cases 
of toothed wheels the pitch curves of the wheels have been 
circles ; but the teeth may be just as well Iriid out when the 
pit«h curves are not circular, though in the latter case the 
operation is much more tedious. 

The two pitch curves must, in any case, be capable of 
rollmg together with a constant velocity ratio. For instance, 
let it be required to lay out the teeth of a pair of equal 
ellipses. Divide the perimeter of the ellipse for the location 
of the teeth and the spaces. Find, by trial and error, the 
centre of curvature of the ellipse at the point where it is 
desired to draw a tooth outline. The tooth outline may then 
be di'awn by rolling within and without the pitch ellipse a 
describing circle in the usual manner ; the actual operation 
Ijeiug performed by substituting for the pitcli ellipse a circle 
whose radius is the radius of curvature of the ellipse at the 
point considered. By repeating this operation at successive 



pitch points, we can thus draw all the teeth. This method 
is perfectly general, and may be applied to rolling curves ol 
any form, such as, for instance, the lohed wheels shown 

Figs. 43 to 46. If the same deecribing circle be used 
throughout, its diameter should be such as to give radial 
flanks to the teeth in that part of the pitch line where the 
curvature is sharpest. Should other parts be very much 
flatter, the flanks of the teeth may spread too rapidly. This 
may be remedied by using different describing circles for 
the t^eth in those parts, care being taken that the same one 
be always used for the face and flank that are to work 
together. 

If one of the wheels be made a pin wheel, its pitch cmre 
is to be used as the describing curve to generate the teeth of 
the other. . 

138. Bevel Wheels. — In all the cases of wheels pro- 1 
viously considered, the pitch surfaces have been cylinders, 
all the transverse sections being consequently alike. Hence 

ivaa found moat convenient to deal with one such section, 
so that the problems involved only lines instead of surfaces. 
But the pitch and describing curves employed, as well as the 
tooth outlines constructed, are merely transverse sections of 
surfaces whose elements are parallel to the axis of the wheel. 
Considering the cylinder as the special case of the cone in 
which the vertex is removed to an infinite distance, it would 
seem, that, in the case of the cone, the elements of the ' 
analogous surfaces should converge to the vertex of the cone. 

In other words, just as we roll a describing cylinder within 
and without n pitch cylinder to generate the tooth surfaces of 
spur wheels, so may we roll a describing cone within and 
ythhont a, pUcIt cone to generate the tooth surfaces of bevel 
wheels. In both cases the line of contact of the tooth sur- 
faoes will be a right lino ; in the former it wilt be parallel to 

axis of the cylinder, and in the latter it will pass through | 
the vertex of the cone. 




139. In Fig. 05, let CDTE be the pitch cone, and CPTH 
the rteacribing cone ! the two couca having the commou 
vertex C\ and being in contact along the right line CT, 
Draw any element, such as OP, of the describing cone, and 
consider the latter to rol! to the left, keeping its vertex at C, 
and remaining always in contact with the pitch cone, CT is 
at any moment the instantaueoua axis about which the plane 
CPT revolves ; Lence the surface CPa, generated by the 
line OP, will be normal to the plane CPT. -^^ 




We have seen that, with parallel ax«i., \>'.oA± <Mirt» may 
be selected which will produce a varialjle velocity ratio. 
Similarly, in bevel wheels, the bases of tlie cones might be 
80 shaped as to produce changes in the velocity ratio. In 
practice, however, this is never done ; any desired variation 
of velocity ratio being produced by some other means. We 
may, therefore, confine our iitteution to the case in which all 
the cones liave circular bases. In this case, the point P, 
being at a constant distance from C, will move in the surface 
of a sphere of which C is the centre, and whose radius is 
equal to the slixnt height of the cones. The arc TP = arc 
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Ta ; anti the curve Pa, deaeribed by the point P, is a spfter- 
kcd epicycloid. Similarly, by rolling the describing cone 
within a pitcli cone, a spkeriail liypocycloid will be geiierate<l. 
Following out the analogy between cylinder and cooes, it is 
evident that, just as the tooth Burfacea of cylindrical wheels 
are formed by moving a right line along the epicycloid and 
hypocycloid previously disciiaaed, keeping the line always 
parallel to the axis of the pitch cylinder, so the tooth sur- 
faces of conical wheels must be formed by moving a right 
line along Hie spherical epicycloid and hypocycloid, making 
the line in this case always pass through the common vertex 
of the pitch cones. 

140. Construction of Tooth Outline. — The portion 
of the spherical aurface occupied by the spherical epicycloid 
and hypocycloid, when they are used in the formation of 
teeth, is a narrow zone extending a short distance on botli 
Bides of the base circle of the pitch cone. For aU practical 
purposes we may substitute for this narrow spherical zone a 
portion of the surface of a cone which is tangent to the 
sphere in the base circle of the pitch cone, and whose ele- 
ments are consequently pcTpendicular to the correspondiug 
elements of the pitch cone. 

In Fig. 96, let GA aud CB be the given axes of the pitch 
cones. Dividing the angle ACB so as to obtain the i-equired 

velocity ratio, which in this ease is - = _-, we Bnd CP, the 

common element. The bases FGP and EIIP are evidently 
small circles of the sphere whose radius is CP. Draw PA 
perpendicular to CP, and revolve it around the axis CA, 
generating the normal cone FPA. Similarly, draw PB 
perpendicular to CP, and revolve it about the axis GB, 
generating the normal cone PBE. 

These new cones comply with the conditions above men- 
tioned, and a narrow zone of their curved surfaces may bo 
used upou which lu describe the tooth outlines. 



If, now, we roll a describing cone without one of the pit«h 
coues and within the other, we will generate tlie tooth sur- 
face for the faces of the former and for the flanks of the 
latter. In order to coDstruct this surface, we must select 
aorue particular element of the describing cone, and flod the 
curve which it describes on the surfaces of the normal cones. 
To do this, we need only draw this element in successive 
positions, and find the points in which it pierces the normal 
cones. The curve formed by joining these successive points 
will be the directrix of the tooth surface ; and the latter will 
be formed by moving a straight line along this generatrix, 
the line always passing through the common vertex of the 
pitch cones. 

^^^F This method will give the tract curves ; the error of using 
P the surface of the normiU cooe, instead of that of tlie sphere, 

I being so small as to be inappreciable. Its application to 

I practical cases involves more labor, however, than that of 

t the following approximate method, which is the one in 

almost universal use. 

141. Tredg:old's Method. — If we assume the curved 

surface of each of the normal conea to be cut along one of 

the elements, and spread out on a plune, we will have (Fig. 

96) portiona of two circles whose radii, A'P' aadS'P', are 
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»e circles ^><^^^H 
1 on them b^^^^H 
lay then wrap I 



the slant heights of the cones. If, now, these ( 
taken as pitch circles, and teeth be constructed c 
any of the usual methods for spur wheels, we may then wrap 
these surfaces, with the teeth, back into their original conical 
shape ; and using the tooth curves, as tbey then appear on 
the normal cones, as directrices, we may generate the rerJ 
quired tooth surfaces by moving a right line in contact wiUj 
the curves, and passing through the common vertex of th( 
cones, as before. 

142. The practical method of drawing such teeth h 
in Fig. 97. Let AC be the axis of the bevel wheel, let CDB 
be the pitch cone, and AED the normal cone ; DNB beinj 
the circular base common to botb cones. 




In the side Tiew, draw a line parallel to AD, and project ' 
the latter on it at A'jy. With centre A' and radius A!!/, 
describe a circular arc which will be an arc of the pitch circle 
to be used. On this arc lay off a tooth by the usual method,, 
being careful to make the pitch an aliquot jiart of the c 
immference of a circle whose ratlius is ND. The tootfl 



outliDos may then be drawn by means of describing circles or 
liy the approximate odontograph methods, according to the 
degree of accuracy required. I'l'oject A'K', the radius of 
the root circle, at AK, and A'H\ the radius of the addendum 
circle, at.-4H^. The points H, I), K, of the line AU will, 
Ity revolution, describe circles ahout AC, which will be repre- 
Bented in the side view by the straight lines FH, ED, and 
LK, and which will be seen in their true size and shape in 
the end view. 

On the end view of the circles just mentioned we must next 
lay off, on each side of a radius, the half-thickneas of the 
tooth at the top, at the pitch line, and at the bottom, as 
obtained from the development. If great accuracy is. re- 
quired, any number of additional circles may be used in a 
similar manner. Having thus detennined the end view of 
the tooth outlines, we must next project each one to tlie side 
view ; the points lying in each circle being projected to the 
straiglit line which is tiie side view of that circle. In prac- 
tice, only frusta of conical wheels are employed, and the 
teeth are limited at both ends by normal cones. It is evi- 
dent that in this ease the shape of the teeth will be similar 
at both ends, except that the outer ones will be larger in 
proportion to their greater distance from the vertex. The 
points of the inner tooth outlines are found by drawing radii 
through the principal points of the outer tooth outlines ah-eady 
determined, and finding the intersection of these radii with 
the circles corresponding to the inner normal cone. 

It may be required to describe the teeth by either the epi- 
cycloidal or the involute system, or so that they may he used 
■ bevel wheel ; but the modification of the 
general operation is in each case similar to the corres[>ond- 
ing modification for wheels on parallel axes. 

143. Relative Action of Bevel and Spur Wheels, — 
The action of a toothed wheel, other things bting equal, ia 
always more smooth iu proportion as the teeth increase in 




MOTION BY SLIUINH CONTACT. 



number and decreasG in eizo, because these conditiona I 
diminish the obliquity of action, ea well as the amoant of I 
sliding. But in bevel wheels the action of the outer tooth 1 
outlines does not deviate much from the plane tangent to J 
the two normal cones at P (Fig- 96) , and hence they act the I 
same as spur wheels having the radii AP, BP, which are I 
larger than the radii of the bevel wheels themselves in the | 
. ^ ..J SP „,.. AP _ CP .„ . BP _ CP 



other woi-ds. the action of a bevel wheel, so far as it 
affected by tiie number of its teeth, is equal to that of a spur I 
wheel of the same pitch whose radius is greater than that of J 
the given bevel wheel in the same ratio that the slant height J 
of the pitch cone is greater than its altitude. 

In a pair of mitre wheels this ratio is 1-^, so that the actioa I 
of a mitre wheel having, say, fifty teeth is equivalent to that I 
of a spur wheel of seventy teeth. 

"144. Skew Bevel Wheels. — The theoretical construe- I 
tion, as well as the practical manufacture, of the exact forma 
of teeth for skew bevel wheels, are both extremely compli- 
cated and laborious operations, and consequently they are 
rarely employed in practice. When skew bevel wheels are to 
be used, however, their teeth may be laid out by the following 
approximate method, which will give results abundantly ac- 
curate for all practical purposes. Having determined the | 
pitch surfaces, as in Fig. 26, and decided on the frusta to be I 
employed, we draw, at each end of each frustum, a cone I 
normal to the respective hyperboloid. These cones are then I 
be developed, and teeth are to be laid out on them accord- I 
ag to Tredgold's method. In this construction, it must be I 
txtme in mind that the I'elative numbers of teeth of the two I 
wheels are not in the same proportion as the radii of the I 
hose circles, as in the case of cones ; for (E<|, 7, p. 40) these I 
numbers are evidently proportional to the sines of the anglea j 
made by the projection of the common element with the pro- I 



jections of the respective axes, these projectioos being made 
oD n plane parallel to the cotninon element and both axes. 
The two wheels, then, have different circumferential pitches, 
and the ratio of the latter must be determined in each special 
caae. The teeth having been laid out on the development of 
the normal cones, the latter are then to be replaced, the outer 
and inner cones being given the proper position with regard 
to each other by bringing the pitch points of a pair of corre- 
sponding tooth curves on the same generatrix. The surfaces 
of the teeth will be formed by joining the corresponding 
points of these curves by right lines. 

145. As an illustration of the method of Art. 47, let the 
axes be given as in Fig. 2C, and let it be required to connect 

these axes so tliat — = 3. Let DB be taken as the interme- 
diate axis, and let a!' represent its angular velocity. Dividing 
the fraction — into two factors, such as — = f and -^ = 2, 
we have simply to solve two ordinary bevel wheel problems : 
first, to connect the axes DE and DS so that — = J ; sec- 
ond, to connect the axes 1>B' and SO' so that-^ = 2, As 

DS is perpendicular to both axes, the angles to be divided 
according to the method of Art. 38 are both right angles, ao 
that the construction is very simple. 

If the axes pass so near each other that the common per- 
pendicular is too short to be used, some other line, such as 
RO, must be taken. In this case, it becomes necessary to 
determine the true size of the angles PRO and FOR : and 
this is most conveniently done by revolving the line HO in 
turn about each of the axes until it is parallel to the vertical 
plane of projection, when the angle which it makes wit h the 
respective axis will be shown in its 1 
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146. Axes ueither Parallel nor Meeting conal 
uected by Wliecla with Involute Teeth. — In Fig. 7^B 
Vie have shown n pair of wheels with involute teeth, PSfl 
being the line of action. In the figure the wheels are iq« 
tha some plane, and the point of contact is always situateijS 
in the line DE. I 

The upper wheel remaining fixed, snppose the plane of thctfl 
lower wheel to be revolved through any given angle aboufefl 
the line DE, as on a hinge. Tbc two wheels will now lie inj 
different planes, their axes being neither parallel nor inter- ■ 
Bectiug. The line DS will be the iutersection of these twofl 
planes ; and the position of each wheel in its own plane, witb J 
refei-ence to that line, is unaltered. But DE is the locus otm 
contact; and, aa the position of neither wheel with reference ■ 
to DE has been changed, it follows that the velocity ratio.J 
of the wheels will not be affected by the inclination of their ■ 
planes. When the wheels are so inclined, they can, of I 
eonrse, move only in the direction which makes DE the locus ] 
of contact. If they are required to move in tlie reveraeJ 
direction, they must be swung about a line similarly inclined J 
to the line of centres in the opposite direction ; but it is evi- I 
dent that in no case can they drive in both directions except:! 
when they are in the same plane. I 

This property of involute teeth, of transmitting motion 1 
between axes neither parallel nor meeting, is only true when I 
the wheels are very thin ; so that in practice the teeth of one 1 
wheel must be rounded so as to touch those of the other ii> M 
points only, and not in lines. ■ 

147. Face Gearinff. — Before the introduction of bevflJ I 
gearing, the problem of transmitting motion between oxee 'I 
that were not parallel was usually solved by means of face I 
gearing. Let two face wheels with cylindrical pins, exactly M 
alike in every respect, be placed in gear, as shown in plan ■ 
and elevation in Fig. !IS, with their axes at right angles ; tbp;fl 
latter not meeting in a point, but having their common per- .9 
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[lendicular pqtial to the diameter of the pins. Then will 
these wheels revolve together with the same angular veloci^ 




E-ife. OS 



Let B be the driver, and let the pins c, g, be in contact. 
The distance between the axes of these pins is the sum of 
the radii of the pins ; that is, tlie diameter of a pin, or, what 
is equal to this diameter, the perpendicular distance between 
the axes of the wheels. 

Let the driver B turn, in the direction of the arrow, 
through one-sixth of a revolution ; the pin g moving to the 
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t>oBition e, and driviDg before it the pin c to the position b. 
The distance between the axes of the pins is equal to the 
diameter of a pin, as before ; and consequently the length 
of the perpendicular let fall from g on Be must equal the 
length of the perpendicular let fall from c on Ab. In other 
words, BgsmgBe = AcemhAc; and, as £3 = Ac, we have 
sin gBe ^ sin bAc. Hence angle gBe = angle bAc, which 
proves the equality of the angular velocities. 

The driver was in thia case supposed to turn through an 
angle of sixty degrees ; but this was merely a matter of con- 
venience, as the same proof could have been applied to any 
other angle. The pin g must not be so long that its end will 
come into contact with the pin A, as the wheels revolve in the 
directions of the arrows. This consideration fixes the max- 
imum length of the pins, which is the same in both wheels. 

148. Axes Intersecting'. — Aa the common perpendic- 
ular to the two axes becomes leas, the diameter of the pins 
decreases ; so that, wbeu the axes intersect, the pins become 
mere lines. In order to transmit any power, the pins must 
manifestly have some thickness ; but they cannot be cylin- 
drical on both wheels. The pins on one wheel may, how- 
ever, still be cylinders, in which case the shape of those on 
the other may be found in the following manner. Suppose 
tbe axes of the wheels shown in Fig. 1)8 to be brought to- 
gether so as to intellect, the pins thus reducing to mere lines. 
Instead of having the corresponding pins in contact, as in 
Fig. 98, let the lower wheel be turned through a small angle, 
so as to separate the pins by some arbitrary distance, as 
Bbown in Fig. 99. Now, if both wheels be turned, in the 
directions of the arrows, with the same angular velocity, it is 
evident that the eommon perpendicular between any two cot- 
responding pins will change according to the positions of the 
pins at any instant ; and the length of this perpendicular 
can readily be determined for any positions of the pins, 
alill using mere lines for the pins of the upper wheel, we 
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now expand the pins of the lower wheel into Bolida of revo- 
lution, the radius of whose cross-section shall at any heigbt 
he equal to this common peTpendicular, it is evident that the 
two wheels will work together with a constant velocity ratio. 




If we now expand the mere lines, which act as pins of the 
upper wheel, into practical cylindera, their projections will 
become circles, and the curves for the lower pins will then 
be found by a process similar to that employed (Art. 122) in 
pin gearing. 

The principal advantage of face gearing is the facility o( 
turning tlie pius and cogs in a lathe ; but on the other haiid> 
we have the serious drawback, that the pressure between the 
pins is exerted at a single point only. 
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149. Intermittent Gearing. — In Fig. 100 is shown 
the maaaer of connecting a pair of axes so that a UDiform 
rotation of the one shall produce a given intermitteDt motion 
of the other. In such motions, the maintenance of an exact 




iTia-iOO 
velocity ratio is not usually essential, the important points 
being that tlie follower shall be caused to turn through a defi- 
nite aogle, and then be securely held in its new position until 
it is again to be put in motiou. 



Suppose the axes A and B to be given in {xtaition, and let 
it be required to couuett thiem so tliat during every re.volu- 
tion of the driver, the follower shall turn through ninety de- 
grees, the velocity ratio during the motion of the latter being, 
as near as may be, — = ^. The diagram shows the solution 

of this problem, the pitch circles of the two wheels being 
drawn of the proper size to give the velocity ratio, as usual. 
The teeth are formed in tbe usual mauuer by means of the 
describing ch-clea shown. The projections on the follower 
have the same outlines as the other teeth, except that they 
are longer, and their tops are connected by an arc of the 
same radius as the smooth portion of the driver. 

Supposing the driver to move from its present position in 
the direction of tbe arrow, the smooth arc of the driver will 
slide along that of the follower, and no motion will be pro- 
duced in the latter until the point h of the driver reaches 
the line of centres AB. At this moment the point a of the 
driver's tooth will come into contact with tbe point 6 of 
tbe follower, and the latter will begin to move. The wheels 
will then continue in gear, tbe different teeth coming succes- 
sively into action, and motion being transmitted with the 
exact velocity ratio, — ^ ^, until contact ceases between the 

point d of the driver and the point e of the follower. These 
two points, at the moment of quitting contact, will be at the 
point n of the upper describing circle. As soon as these 
points have quit contact, the edge c of the driver will operate 
on the edge fg of the follower, turning the latter into the 
(. position now occupied by the edge hli ; and it will be held in 
■t position until the point a again comes round into contact 
■with g. The velocity ratio in this motion ia exact while tl c 
!river movea through an angle aAd, and tbe follower through 
ingle eBn. 
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COMMUNICATION OF MOTION BY SLIDnia CONTACT. 

VZLOCITT BATIO AHD DIRECTIONAL RELATION CONSTANT OK ] 

VAKTING, 

Coma. —Sndleta Screw. — Slotted Link. — Wliitworlh's Quick Bff- I 
turn Motion. — Oldham's Coupiing. — Escapements. 

150. In the last four chapters have been diacnssed the ' 
cases of eliding contact where both the velocity ratio and 
the directional relation were necessarily constant ; ia the I 
present chapter will be presented the various arraagemeDtB i 
in which either or both of these may vary. 

161. A Cam is a plate which transmits motion to its fol- 
lower by means of its curved edge, or by means of a curved 
groove cut in the surface of the plate. When the motion 
is small or intermittent, such plates are often called tappeta, 
or wipers. 

In most cases which occur in practice, the conditions to be 
fulGlled in designing a cam or wiper do not directly involve 
the velocity ratio; usually a certain series of definite posi- 
tions is assigned which the follower is to assume when the 
<. driver is in a corresponding series of definite positions. In 
-Cam motions, the motion of the follower is usually derived 
'rom the cam by means of a cylindrical roller turning abont 
a smaller pin as an axis, the latter being rigidly fastened to 
the follower. This has the advantage that nearly all the 
■ is concenLnitfil nii tliip axis, which miiy readily be 
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renewed when worn out. If the pin is to l)e driven by the 
Kim in one direction only, being made to return by the force 
of gravity or the elastic force of a spring, the cam need only 
Lave one acting edge ; but if the cam ia to drive the pin in 
botli directions, it must have two acting etlges, with the pin 
between them, so as to form a groove or a slot of a uniform 
width equal to the diameter of tbe pin, with clearance just 
sufficient to prevent jamming or undue friction. 

The centre of the pin may be treated aa practically at all 
times coinciding with the centre line of such a groove, which 
centre line ipay be called the pitch line of the cam. 

Tbe most convenient way to design a cam is usually to 
draw in the first place its pitch line, and then to find the 
acting edge or edges by the process of Art, 122 ; using a 
ra<lius slightly greater than that of the pin in case two 
edges are employed. 

153. Construction of the Cam Curve. — In Fig. 101, 
let A be the centre of motion of the pro[X)aed cam, and BH 
the path of the centre of the pin on the follower ; the con- 
dition being that the centre of the pin shall start from the 
point H, and assume in succession the positions £, Z), C, 
and B while the cam revolves through successive angles of 
thirty degrees. With centre A and radius AH, describe the 
circle 112^ ; produce the radius AH to S, and draw the other 
radii (produced) , AK, AL, AM, and AJ^, at successive angu- 
lar intervals of thirty degrees. With centre A, draw circular 
ares through the successive positions £, D, C, B, of the pin, 
and on these arcs lay off the distances Kk = Cc, LI = Dd, 
Mm = Ee. Then will k, I, and m be points of the cam 
curve required. The curve nmlkB, drawn" through these 
points and .^Tand B, will be the curve which will fulfil the 
required conditions ; for, assuming m to be at 7/, and the 
cam to revolve in the direction of the arrow, it ia evident 
that as the radii AM, AL, AK, and Ab successively come 
Into the position AS, tbe joints m, I, k, and B of tbe cam 
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tnrve will coincide with E, D, C, and B respectively, thus 
driving tiie pin as required. To find tlie curve for a pin of 
aenaible diameter, we proceed bs in Art. 122, drawing circles 
of the same diameter as tiie pin in a aufflcient number of 
positions along tlie piteli line already found, and then draw- 
ing tliu actiug edge tangent to tliese circles. 




the path of the pin passes through the centime 



motion of the cam, the distances Ee, Dd, etc., all reduce to 
zero ; and the pitch line is drawn through tlie points of inter- 
section of the successive radii and tlie circular arcs through 
the corresponding positions of the pin. 

As the angle BHS increases, the action between the edge 
of the cam and the pin becomes more oblique, thus increasing 
the friction ; and it is hence a<lvi9able to make that angle as 
amall as possible ; in other woi-ds, the patli of tbe pin should 
point as near as possible to the centre of motion of the cam. 

In case the motion of the follower is required to be uni- 



form, the distances HE, ED, DC, and OB would a!! be 
equal, but no modification of the method of couatraction 
would thereby be introduced. 

153. Another Example In Fig. 101 the path of 

the follower is a straight line, and the cam has uniform 
motion about a fixed centre. But none of these conditions 




need be adhered to. The path of the follower may be any 
curve whatever, and it may move in this path in either direc- 
tion, and with uniform or varying velocity. The cam usually 
revolves about a centre, or has rectilinear motion ; but its 
velocity may also be varied at pleasure. All these possible 
variations give rise to an eudless variety of shapes for the 
cam curves, but the principles underlying their construction 
are always the same. Thus, in Fig. 102, let the path of 
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the pin be the curved lino HB, and let the pin successively 
occupy the positions F, £", D, etc., while the cam revolves 
in the direction of the arrow through the unequal angles 
NAM, MAL, LjUC, etc. The radii being drawn at tiie 
given angles, circular arcs are drawn through F, E, D, etc., 
and the points of the curve found, just as in Art. 162, by 
making Rh = Cc, Kk = JM, etc. 

*154. Cam for Complete devolution s. — In Figs. lOt 
and 102 the directional relation iseoustaut; in other words, 
the direction of rotation oE Uie cam must he reversed in 
order to bring the pin down again to II. But this may bo 
accomplished by simply adding to the cun'c of the cam, in 
which case the latter may revolve continually in the same 
direction. The law of motiou of the pin in one direction 
may be entirely diiferent froiu that in the otlier direction, 
and the pin may be given an int*!rval of rest at any eleva- 
tion by making the corresponding part of the cam curve an 
arc of a circle. 

In Fig. 103, let A be the centi-e of motion of the cam, and 
let the vertical numbei'ed line be the path of the follower. ' 
The cam is to revolve uniformly at the rate of one revolution 
in twelve seconds. 

Each number on the vertical line shows the required posi- 
tion of the pin at the end of the second indicated hy that 
number. 

Draw twelve equidistant radii, and draw circular arcs 
through the various positions of the follower. Making 
la = la', lib = 26', Illf = 3/, IVk = 4fc',. etc., we 
find the points of the curve, as hefore. The interval of 
rest indicated by the coincideuee of the numbers 7 and 8 is 
obtained by means of the circular arc cc. The cam in the 
figure ia drawn in the position when the pin is at the point 
012; and the cam is ready, hy one complete revolution 
In the direction of the arrow, to cause the pin to go tlimugh 
the cycle of motion required. 
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155. Cam moFiDg in Straig'Iit Path. — In all the pre- 
ceding caaes we have assumed tlie cam to revolve about some 
fixed centre of motion. But this is not a necessary con- 
dition ; it may move in any path whatever. In practice, 
however, there is but one other path employed; viz., the 
straight line. In Fig. 104, let ABC'D be a Bat rectangular 



I 
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plate moving in the direction of its length, and let the patu 
of the follower be the line MN, at right angles with the 
direction of motion of the plate. Let the pin of the follower 
start from a position of rest at -P, and move with a gradually 
accelerated velocity, so that it occupies the positions 1, 2, 3, 
4, etc., at the end of equal successive intervals of time. 
Lay off on AB the distances MI, III, II III, III IV, etc., 
through which the plate moves during the same intervals. 
In the figure the plate is supposed to be moving uniformly, 
and these distances are consequently equal ; but they may 
vary according to any assigned law. Draw the lines 7a, 
lib, IIIc, IVd, etc., parallel to MN, and the lines la, 26, 
3c, Ad, etc., parallel to AB. Their intersections, a, 6, c, d, 
etc, will be points of the required cam curve. From this 
the working curves are derived in the ua 



sides of a groove or slit of the proper width in the plate. 
The theoretical curve above found is the centre line of the 
groove. 

In the special case shown in the figure, the lines la, la, 
rib, 2b, etc., are at right angles ; the angle between them 
18 always the angle between the directions of motion of the 
plate and the follower. If in Fig. 104 we make the velocity 
of the follower also constant, the cam curve will become a 
straight line ; for instance, if we assume that the follower is 
to traverse the distance PT, with a uniform velocity, during 
the same time that the plate nnoves, also with a uniform velo- 
city, over the distance M VII = ~g, then the straight line 
PG must bo the cam line required. This line wOt evidently 
be the hypothenuse of a riglit ti'iangle, the other two sides 
of which are the lines representing the respective distances 
traversed by the plate and the follower in the same time. 
The velocity ratio of the cam plate and the follower in this 
special case is evidently consLint, and is simply the ratio of 
the isochronous distances above mentioned. 

1S6. The Screw. — If a pl.ite with a straight slit oi 
groove, as just described, be wrapped around a cylinder 
whose axis is parallel to the path of the follower, the slit in 
the plate will become a spiral groove in the cylinder. If the 
cylinder be revolved uniformly, this groove will impart pre- 
cisely the same motion to tbe follower aa before. 

If the length of the plate be greater than the circumference 
of the cylinder, the spiral groove will encompass its surface 
through more than one convolutiou, and may in this way 
proceed in many convolutions from one extremity of the 
cylinder to the other. Such a recurring spiral is calleil a 
screw. The inclination of the spiral to a line drawn on the 
surface of the cylinder parallel to the axis is constant, and 
is the same as the inclination of the straight line in Uie flat 
plate to the path of the follower. 

The pitdi of a screw is the distance between successive 
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convolntiona of the spiral measured along a rectilinear ele- 
ment of the cylindrical surface. 

The screw ia sometimes made in this elementary form, 
consisting of a simple spiral groove which gives motion to 
a, slide, by means of a pin fixed to the latter, and lying in 
the gi'oove ; but generally acrewa receive a more complex 
arrangement. 

In the first place the pitch is made comparatively small, 
the necessary motion of the follower being secured by a 
corresponding inci-ease in the number of revolutions of the 
screw. The convolutions of the groove are brought so 
close together that the ridge which separates two contiguous 
grooves becomes the counterpart of the groove itself. This 
ridge is termed the thread of the screw ; and from its section 
the screw derives its distinctive title, such as square-threaded, 
V-threaded, and round- threaded. 

In the second place, instead of a single pin, other pins 
may be fixed to the follower opposite the other convolu- 
tions ; then, since each pin will receive an equal velocity 
from the revolving cylinder, the motion of the follower will 
be etfected as before, with the advantage of an increased 
number of points of contact. But this series of pins may 
be replaced by a short comb or rack, the outline of which 
exactly fits that of the threads of the screw. This is the 
most ancient form in which the screw was employed. 

Most commonly, however, the piece which receives the 
action of the screw is provided with a cavity embracing the 
screw, and fitting its tliread completely ; being, in fact, a 
hollow screw corresponding in every respect to the solid 
screw. Such a piece is termed a nut, and the hollow screw 
an inside screw, the solid screw lieing then called an outside 
screw. These modifications are only introduced to distribute 
the pressure of the screw upon a greater surface ; for, as the 
action of the thread is exactly alike upon every section of 
the nut, the result of all these conspiring actions is the same : 



namelyi that the piece to which the pin or comb or nut is 
attached advances in a direction parallel to the axia of the 
screw through a distance equal to the pitch for every revolu- 

1B7. A screw may be right-handed or left-handed; the 
majority of screws are tiio former, the latter being used 
only when other conditions make it necessary. Supposing 
the nut to be fixed, a right-iianded screw will enter its nut 
when turned in tile direction of tlic hands of a clock ; a. left- 
lianded screw must be turned in the opposite direction. 

If the ioclinatiou of the tlireud of a screw to the recti- 
linear elements of the cylinder be very great, one or more 
intermediate threads maybe a.dded. In such cases the screw 
is said to be double-threaded, triple-threaded, etc., according 
to the number of separate spiral threads on the cylinder. 

Screws whose pitch is an aliquot part of an inch are 
usually classified by mentioning the reciprocal of the pitch ; 
i.e., if a certain screw has a pitch of one-quarter of an inch, 
it is spoken of as having four threa<l3 to the inch. 

During one complete revolution of any screw, the follower 
will evidently move through a space equal to the pitch of the 
screw; i.e., through a space equal to the distance between 
successive convolutions of the same spiral measured on a 
rectilinear element of the screw cylinder. 

When the comb or rack form above spoken of is used, 
the screw is frequently made short, and the rack lengthened. 
If it is essential that the screw shall always remain com- 
pletely in gear with the rack., then the maximum length of 
path described by the latter will be the difference between 
their lengths. 

158. Endless Screw. Worm and Wheel. — From 
the rack driven by a short screw, we readily pass to the so- 
called endless screvi, shown in Fig. 105. In this combina- 
tion the screw, or worm, BB, gives motion, not to a rack, but 
to the wheel G. The screw ie so mounted that it can have 
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no motion except that of rotation, and the wheel has t 
of the same pitch aa the screw thread. If the screw s 
be turned around, evei^ revolution will cause one tooth off ■ 
tbe wheel to pass across the line of centres ; and as this J 
action puts no limit, from the nature of the contrivance, to j 
ttie number of revolutions in the same direction, a screw | 
fitted up in thia manner is termed an endless screw, in oppo- ' 
sition to the ordinary screw, which, wben turned around n j 
certain number of times either way, terminates its own action 
by bringing the nut to the end of the thread. 




ISO. Sliape of the Tcetli. — If we make any meridian 
section of the si;rew, we will find it to be a rack ; in fact, the 
screw may be moved in the direction of its length, and will 
then drive the wheel precisely in the manner of a rack. 
Consequently, if the wheel be merely a thin plate, we need 
only make the meridian section of the screw a rack with 
teeth laid out in the usual manner to work correctly with the 
aasumed wheel tooth. But as in practice the wheel must 




be given aome thickness, it ia necessary to determine the 
proper form of the teeth for that case. 

If we make a series of sections thiwugh D, E, etc., parallel 
to the mid-plane of tlie wheel, wa will still find the section 
of the screw to be a rack, though the outlines of the teeth 
wilt change in shape in each section. 

If, HOW, we make the outline of any section of the wheel 
tooth of the proper shape to gear correctly with the outline 
of the corresponding section of the sci-ew tooth, considered 
as the tooth of a rack, we shall evidently have a point of 
contact between the corresponding teeth in every section. 

In fact, if we make a wheel tootli whose shape is eontimi- 
ally changing in every section to correspond to the change in 
the same section of the screw tootb, we shall have the teeth 
in contact at each instant a.Iong a line, so that the wear will 
be distributed along a surface. Such a screw is called a 
close-fitting or tangent screw. 

160. Practical Method of Cuttiugr WLeel Teeth.— 
The practical difficulty of making the teeth of a wheel of 
which the form in evei'y parallel section shall be different, is 
very simply oveicome by making the screw cut the teeth. 

An exact copy of the tangent screw is made of steel, the 
edges of its threads arc notched, and it is then hardened, so 
that it Incomes a cutting tool. It is then mounted in a suit- 
able frame, so as to gear with the roughly formed teeth on 
the wheel, and turned so as to drive them ; in the course of 
which operation it cuts them to the proper figure. The axis 
of the cutting screw is placed at first at a distance from the 
axis of the wheel somewhat greater than the intendetl per- 
manent distance ; and, after each complete revolution of the 
wheel, the ases are bi-ought nearer together, until the per- 
manent distance is attained ; and, by turning the screw in 
this last position, the shaping of the teeth is finished. An 
involute wheel tooth worlviug with a screw tootb whose 
meridian section has straight, sloping sides, is the best 



combination, as the snccessiye diminntions of the distance ' 
between the axes will not affect the velocity ratio (Art. 108). 
In order to secure a good arc of action, and diminish obliq- 
uity, such wheels should not be given less than about thirty 
teeth. 

In order to avoid weak cornel's in the wheel teeth, their 
sides are usually bounded by straight lioes, BH and BK, 
radiating from t!ie axis of the worm ; and the angle HBK 
usually varies between sixty and ninety degrees. 

161. Hotir-Glass Worm — Instead of making the pitch 
surface of the worm a cylinder, we may make it conform to 
the curva,ture of the wheel. In that case its pitch surface 
will be the surface produced hy i-evolving an arc of the 
wheel pitch circle about the axia of the worm, thus forming 
the shape from which the worm ilerires its name. This 
arrangement is also named, after its inventor, Hindley's 
screw. The acting surfaces of both the worm and the 
wheel are very peculiar ; but the arrangement may, neverthe- 
less, be very easily constrQcted in practice. 

Just as m the ordinary tangent screw, we must first pre- 
pare a cutting screw. To obtain this, a tool whose cutting 
edges are formed in the shape of the proposed wheel tooth 
is so clamped to a horizontal revolving plate of the size of 
the proposed wheel that the plane of its cutting edges passes 
through the axis of the worm. The plate and the worm 
blank being rotated at their proper relative velocities by 
means of some interposed mechanism, the distauce between 
the two axes is gradually diminished until the permanent dis- 
tance is reached, during which operation the worm will be 
cut to the proper shape. By taking such a worm, notching 
its edge to make a cutting tool of it, the wheel teeth can 
then be out just as in the ordinary worm and wheel. 

Such teeth are in contact along a line In the meridian plane 
of the screw, but do not come in contact along the whole 
surface of a wheel tooth. 



163. The enilless screw falla under the naae of Iwc 

fevolviog pieces whose axes are not parallel and do not 
meet. It communicates motion very smoothly, and is equiv- 
alent to a wheel of a single tootb, because one revolution 
passes one tooth of the wheel across tJie line of centres ; but, 
generally speaking, it can be employed only as a driver, 
on account of the great obliquity of its action. A wonn 
may be multiple-threaded, just like any other form of screw, 
and, in that case, will pass as many wheel teeth across the 
line of centres for every revolution of the wonn as there are 
separate threads on the latter. The practical process of 
cutting the teeth is, however, the same as before. 

163. Screw to produce Variable Motion. — In alt 
the cases previously described, the screw has been supposed 
to have u uniform pitch, and hence to produce a uniform 
motion in the follower. But we may impart any motion 
whatever ; the only condition being, that the pitch of the fol- 
lower must not deviate much from a straight line parallel to 
the axis of the screw. As the inclination of the spiral 
groove varies, the velocity of the follower changes ; a period 
of rest of the follower being obtained by making the inclina- 
tion zero. A small intermittent motion may readily be 
obtained by making the groove in the shape of a simple ring, 
escept at a certain portion, where it deviates the necessary 
amount. 

If it be required that the follower shall move back and 
forth while the screw revolves continually in the same direc- 
tion, the spiral must be cut in both directions ; in which case 
the follower cannot be a rack or nut or wheel, but must be 
a single pin or similar piece. On the cylinder of the screw 
are cut two complete spirala, one right-handed and the other 
left-handed, joined together at their ends; so that the two 
screws form one continuous path, winding around the cylinder 
from one end to the other and back again continuonaly. 
When the cylinder revolTca, the piece which lies in this 



groove, and is attached to the follower, will be carried back 
wards and forwards ; and each total oscillation will corre- 
spond to as many revolutions of tbe cylinder aa there are | 
convolutions in the compound screw. As the screw groc 
necessarily cross each other, the piece that slides iii them 
■nust be made long, so aa to occupy a considerable length of 
\ie groove ; thus making it impo-ssible for it to quit one screw' 
■or tbe other at the crossing places. Also, as the inclina- 
doDs of the two screws are in opposite directions, it is neces- 
sary to attach that piece to the follower by means of a pivot, 
so as to allow it to tiiro through a small arc as the inclina- 
tion changes. By vaijing the inclination at different points, 
the velocity ratio may be varied at those points. 

•164. Pin and Slotted Crani. — In Fig. 106, let ^ be i 
the centre of rotation of an arm, jiP, carrying at its extrem* j 




ity a pin, P, which slides freely in tbe slot in the piece BO. 
The latter has its centre of rotation at B. If the arm AP \ 
be revolved uniformly, it will impart a variable velocity to 
the arm BC 

Let /\i, perpendicular to AF, represent the linear velocity 
of the pin in the circle MN. Draw an indefinite line per- 



pendiciilar to PB at P, and let fall ou it tlie perpendiCului 
a6 ; tlit'Q will Pb be the linear velocity of tlie point P of tiie 
arm BC at tbat instant. Let a = angular velocity of tlie 
arm AJ', and a! = angular velocity of the arm BC. Ais<t 
let the conataut length AP be (lesigoatecl by I{, and t 
variable length BP by r. ~ 

Then 






Pb 



Pb = Pa cos ,.Pb = Pu& 



When APB = 0, that is, when both the arms lie in the 
line of centres DE, the limiting values of the velocity ratio 
will be obtained. Wben T ia at B, the velocity ratio — haa 
lt_ R 



-AB 



The ratio becomes 



ita maximum value, - 

( Braaller aa P leavea E and approaehea D. ut which point 

- baa Its minimum value, — = ; — . 

a r Ji + AB 

So long as AB is less than P, we may by this means 
causo one arm to revolve with a variable velocity by means 
of another arm revolving uniformly. 

When AB exceeds 72, the second arm merely swings on 
each side of the line of centres through an angle whose sine 



is -j — . When it is at the end of its outward swing, the 
d- = — xO = 0; showing that for 



AB 
angle APB ■- 



that instant IH> motion i 
rotation of AP. 



i BC by the 
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The necesaary length of slot when B lies within the circle 
JtfiV 13 the diameter of tlie pin + BD — BE; when B lies 
without M^, the necessary length of slot is the diameter of 
the pin + 2AP. 

165. Whitworth's Quick Return Motion. — If in 
Fig. 106 we attach a connecting- rod to the end C of the 
arna BC, and con][>el ttie other end of the rod to move in a 
straigiit line pei'pendicular to AB at B, we will have a com- 
bination such as is represented by Fig. 107. The length of 
the stroke is evidently 2BC. If the arm AP. be revolved 
uniformly, the forward and back strokes of Q will be made in 
times proportional to the arcs adb and ad). We thus have a 
form of " quick return " motion. This has been applied in 
a modified form, aa shown in Fig. ItiS, to a shaping machine, 
by Sir J. Whitworth. 




In the figure, JD is a plate spur wheel which turns about its 
centre A, u|xin the large fixed sbuft. A pin, P, fixed in and 
projecting from the face of wheel Z>, corresponds to the 
point P in Fig. 107, so that AP is the arm wbich revolves 
uniformly. A pin, B, eccentric in the large shaft, is the 
centre aljout which the arm of varying lengtli turns ; BP cor- 




As D revolves, motion ts given to Q by means of the pin 
P and the crank piece, and the varying distance of P from 
B esnctly replaces the arm of varying length. The length 
of strolie ia adjusted by altering the position of C in that 
end of the crank piece, thus changing the length of the crank 
arm BC, but in no way affecting the ratio of the periods of 
advance and return. Thus, for example, if the arc acb (Fig. 
107) is one-third of the circumference, adb being two-thirds, 
the period of advance is to the period of return as 3 is to 1, 
without regard to the actual length of stroke. 

lee. Pin and Blotted Sliding Bar. — Tn Fig. 109, let 
the pin P be fixed at the extremity of the uniformly revolv- 
ing arm AP, as before. The piece B is free to move in the 
direction CD or DC only, and has in it a slot jjerpcndiculor 
to the line DG, in which the pin slides. Let /'a = V = 
linear velocity of the pin in tbe arc of the circle ; then v, 
equal to linear velocity of the piece B in the direction AC, 
will be found, as in the hist article, by dropping the perpen- 
dicular ab on tbe line Pb, the latter bemg perpendicular to 
the line of the slot 



■0 = Fain PAR. 

When PAB ia or 180% i.e., when P ia &t D or E, we 
have ti = ; when PAB = 90" or 270°, v = V, 

This motion of B, varying between and V, and going 
from to Fand from T^'to twice in each revolution of AP, 
is called harmonia motion. 




The neceaaary length of slot ia 2AP + diameter of pin*! 
The lengtii of the path of B ia "iAP. 

This arrangement is mueh used in some varieties of pumps 
to connect the fly-wheel shaft with the piston rod. 

107. Cam autl Slotted Sliding Bar. — In Fig. 110 
is shown an example of a cam which, by its uniform rota- 
tion, proiluces a motion similar to that of Fig. 109, but with 
intervals of complete rest. The cam consists of a triangular 
piece ; the sides of the triangle being three equal arcs, eacli , 
deacribed around the point of intersection of the other two.fl 
The cam revolves uniformly :iboul one of its corners, aa AtM 



The follower is the slotted bar BB, and the cam acta upon 

the two straight edges of the slot, the distance between 
which is equal to the radius of curved edges of the cam. 

ConsequcDtly the slot will be in contact with an angle and 
a side of the cam in every position, and the motion produced 
ia as follows : Let the circle described by the outer edge of 
tlie cam be divided into six equal parts, as in the figure. 
Tracing the motion as the angle m of the cam goes round 
the circle in the direction of the numbers, it appears that no 
motion will be given to the bar while »n ia moving from 1 to 
2. While m ti-avels from 2 to 3, the face Am drives the 
upper side of the slot with an increasing radius ; and hence 
the bar begins to move, and its velocity gradually increases. 
While vt travels from 3 to 4 the action is similar to that of 
Fig. 109, and the motion of the bar will gradually lie 
decreased until tn reaches 4, when the bar will come to rest 



I 



TlT 



As m moves from 4 to 5 the bar remains at rest ; frutu 
from 5 to 6 the bar begins to move with an increasing 
velocity ; from 6 to I tiie bar moves with a decreasing 
velocity, coming to rest aa m- reaches 1. 

168. In case the direction of motion of the follower 
intersects the axis of motion of the cam, the latter may be 
made in the shape of a screw thread on a cone ; when the 
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follower's direction neither intersects nor is parallel to the 
cam axis we may employ a acrtw thread on a hjperboloid 
of revolutioE. 

In fact, almost any kind of motion may be obtained by 1 
means of a suitably shaped cam. ; but the general principles I 
employed in the various cases above treated of apply equally 
well to any other special cases. 

169. Oldham's Coupling In Fig. H: 

method of communicating equal rotation by sliding contact , 
between two axes whose directions are parallel, Aa and Bb 
are the axes, each of which is furnished with a forked end, 
terminated by sockets bored in a direction to intersect the 
respective axes at right angles. The whole is so adjusted 
that all four sockets lie in one plane perpendicular to both 
axes, A cross with straigbt cylindrical arms is fitted into the 
sockets in the manner shown in the figure, and its arms are 
of a diameter that allows them to slide freely in their respect- 
ive sockets. If one of the axes be matle to revolve, it will 
drive the other with the same angular velocity. 




For let the sketch at the right be a section thraugh tlie 1 
cross perpendicular to the two axes An and Bb, and let the 
large circles be those described by their respective sockets, i 
Then, if (7 be a socket of Aa, the arm of the cross which J 
passes through it must meet the uenti'e A; aud in like maU' j 



ner, if i> be a socket ot Bb, the arm DB must puas through 
the centre B. Also, if C move to C, the new position 
(dotted lines) of the croas will be found by drawing CA 
through A, and BI/ perpendicular to it through B. And it 
is evident that the angle G'AC = angle VBD, hence the 
angular velocity ia the same in both axes. In every position 
of the cross we will have the triangle APB, in wliich the aide 
AB is constant, and the angle APB opposite to it is always 
a right angle. Hence the locus of P must be the circle whose 
diameter is AB; i.e., the centre of the cross will travel 
around the small dotted circle whose diameter is the distance 
between the axes. Also every arm will slide through its 
socket and back again during each revolution through a space 
equal to twice the distance between the axes. 

In practice this arrangement is usually made in the shape 
of two discs, with a bar sliding in a diametral slit in each ; 
the two bars being rigidly connected in the foim of a cross. 

170. An EsGapement is a combination in which a 
toothed wheel acts upon two distinct pieces or pallets attached 




reciprocating frame, so that, when one tooth ceases to act 
a the first pallet, a different tooth shall begin to act ou the 
second pallet. A simple example is shown in Fig, 112. 
The wheel A revolves continually in the direction of the 




hp frame haa two piLllels, d and e, and can only; 
e direction of its length. In the position shown, 
the tooth a is just escaping from the tooth ri, and 6 ia just 
ready to come in contact with e, hy which the frame will be 
ilriven to the left. The shapes of the teeth may be designed 
as usual for a wheel and rack, and the point of quitting con- 
tact is found liy the intersection of the addendum line of 
the wheel teeth with the deacribiug circle of the pallets, 
The number of teetli on the wheel must evidently be odd. 

But the frame may be used as the driver, instead of the 
wheel, by moving it alternately in each direction. This will 
cause the wheel to revolve in the opposite direction to that 
which it would itself produce the reciprocation of the frame. 
But, when the frame is the driver, there is always a short 
interval at tlie beginning of each stroke, during which no 
motion will be given to the wheel. 

171. Crown-wlieel Escapement. — The crown-wheel 
escapement is used for causing the vibration of one axis by 
means of the uniform rotation of another. The latter carries 
a wheel consisting of a circular band, with large teeth, like 
those of a saw, on one edge. The vibrating asis, or verge, 
as it is often called, is located immediately above the crown 
wheel, and in a plane at right angles to tlie wheel axis, the 
latter being vertical. The verge carries two pallets, project- 
ing from it in directions at right angles, and a sufficient 
distance apart so that they may engage alternately with teeth 
on opposite sides of the wheel. By this alternate action a 
reciprocating motion is set up in the verge. The rapidity of 
this vibration depends largely on the inertia of the verge, 
which may be adjusted by attacliing a suitably weighted arm 
to the latter. 

This escapement, though but rarely used at the present 
day, is of interest as !>eing the first contrivance used in a 
clock for measuring time. 

173. Anchor Escapement. — In Figs. 113 and 114 are 
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ebown two forma of this esca-pement. In Fig. 113 the wheel 
has long, slender teeth, and turns in the direction of the 
arrow. The vibrating axis B carries a two-armed piece 
ha^'iu!^ pallets C and D at its extremities, and resembling 
somewhat the form of an anchor, whence the name of the 
combination. When tlie tooth g presses against the pallet C, 
ihe normal at the point of contact passes on the same side 
of the centres A and B ; hence (Art. .W) the tooth will t 




to turn the pallet in the same direction as the wheel. BG 
will therefore turn upwards, and aUow the tooth to escape 
from the pallet. At this instant the tooth k will begin to 
act on the pallet I) ; and, aa the normal here passes between 
the centres A and B, BD will move in opposite direction 
to the wheel, and hence the tooth k will escape. 

The teeth in an anchor escapement are often replaced by 
pins, in which case the form of the anchor may be so altered 
that the action shall take place entirely on one side of the 
line of centres, as shown in Fig. 114. The rapidity of vibra- 
tion is controlled hy the inertia of a weight or pendulum 




attached to the verge. This "very inertia, liowover, prevent- 
ing the verge from bciDg suddenly stopped an<! reversed In 
direction, causes a recoil action to be set up in the wheel, 
which materially diminishes the utility of this escapement ; 
for it is evident that, as the verge cannot be stopped sud- 
ileuly, the wheel must of necessity give way and recoil at the 
first instant of each engagement between a tooth and its cor- 
resiwuding pallet. The greater tiie inertia due to the load 
attached to the vei^e, the more slowly will the escapement ■ 
work, and the greater will be the amount of recoil. 




Method of connectiiit^ Aiivlior and Pehdia* 
lam. — There is one uniform method of connecting the 
anchor and the pendulum, whieli can be seen in almost any 
clock. Tlie pendulum, consisting often of a compound 
metal rod with a heavy bob, is swung by a piece of flat steel 
spring, and vibrates in a vertical plane very near to tliat in 
which the anchor oscillates. To the centre of the anchor is 
attached a light vertical rod, having the end bent into a hori- 
zontal position, and terminating in a fork which embraces 
the pendulum rod. It follows that the anchor and the pen- 
dulum swing together, though each has a separate point of 
suspension. 



t74. Action of Escapcmient on Pendnliim. — 7a 

Fig. 113, let the pscupe wheel lend to move in tlie directioD 
of tlie arrow, so ue to prt'sa ils tcetli sligiitly agaiusl tlie pal- 
lets of the aiK-hor ; the iwudulum Iffiiog liuug from its point 
of suspension by a thin strip of steel, and vibmting with the 
anchor in the manoer already stated. Let the arc cileal be 
taken to represent the are of swing of the centre of the bob 
of the pendulum. As the pendulum moves from d to 6, the 
point g of the eseape wheel rests upon the oblique lower sur- 
face of the pallet C, and presses the pendulum onward until 
the lattfii' reaches 6, when the iwint of the tooth escapes at 
the end of tlie pallet. For an instant the escape wheel is 
free ; but a tooth is caught at once upon the opposite side 
by the oblique upper surface of P, and the escape wheel then 
presses against the peodnluni, and tends to stop it, until 
Gnally the pendulum comes to rest at tbc point a, and com- 
tnences the return swing. During the latter the pendulum 
is similarly at first urged on, and then held back by the 
action of the escape wheel. 

This alternate action with and against the pendulum pre- 
vents the pendulum from being, as it should be, the exclusive 
regulator of the speed of revolution of the escape wheel ; for 
its own speed, instead of depending solely on its length, will 
also depend on the force urging the escape wheel round. 
Hence any variation in the maintaining force will disturb the 
rate of the clock, 

175. Dead-beat Escapement. — This objectionable 
feature is obviated in Graham's dead-beat escapement, Fig. 
115, It is, however, most worthy of note that the change in 
construction which abolishes the defects due to tlie recoil, 
and gives the astronomer an almost jierfect clock, separates 
the combination entirely from its original conception; viz., 
that of an apparatus for converting circular into reciprocating 
motion. The improvement consists in making the lower 
surface of the pallet C and the upper surface of the pallet D 



arcs of circles, whose ceutre is at B. The oblique surraces 
gm, np, complete the pallets. As long as the tooth is resting 
on the upper surface of D, the pendulum is free to move, 
and the escape wheel is locked j hence in the portion 6a of 
the swing, aad back again through ab, there is no action 
against the pendulum except the very minute friction which 
takes place between the tooth of tlie escape wheel and the 
surface of the pallet. Through the space be the point of 
the escape wheel tooth ia pressing against the oblique edge 
np, and is urging the pendulum forward. 




Then at c this tooth escapes, and the tooth u[»n the oppo-* 
site side falls upon the lower surface of C, and the escape 
wheel is locked i from c to d, and back again from d to e, 
there is the same friction which acted through ba and ab. 
From c to 6 the point of a tooth presses upon gm, and m^es 
the pendulum onward ; at b this tooth escapes, another one 
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oomes into contact, and so on. It follows that there is no 
recoil, and the only action against the pendulum is the very 
minute friction between the teeth and the pallets. The term 
"dead-beat" has been applied because the seconds hand, 
which is fitted to the escape wheel, stops so completely when 
the tooth falls on the circular portion of the pallet. There 
is none of that recoil or subsequent trembling which occurs 
in the other escapements. 



CHAPTER X. 



COMMUNIOATION OF MOTION BY LINKWORK. 

VELOCITT RATIO ASD DIRECTIONAL RELATION CONSTANT OB.] 

VAXYTSG. 

CCiualJicatlon. — Discussion of Various Clashes. — Quick Jleft 
Motion. — Hooke's Coupling, — Intermittent Linkwork, — BotefteT" 
fVheGls. 

176. As has been shown "by the general deflnition (Art. 
22), linkwork derives its nanae from the rigid connecting 
piece or link, Thia connecting piece is known by varioua 
names under different circumstances, snch aa connecting-rod, 
coupling rod, side rod, eccentric rod, etc. The arms are 
known as cranks when they perform complete revolntiona ; 
and as beams, crank arms, roaker arms, or leuers, when they 
oscillate. 

177. Cliissiflcation of liinkwnrk. — Linkwork is used, 

I. To transform circular motion into rectilinear reciproca- 
tion, or the reverse. 

II. To transform continuous rotation into rotative recipi 
cation, or the revei-se. 

III. To transmit continuous rotation. 

Examples of the first class are seen in slotting and shap- 
ing machines, power pumps, and in the usual forms of the 
steam engine ; of the second class, in steam engine valve 
motions, where a rocker shaft is employed ; and of the third 
class, iu locomotive side rods. 



ca- I 



178. In Fig. IIG, let AP be a crank revolving about the 
fixed centre .-1, and connected l)y a link PQ, to a point Q, 
travelling in a straight line KL whose ciirection pasi 
through the centre A. Let AP = ie, Eiud PQ = I. 1 
leugth of the path of Q is evidently equul to tR. When j 




is at C or D, the points A, P, Q, will be in one straight line. 
The points C and /J are called dead points; since when P is 
at either of them, the revolution of AP will cause no motion 
whatever to be transmitted to the point Q, for that instant. 
When PQ overlaps .-IP, aa when P is at D, we shall term 
the point D the imeard dead point ; and when Q lies at the 
other extremity of its stroke, bo that P Is at C, we shall 
term the point C the outward dead point. In Fig. 116, let 
fall from P the line PE perpendicular to AQ. Then the 
distance of Q from A ia at any iuatatit, AQ = QB + AE 
^ \'P — R^Bin'e + EcosO, the last terra of which will he 
essentially negative when 6 lies lietween 90° and 270°. 

If PQ were of infinite length, the motion of Q would be 
equal to that of the point E ; but aa PQ is of finite length 
(usually from four to eight times AP), Q ia drawn toward A 
through the distance PQ - EQ ^ I - \1^ - B? sin' Q. So 



that when AP has moved to its mid-poaition Ap or Ap' (or, 
aa it is frequently ex p reused, AP is on the half-centre), Q 
will have passed its niid-positioD M by the distance qM = 
AJf - Aq = I - \IP - RK Also when Q is at Jf, P will 
be at some point S or 5' (Fig. 117), intermediate between 



I 




Candp oT p'. These points may be readUy determined, for 
in this case AQ = I ; hence AQS and AQS' are equal isos- 
celes triangles, and cos d = — -— = ^, The velocity ratio 

of P and Q varies for each instant, Imt may be determined 
at any time by means of Ihe instantaneous centre (Art. 25) 
or by resolving the velocities, as in Fig. 118. 




Let V lie tlje line.ar velocity of P, and v that of Q, 
Resolve tin-si- :il<)ii'r and iM-r|K-«idieulnr to the liuk PQ ; then, 
i'l^ shown in Art. 24, the coni[}aueut3 along the link must 
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l:>e equal ; that is, 

V cos aPc = II cos bQf. (if 

Draw AN perpendicular to AQ, and int^Tsecting the link 




angle < 

Hence 



id) at Ni draw Ad perpendicular to PQ. 
angle PAd; and angle i'Q/'= angle 



Substituting these values in equation (1), we get 



V ^AN ^AN 

V AP R ' 

a variable quantity. It is evident from this expression that 
when AN = R, the velocities of P and Q, are the same. This 
will occur when AP is perpendicular to AQ, as at Ap, Ap' 
(Fig. 116), in which case AP coincides with AN; and it 
will also occur when AJ* occupies such a position that the 
triangle APN is isosceles. To determine the angle 6 which 
will give this position of AP^ we have, from similar triangles, 
AN:PE::AQ:Eq. 



AN=R^PE% 



AQ^ 



j; sin 61 



V'P-.B'si 
From this equation we deduce 

= j|-,(V8JP + P - I). 



sind = 



179. The distance through which the point Q i 
toward A by reason of the finite length of the link (Art. 
178) increases rapidly as the link becomes shorter. 
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make the link of the same length as the crank arm, as in Fig. 
119, the point K (Fig. 116) coincides with Ay and the path 




mig. 110 



of Q is AL = 2R, as before. But Q is drawn toward AP 
BO rapidly on account of the angularity of PQ, that when 




Fig. ISO 



AP is perpendicular to AL, Q coincides with A and has 
completed its stroke. If we produce QP to V, making 



PV = PQ = AP (Fig. 120), it is evident that as AP 
revolres ns indicated by the aiTOw, Q will move from L to 
A, and Kwili move from .-l to W. If now we continue the 
motion of AP, Q will be driven past A to M, and V will 
return to A. Thus, the revolution of AP will cause Q lo 
move over the path LM, and V over the path WX. By this 
means, the arm AP can be made to move the two ends of a 
link of twice its length through paths at right auglea, and 
each equal in length to iAP. 

180< We have thus far considered the end of the link, Q, 
to travel in a path of which the direction passes through the 
axis A, but this path may ha a straight lii.F- ■■lot passing 




through A, as in Fig. 121, In this figure, let AP be a crank 
revolving about the centre A and connected by the link PQ 
to the point Q travelling in the straiglit line KL. An arc of 
a circle struck about centre A, with radius I — R, will cut 
the line KL at A' the end of the stroke ; and the inward 
dead point D will lie in the straight line KAD. Similarly, 
the other end of the stroke, i, and the outward dead point 
C, may be found by striking an arc about centre A, with 
radius AL = I + R. 

The position of the point Q correspoodiug to any givjn 
position of AP may be thus determined : — 
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Let the perpendicular distance between A and the line KL i 
« AM = e, and let the angle I*AM = 0. Then 



Heoce we have 



: yjp - {e ± Ro> 



MQ = It sinS + ^P — {e ± Ed 



ML = \/(i 4- Sy ~ e\ 

From these expressions, the distances QL and QK can be 

deterniiDed. 

181. By comparing Figs. 116 and 121, it will be seen, 
that, in the former, the outward and inward dead points, 
and D, lie in one straight line ; while in the latter, they ' 
depart from a straight line by the angle DAV = KAL. 

This angle increases as AAI is increased, and as the ratio — 

is increased. The practical result is, that, supposing AP to 
revolve uniformly in the dii'ectiou of tbe arrow, the point Q 
will move over its path from L to K in less time than from 
K to i, the times being proportional to the arcs DQC and 
DFC. 

182. Eccentric A particular form of this class of ] 

link motious is the eccentric, sbowo in Fig. 123. A circular 
dbc called the eccentric, or Ibe eccentric sheave, has its centre 
at the point P, and is made sufiiciently large to embrace the 
shaft at A, to which it is fastened. The eccentric is enclosed 
by a strap or band, FO, in which it revolves. This strap is 
rigidly connected to the rod or har HN, by which motion 
is transmitted to tlie point Q. It will be seen, that, as the 
eccentric turns about A and slides within tbe strap, it will 
communicate exactly the same motion to the point Q i 
would be given by a crank ai-m AP and link PQ. In fact, I 
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it is used as a aubstitote for Bmall cranks on account of 
tlie practicjil difficulties in the formation of the latter, 
travel of the point Q will, iia io Fig. UC, be equal to 2 




The term, throvi of an eccentric, is given, by various 
authorities, either to the arm AJ', or to twice tiiat distance ; 
and hence the meaning of the term is often ambiguous. ^_ 



183. In Fig. 123, let AP and BQ l)e arms turaing about 
the flscd centres A and B respectively, and connected by the 
link PQ. If AP be rotated about A, it will compel BQ to 
oscillate between the positions Be and Be, ox Bcf and B^, 
according as the arm BQ has been previously placed above 
or below the centre B. 

Let AP = M, BQ = r. 
PQ = 1, AB ^ d. 

To find the dead points : About ^ as a centre describe 
circular ares witli radii I + Ji and I — B. They will cut the 
circle about centre B, radius r, in the poiuts c, c', and e, e', 



reopectivelj. These give the outward and inward dead 
pT'lnts for B, and hence the limits of the oBcillatioQ of r. 
Dmwing the pieces in these extreme positions, it will be seen 
that we obtain a series of triangles, of wbich the base is 
always the line of centres AB {= d), and of which the other 
two sides are ■/■, and I + R or I — H. We will term these i 




Fig. ia3 



dead-point triangles. As long as we can construct such tri- 
angles with a sensible altitude, it is clear that there can be 
no dead points for r, and hence the rotation of R will cause 
r to oscUlate. But if with any assumed values of R, I, and 
r, the triangle will reduce to a straight line, r will have dead 
points, and we can no longer control the direction of its 
motion by the single combination shown. Thus, in order 
tbat the rotation of an arm R may produce oscillation of an 
arm r, we must have r greater than H, and also 

d + r>l + B. 



These conditions are fulfilled by the proportious employed 
in Fig. 128. 
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184* Figs. 124, 125, and 126 are inserted to phow the 
effects of shortening the distance between centres, retaining 
the same lengths of i^, Z, and r, as in Fig. 123. 



d=l+r-R 




Fi4;.lS4 



In Fig. 124, d = Z + r--i?, and we have an outward 
dead point for r, simultaneously with an inward dead point 
for R. In Fig. 125^ d = I -i- B — r^ and we have an in- 
ward dead point for ?-, simultaneously with an outward dead 



d^l+R-r 
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point for E. These two arrangements are therefore faulty ; 
since when ?• is at a dead point, we cannot control the direc- 
tion of its motion, as it is free to move either up or down 



from that point. In Pig. 126, d is made still shorter, and it 
will be seen that r has dead points, O and O', when R is at 
Ag or Ag' respectively. Hence R cannot perform complete 
revolutions and drive r. 




Fie- 136 



Aa Ji moves in either direction over the are gEE'g', r may 
move in either direction over the path G'e'G'G or GeGO'. 

185. Problem Given (Fig. 127) the distance AB 

between two fixed centres A and B, to find the lengths of 




■ras and links wJiich will cauae the following arm BQ to 

iciljat* hetwi-en the positions BQ and BQ' when the driving , 

arm AP makes continuous rotiitions. Assume any convenient | 

length for tlie arm BQ, and atril<e an arc with that leng^th aa J 
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a radius about B, thus fixing the points Q and Q'. With A 
as n centre, draw the circular arcs Qq and ^^. Then we 
win have AQ = Aq = I ~ R ; nnH A^ = Aq' = I + H ; 
.'. qi/ = 2R. Biaect qq" at a, then aq or a^ is the length cf 
the arm AP to fulfil the conditions, and Aa is the length 
of the link PQ = /. If these resuitB do not give convenient 
lengths for B and I, a longer or a shorter length should be 
taken for BQ. 

180> The velocity ratio in this class of linkwork is to be 
determined, as in Arts. 24 and 26, by the ratio of the perpen' 
dieulars let fall from the fixed centre upon the line of the 
link. When there are dead points, one or both of the per- 
pendiculars disappear at the instant of passing these points ; 
and this is just as it should be, for )w> motion is transmitted 
at tliat instant. 

When the shorter and rotating arm is the driver, its dead 
points occur, as shown in the figure, at the ends of the oscil- 
lations of the following arm, and this arrangement will work 
satisfactorily when the conditions of Art. 18i are complied 
with. In case the oscillating arm drive, however, the dead 
points of the follower must be overcome by the momentum 
of the rotating pieces, increased if necessary by the addition 
of a fly-wheel. 

Class III. 

Transmisaion qf Continuoits Rotation. 

187. Drag Link. —In Figs. 128 and 129, let AP, BQ. 
be two arms turning about fixed centres A and B, and con- 
nected by the link PQ, as before. In order that the continu- 
ous rotation of one may produce a continuous rotation of the 
other, it is necessary that there shall be no dead points. If 
the link PQ (= /) is made equal to Cc, it is evident that we 
will have an outward dead point ot B &t G with an inward 
dead point of r at c. Or, if I = Oe, we will have simultane- 
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oua inward dead points at C and e. Therefore, in order that ' 
there may be no dead points, we must make I > Cc and < C'e • 




that ia to say, I > r — B + rf, and l<r + R ~ d-, wrf each i 

of the arms R and r must be greater than d. 




Wig. ISO 

In this arrangement, the arms maybe equal or not ; bat in 

eiDier case the velocitj- ratio, being proportional to tlie per- 
pendiculara from the centres on the link, ia constantly vary- 
ing. The arrangement is tei-med a drag link. As frequently 
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coDBtructed, the anus are of the Bame length, and the centres 
A. and S coincide. 

18S. Continnoua rotation may be transmitted by making 
the arms It and rof Fig. 123 equal, and also I = AB. This 




will give us the arrangement shown in Fig. 130. The annS^' 
have Bimultaneous dead points whoo lying in the direction of 
the line of centres. Hence if S performs complete revolu- 
tions, r may continue to rotate in the same direction, with a 
constant velocity ratio, or it may move from the dead point in 
the opposite direction, with a varying velocity ratio ; so that 
for a given position, AP, of R, r may occupy the position 
BQ or Bij. To insure continuous rotation, then, by this 
arrangement, it is necessary to provide some means of com- 
pelling r to continue its motion past the dead pointa. This 
may be accomplished by one of the following arrangements. 

189. We may connect the axes by other and similar sys- 
tems, as shown in Figs. 131 and 132. 

When two systems of arms and links are employed, as in 
Fig. 131, they are generally placed with the arms at right 
angles. 

When three are used, as in Fig. 132, the arms are placed 
at angles of 120°. 

190. Another method cojiaists in the use of a third rotat- 
ing arm, conQect«d to the same link, and so placed that the 
driving arm may lie between the following and the auxiliary 
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arms. This nrm must be equal in length to the oUtcr twor 
and must lie parallel to them in all positioim. All thret 
arms may be located on the same line of centres, as in Fig, 




133 ; or tlie driving arm may be to one side of the line of 
centres of the other two, as in Fig. 134. In the latter case 




r be rigidly connected with PQ, so 
* will be the vertices of a rigid tri- 



VT Diuat be part of c 
that the points P, V, * 
angle. 

191. Boehm's Coupling. — Another method, known as 
Boehm's linlt coupling, is shown in Fig. 135. Two discs 
placed in parallel planes are fixed to parallel shafts, and con- 
nected by two or more linlvs which raalie an angle with the 
planes of the discs. The distance between the planes of the 
discs must be sufficient to enable the links to paaa each other. 
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as nliown. Tlie %-elocity ratio in these three arrangements i 
constant. 




Various Applications of Lihkwork, 

192. Bell-Cranks. — A form of linkwork known aa 
bell-cranks is largely nsed to change the direction of motion. 
In Fig. 13G let ab be the direction of a reciprocating motion 
which it is desired to change to the direction cd. In the 
angle bTd formed by these directions assume any convenient 
point A ; and from A draw perpendiculars AB and AC on 
ab and cd respectively. If we constrict a rigid piece BAC, 
centred at A, we can by means of it produce the change in 
direction desired. This piece is termed a bell-crank, and 
Buch pieces are largely used in bell-hanging, iu the mechan- 
ism of organs, etc. As the angular motion of the arms is 
small, their lengths are sensibly equal to the perpendiculars 
from A upon the lines of action, and hence the velocity rado 
is sensibly constant. 



It ia clear that we may place the centre A in any one of 
the four angles about T made by the lines of action. If 
placed in the angle bTd or aTc, the direction of motion will 
be as indicated by the arrowa ; but if we place it in the angles 
aTd or bTc, the direction of motion along ab being still aa 
indicated by the arrow, that along cd will be reversed. 




193. In order that the deviation of the points B ana 
from the lines of action shall be a minimum, and take place 
on both sides of the line of action instead of wholly on one 
side, the length of the arm AB should be equal to the per- 
pendicular distance AB plus one-half the versed sine of the 
angle through which the arm swings on each side of its mid- 
position. This is true in all similar cases, and is illustrated 
by the following example : In a beam engine having a piston 
stroke of six feet, let the distance between the centres A of 
the beam gudgeons, and the centre line BP of the cylinder 
be eight feet. Required, the beat length for the beam arm. 
In Fig. 137 let AB — distance between centres = 8'. Now 
B is to bisect the length CD, which is the sum of the devia- 
tions of the point E on both sides of BP\ hence BC = BD. 
EC must equal the half stroke, or 3'. 
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In the right triangle ECA, we have 

EA^ = EC' + C3" = ad" 

or (8 + BC)' = 9 + (8 - BCy. Solving tbia eqnatu 
for BC, we find BO = gV 




Fia. i37 



Therefore the length of the beam arm A£! should lie 8' 3|", 
in order that the connection E may deviate the smallest 
amount from tlie line of centrea BP. 

194. To Multiply Oscillatioos by Linkwork. — In 
Fig. 13fi, let ^P Ik! an sirm rotating about A, and connected 
by a link PC to an arm BC oscillating about B. For one 
revolution of vtP, BC will move from the position BC to Be 
and back again to BC. Now connect C by a link CE to an 
arm BE oscillating about D. Let AP turn from P to p, and 
move BC from Ctoc, then DE will be moved from E to E" 
and l>aek again to E, Therefore during a complete revolu- 
tion of AP, DE will perform ttvo complete cycles of motion ; 
going from E to E" ttud back again to E during each half 
revolution of AP. If we connect DE to another oscillating 
arm KH in a similar manuor, 7\II will perform two complete i 
cycles for one ot DE, and Ik-ul'c fi-n- complete cycles for 0) 
revolution of AP. 



The length of the arc of oscillation of each arm depends 
on the It'Dgt!) of the ])receding arm, and on the versed sme 
of the angle through which tiie latter swings on each aide of 
its mid-position. 




195. To Produce a Kapidly Varying Velocity from 
Uniform Motion. — In Fig. 139 let AP be an arm oscil- 




lating with uniform velocity about A, and* connected by a 
link PQ to an arm oscillating about a centre B, placed so 
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tbat nhen P is at a dead point, BQ maj be perpendicular fa 
PQ. Starting from the dead point P, the uniform motion 
ol AP produces very little motion of BQ at first, but as P 
moves over the equal arcs Pp, pp', etc., Q will move through 
area rapidly ioereasing in length, auoh as Qq, qq', etc. That 
is, the uniform velocity of P produces a rapidly accelerated 
velocity of Q. When P moves in the other direction, from 
p'" toward P, the velocity of Q will be rapidly retarded. 

196. Slov Advance and Quick Return by Link- 
work. — In Fig. 140, let AP be a rotating arm, from whose 




aniform motion we wish to derive the motion of a second 
arm, such that its period of advance shall be equal, say, to 
twice ita period of return. On a circle about A, lay off the 
arc POp — one-third of the circumference; i.e., angle 
PAp = 120 degrees ; then AP and Ap must be the posi- 
tions of the driving arm when the foUowing arm is at the 
ends of its stroke, and the driver is at its dead points. 

On PA and Ap produced, lay off PQ = pq = proposed 
length of link. Then Q'/ must be the chord of the are of 
oscillation of £Q, and the centre li must lie in the perpen- 
dicular bisecting this chord. BQ, may be of any length to 
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give the angle of oscillation QBq desired, consistent with the 
deductions of Art. 184. 

197. Hooke'» Coupling or TTniTersal Joint is a con* 
trivance, belonging to the general class of linkwork, for 
cnnnectiog shafts whose axes intersect. 

In Fig. 141, A and B are the two shafts having semi- 
(urcular jawa at their ends. The connecting and rigid cross 




Fig. 141 



I 



QPpq is formed with its four arms at right angles and in the 
same plane. The centre of the cross is at 0, the intersec- 
tion of the axes. All four arms are of the same length, and 
turn in bearings at F, p, Q, and q. Let the shaft A he the 
driver, then the ends of the arms, P and p, move in a circle 
whose plane ia perpend iculai' to the axis of A ; and the ends, 
Q and g, move in a circle whose plane is perpendicular to 
the axis of B. We will terra these arms the driving and fol- 
lowing arms respectively. The planes of the circles evidently 
intersect in a line through 0, perpendicular to the plane of 
the axes, and the angle between the planes is equal to the 
angle between the axes = y3. 

lOS. Let a plane through 0, and perpendicular to the 
driving axis, be taken as the plane of projection. Then, 
Fig. 142, the circle described with radius OP = Oj) about 
as a centre, will represent the path of the points P and p. 
Let the plane of the axes ^1 and B be pei'|)endicular to the 
paper, intersecting it in OE. Tlien COD, perpendicular to 
OE, will be the intersection uf the planes of rotation of tha 
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driving and following arms. Draw the radius OF, making 

the angle EOF = /3 = tlie acute angle between the axes ; 

and from F draw a line parallel to COD, and intersecting 

OE iL K. Then 

OK OK a 

_ = — = cos^, 

and an ellipse conatracted with CD as its major and OK tiix 
its semi-minor axis will represent the projection, on a plane 
perpendicular to the driving axis, of the path of the following 




Fis-l-^S 



Suppose a driving arm to move from the position 00 to 
OP through the angle COP = &. Then a line OQ drawn 
perpendieular to OP will be the projection of a following 
arm which has moved from OK, while OP moved through 
the angle COP = EOQ ^ 6. OQ is perpendicular to OP, 
since the latter lies in the plane of projection ; and hence the 
angle POQ is shown in its true size. The point Q has moved 
through the actual vertical distance Qn, although the actual 



path of Q is a circle of radius equal to OE. Therefore, il 
through Q we draw a line parallel to OE, aod conDect OR, 
then EOR will be the actual iiugle through wliich the follow- 
ing arm has moved, while the driving arm has moved throui 
COP = EOq = 0. Let angle EOR = 0. 



niR 
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tau^ = 


tan 
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To obtain the velocity ratio 
pi-eBsion, whence 


we 


., 


list 


differe 


(2) 




COB 


i^,. 




f 


+ 
+ 


t.n'« 
tan'0 



I 



Eliminating <f and 6 in turn from Equation (2) by means of 
Equation (1), we get 



(3) 



m^^^^ 



Starting with a driving arm at OC and a following arm' 
OK, we measure the angles 8 and r^ from these positions re- 
spectively. 

1»9. The expressions (3) and (4) will have minimum 

values wlie a sin S = 0, and cos^ = 1 ; in that case— = cos^, 

and e and ^ both = 0, tt, 2 ir, etc. That is, the minimum 
values of the velocity ratio oecur when a driving arm is at 
OC or OD, and the following arm is at OKotKO produced. 



Maximum valut 
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occui- when sin S = 1 ; 
, and 6 and i^ both = ^^ 



, etc. Tbat 

is, the velocity ratio has its maximum value when the driving 
arm is at OE or EO pjpduced, and the foUowiog arm is at 
OD or OC. 

Hence we see that during each revolution there are two 
maximum and two minimum valuea of the velocity ratio, and 

that it vavies between the valuea and cos B. 

eos^ 

Between the maximum and minimum points there are four 
points wliere the fttio is unity. 

The variation in the velocity ratio increases as the angle 
between the axes increases, and this fact must, in general, 
govern the employment of this joint. If the variation duo 
to the angle between the shafta is not too great for the case 
under consideration, it may be employed ; otherwise some 
other mode of connection must he used. 

200. Double Hooke's Joint. — The variation in the 
velocity ratio may be entirely eliminated by the use of two 
Hooke's joints, arranged as in Fig. 143. 




If we construct the connecting piece with the forks at its 
coda t7i the same plane, and place it so that it makes the 
same angle (^) with both shafts A and B, the variation tit 
one end of the connecting piece will be counterbalanced by 
tlie variation at its other end : and thus a uniform motion 
may be transmitted from A tn B. l''or, in Fig. 143, let the 
plane of the axes be the phiue u! Vm' ii:i[ier, tlien oonsideEib^ 



A as the driver, the velocitj ratio between A and ab is at fl 
maximuin; i.e., 



Alao, considering ab as the driver, the velocity ratio between 
ab and £ is at its minimum ; i.e.. 



Multiplying these two eqn&tions together, we get 
-= 1. 



I 



It will be clear upon examination that the variations thus 
Imlance each other thioughout the revolution, so that — is 

always unity ; in other words, the velocities of the two prin- 
cipal ases are always eqaal. If the cross ends of ab are in 
planes perpendicular to each other, the variations, instead of 
neutralizing each other, will e-vidently act together, and make 
the total variation in velocity of the two principal axes 
greater than if one joint only were employed. 



Intehmittent Ldtkwore. 

201. Cllctc and Ratchet. — An example of intermittent 
linkworlt is the dick and ratchet-wkeel, a simple form of which 
is shown in Fig. 144. An arm AB oscillating about A has 
jointed to it at £ a ciici: or catch BC. Turning about D ia & 
ratchet-wheel Cc, having teeth generally of the shape shown. 
When the arm AB moves as indicated by the arrow, the end 
C of the click presses against the straight side of a tooth, 
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and thu8 moves the wlieel. Centred at the fixed point b is 
a paid or detent, 6c, which cither resta on the teeth hy its 
weight, or is pressed agaiuat them by a spring. This serrea, 
as shown, to hold the wheel, and prevent its backward motion 
during the back stroke of AB, but offers little or no reaiat- 
ance during the forward motion of AB. The pawl and tooth 
act upon each other by eliding contact ; and the direction of 
the line of action, or of the pressure between them, is a nor- 
mal to the straight face of the tooth and end of the pawl. 




Let eg be this normal, and let fall upon it the perpendiculars 
bg and Dc. Then, if the wheel tend to turn backwards, that 
is, in the direction eg, the pawl will tend to turn about b in 
the same direction, eg, or towards the wheel. That is, the 
tendency is to force the pawl and the tooth into closer con- 
tact, which is as it should l>e. But if the shape of the face 
of tooth and pawl is such that the normal occupies some 
position beyond 6, as ch, the tendency is to turn the pawl 
outward, or to cause it to slide off the tooth. Hence, with 
a straight pawl or click, aa shown in this figure, the normal 
to the face of the tooth should pass between the centres 
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of the wheel and of the pawl. And, by iimilar reasomng, 
ID the oaaea in which we have a hooked pawl, as in Fig. 148, 
the normal eliould pass outside of or beyond the centre of 
molioa of the pawl. 

202. Reversible Click. ~ In feed motions, such as 
those of shapers and planers, it is frequently desirable to 
employ a click and ratchet-wheel which will drive in either 
direction. An arrangement similar to that shown in Fig. 116 




is then used. In the position shown, the wheel i 
driven in the direction of the arrow. The teeth, as well as 
the click, are made alike oa both sides ; so that when the 
click is thrown over on the other side of the arm AB, as 
shown in dotted lines, the wheel will be driven in the contrary 
direction. 

203. It ia usually more convenient to have the driving 
arm and the wheel concentric, as in Fig. 145, rather than as 
in Fig. 144, It is clear, that, in this case, to have an effec- 
tive arrangement, the driving arm should move through such 
an angle that the end of the click shall travel through an arc 
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Bligiitly greater than some multiple of the pitch arc; 
excess being simply to insure that the click shall c 
the correct number of teeth on its retura stroke, and have 
the smallest possible amount of lost motion. Thus, if the 
click and arm drive the wheel ahead two teeth at each for- 
ward stroke, the arc of motion of the click should be a trifle 
over twice the pitch arc, to insure the same amount of motion 
by each forward stroke. 

a04. SUent Click This contrivance (Fig. 146) avoids 

the clicking noise and the consequent wear of a common 
click. BC ie the click, which, in this figure, is made to puA 
tbe teeth. 




It is carried by one arm, AB, of a bell-crank lever, which 
has the same centre of motion. A, as the ratchet-wheel. The 
other arm of the lever has two studs, E and E'. Between 
these pins is the driving arm AJ^, also centred at A, and con- 
nected by a link GIl^ to the click. The motion of tbia arm 
in tbe direction of the arrow drives the wheel in the same 
direction. When the motion of the arm is reversed, it at 
first moves back against E' before it can move Uie bell-crank 
lever ; aad, durina: this motioa, the link GH lifts the click 
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de&r of tbe teetfa. Then, h;y presaing against the pin ^, it 
moves the bell-craink buck to the position showD in dotted 
lines. The driving arm then moves ahead again against the 
pin E, pulling the dick into gear vrith the tectb, as shovrn ; 
and theu, by means of the pin E, drives tbe wheel ahead, as 
before. 

206. Double-acting Click This arrangement, shown 

in Figs. 147 and 148, may be used when it is desired to drive 
the wheel ahead during both strokes of the driving a 




i the re: 



To accomplish this result, the driving arm in Fig. 147 car- 
ries two puxhing clicks; and that in Fig. 148, two putting 
clicks, Tbe former is the stronger arrangement, and i^ 
therefore used wJierever great strength is required, as in 
ships' windlasses. The centre G being located, the arms 
GK&nA 6I{ B.re made equal, and so placed that in their mid- 
positions they will be perpendicular to tlie lines of actjoo of 
ipectivc clicks. With these arraugemeots, two or more 



w 
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detents or pawls are used, ao placed that they will prevent I 
the ratchet-wheel from turning back more than one-lbird oi j 
one-half the pitiih. 




S06. Frictional Catch. — This contrivance is a sort of I 
intermittent linkwork, foimded on the dynamical principle, 
that two surfaces will not slide on each other so long aa the I 
angle which the direction of the pressure between them I 
makes with their common normal at the {mint of contact is J 
less than a certain angle, called the angle of repose. This J 
angle depends on the material of which the surfaces are com- 
posed, their condition as to smoothness, and on the luhrica- 
tion employed. For metallic surfaces, moderately smooth, not 
lubricated, the sine of this angle is somewhat greater than 
one-seventh. In Fig. 149, the shaft and rira of the wheel 
to be acted upon are shown in section. AK is the catch 
arm, having a rocking motion about the axis A of the wheel ; 
llie link by which it is driven is supposed to be jointed to 
it at A' K'K" represents the stroke, or arc of motion, of 
the ])oint A'; so that A" --l A"" iB the angular stroke of the 
eatcli arm. i is a socket, capatlo of sliding up and down 
on the catch arm to a small extent ; a shoulder for limiting 
the extent of that sliding is shown by dotted lines. The i 
socket and the part of the arm on which it slides should ba 1 
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Bqiinrc, and not round,' b> prevent the socket from tuming. 
From the side of the socket there projects a pin at D, tvona 
which the catch DGH hangs. Jtf is a spring pressing 
against tbe forward side of the catch. G and H are two 





I 

Aockei 



studs on the catch, which grip and carry forward the i 
BBCC of the wheel during the forwai-d stroke, by means of 
friction, but let it go during the return stroke. 

A similar frictional catch, not shown, hanging from a 
AOCket on a fixed instead of a movable arm, serrea for a 
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detent, to hold the wheel still during the return stroko of the j 
movable arm. 

207. The following is the graphic construction fordeteivJ 
mining the proper position of the studs G and i/^: — Multiply 1 
the radii of the outer and inner surfaces, BS and CO, of the \ 
rim of the wheel, by a coefflctent a little leas than the sine of 1 
the angle of repose, — say one-seventh, — and with the leugtha \ 
so found, as radii, describe two circular arcs about A ; the J 
greater (marked E) lying in the direction of forward motion, 1 
and the less {marked F^ in the contrary direction. From O, I 
the centre of the pin, draw DE and DF tangent to these 1 
area. Then (?, where DE cuts SB, and i/, where DF cuts J 
GC, will l)e the proper positions for the points of contaet (rf | 
the two studs with the rim of the wheel. 

The stiffness of the spring ought to be sufflcieut to bring'l 
the catch quickly into the holding position at the end of each f 
return stroke. 

The length of stroke of a frictional catch is arbitrary, and.I 
need not be an aliquot part of the circumference of the | 
wheel, as is the case with the click motions described. 

20S. Another form of frictional catch is shown in Fig. 
150. 




Q AB, centred at (7, rides on a saddle which slides j 
m SS of the wheel. A piece EE is attaciied tol 
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one end of the arm, and admits of being pressed firmly 
against the inside of the rim NN. When the end B is moved 
as indicated, the rim NN will be firmly grasped or nipped 
between the saddle and the piece EE, and will be forced to 
move to the right. When B is pushed back, a stop prevents 
BOA from turning more than is sufficient to loosen the hold 
of EE^ and the saddle slides freely on the rim. A screw F 
may be employed to bring up a stop H towards the arm 
AOBy and so to prevent the arm from twisting into the posi- 
tion which gives rise to the grip of EE. No motion will 
then be imparted to the wheel, a result which is obtained in 
any ordinary ratchet-wheel by throwing the click off thi> 
teeth. 



CHAPTER XI. 



J)lIMnNICA.T10N OF MOTION BV WRAPPING CONNECTORS. 

VELOCITY RATIO CONSTANT. 

DIRECTIONAL RELATION CONSTANT. 



/yrms of Connee(or« and Putleya. — Ovide Pulleys. — Twisted BelU, 
Length of Bella. 

209. It follows from Art. 27, that when the direction of J 
Ihe wrapping connector of two curves revolving in the same ] 





i''iK. loa 



plane cuts the line of centri's in n fixed imint, the velocity J 
ratio must Iw constant. Tlio only curves used in practice | 
are circles, llie surfaces Vieiiiu; surfaces of revolution rotating J 
about fixed uses. Ju oi-der that the motion may be continu* § 
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0U8, the ends of tlie wrapping connector are fastened to- 
gether, forming an endless band which embraces a portion 
of the circumference of each wheel, or pulley as it is osnally 
termed. 

Where a direct or open band is used, as in Fig. 151, tlie 
direction of rotation of driver and follower is the same ; bat 
when the band is crossed, as in Fig. 153, the rotations take 
place in opposite directions. 

aiO. Forms of Connectors and Pulleys. — Various 
materials are in use for wrapping connectors, the material 
depending to a certain extent upon the character and location 
of the maehinei^. The form of the pulleys depends iai^ly 
upon the material of the connector. For very light machinery, 
such as sewing machines, the bartds are usually round, and 
are made of leather, catgut, or woven cord. The pulleys 



BHS. 153 



B-ig-in-l 



I 



used with such bands are gi-ooved as illusti'ated by Fig. 153, 
the band running in this groove. For other machinery, 
where the distance between driver and follower is not very 
great, fiat belts are used together with smooth pulleys. These 
pulleys are true cylinders in some cases, but are usually 
rounded to some extent as illustrated by Fig. 154. The 
amount of this convexity, or increase of radius from edge to 
centre of face, vanes, according to different authorities, from 
nothing to one-half inch per foot of width of face of pulley. 
Average practice would seeno to authorize one-eighth inch ris* 
jar foot of width. 



Three or four such pulleys of tlifferent dianietera are often 
made in oue piece, the size of the pulleys inereasiog regularly 
from end to end. Such an arrangement is called a atepj/tA 
pulley ; and by means of two such pulleys, mounted on 
parallel shafts, and placed so that the smallest diameter of 
each is opposite the largest diameter of the other, motion can 
be transmitted between the shafts witli a deHnite number of 
different velocity ratios. The various diameters must be so 
adjusted that the same length of belt (Art. 216) can he used 
Id each case, the variation in tbe velocity ratio being obtained 
by simply transferring the belt from oue pair of pulleys to 
another. 

Flat belts are generally made of leather, either of a single 
thickness, or of two or more thiekneBses sewed, riveted, or 
cemented together. The grain or hair side should be placed 
next the pulley. Woven cotton covered with vulcanized 
India rubber, and known as ■' rubber belting," is also largely 
nsed, particularly where dampness renders leather unfit- 
Paper and sheet iron have also been used to som^ extent. 




^B^S-iSS 



For transmitting power over long distances, wire rope ia 
used. The rims of the pulleys are grooved as shown in Fig.' 
365, the bottoms of the grooves being filled with wood,' 
leather, oakum, or some other material, to reduce tbe wi 
of the wire rope. 
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For the running rigging of shipa, tacklesi and hoistiiig 
m&cliinery, hemp or other similar rope is used with c 
grooved pulleys similur to the one ahown in Fig. 15 




Where great Btreiigth is required in small compass, iron 
chains are used. The links of the chains are of various 
•bapea. The pulleys are formed to fit the linlss more or less 
nearly, or with teeth to enter the liuks, and thus prevent 
slipping. Figs. ISC, 157, and 158 illustrate forms of chains 
and pulleys. 




211. Tigliteiiini; Pulleys. — When smooth pulleys s 
ueecl, »iie motion is transmitted directly by the friction I 
tween 'he belts or bands and the pulleys. Ordinarily the 
t«Dsiou of a belt, properly fitted, is sufficient to produce the 
necessary adhesion. But in some iiases, tiglitening pulleys 
are employefl to prevent slipping ; as, for example, they are 
frequently employed for this purpose on the driving belts 
of stationary steam-engines. These tightening pulleys are 
pressed against the belt by weights or springs, and tliui 
maintain a constant tension, or are mounted in a frame wbicU] 
can be adjusted in position by screws. 

2J 2. Shifting: Belts. — A flat iK'lt may be easily shifte 
T/ijui one position on a cylindrical pulley to another positioil'l 




pressing the belt in the required direction on the advant 
side, while pressure on the retreating side will proclut 
effect. Thus, if we press a belt in the above manner as^ 
shown in Fig. 159, it is clear, that, as the pulley continues 
to revolve, the successive jiortions of the belt eome into 
contact with the pulley at points to the left of the original 
position, and as the revolution of the pulley carries them in 
a direction perpendicular to the axis, the position of the 
belt on the pulley is gradually cbanged. If we had pressed 
the belt on that part which had left the pulley, its position j 
an the pulley would not have been affected. 

From the above it follows, that, if the central line of t 



advancing side of a flat uDifomi belt is kept in the centra] 
plane of the pulley, it will run true without any tendency In 
leave the pulley. 

213. Convexity of Pulley. — If we place a flat bell; on 
a convex pulley, as shown in Fig. 160, the tenaion i 





edge D will evidently be greater than at the edge F. Con- 
sequently the tendency will be to throw the belt into the 
position shown dotted. If we now rotate the pulley, the 
belt will, as shown in the preceding article, be moved to 
the left or towards the largest diameter of the pulley. It is 
for this reason that the convexity is given to pulleyH, bo that 
if for any reason the belt commences to come off, the in- 
creased tension of one part will bring it back to a central 
position. 

214. Twisted Belt. — In Fig. 161, let ^ be a fixed axis 
carrying the pulley D, and let it be an asis carrying the 
pulley E. At first consider the axis B and pulley E to 
occupy the position shown dotted, so that A and B are 
parallel, and D and E are in the same plane. Let SS be 
the common tangent to the two pulleys, drawn on the eidea 
from which the belt is delivered, and in the central planes 
of the pulleys. Now, let axis B and pulley E be turned 
about SS into some other position such as that shown in full 
lines. Then SS will be tlie jntersectiou of the central pluuea 



of the pulley. If, now, the pulleys be rotated aa indicated by 
the arrows, it follows, that siuce the points a and b are in the 
ceDtral plane of E, and a' and b' -are in t!ie central plane of Z), 
the advancing Bide of the belt is in each case in the central 
plane of the pulley considered, and the belt will not tend to 
run off (Art. 212). But if the pulleys be rotated in the 
opposite direction, the belt will immediately run off. Henc* 




this arrangement can only be used when the axes are always 
to revolve in the same direction. In laying out twist-belt 
motions, the circlea D and B should be taken equal lo the 
lai^est diameter of the respective pulleys plus the thickness 
of the belt. 

315. Guide Pulleys are used to change the direction 
of belts. In Fig, 162, let ca be the direction of a belt which 
we wish to change to the direction ab. If we place a fixed 
pulley of any convenient diametei' in the angle cab with its 
axis on the line bisecting this angle, and so that, the lines 
ca and ab are both taugents to the pulley, it is evident tli»fc 



by means of thia pulley the desired change may be effected. 
If the directions do not intersect within a conveoieat ( 




hin a conveoieat di» J 



tance, is in F'ig. Ifi^, connect them hy a line de at any con- 
venient points, and plaee guide pulleys iu the angles at d and 
e, as shown. 
216. By means of guide pulleys we can connect axes 



Deither parallel nor meeting in direction, so that they 





be rotated in either direction. In Fig. 1G4, SS is the Inter- 
section of the central planes of the pulleys A and B. Assume 



points c and c' in this line, and draw tangents to the pulleys 
A and B. Then the guide pulleys C and C" ahould evidently 
be placed in the planea of these taagenta, and so as to be ■ 
tangent to ca, cb, and c'o', c'6', respectively. By 
arrangement the direction of the belt where it leaves & 1 
pulley is always in the central plane of the next pulley, and-J 
hence tlje belt can be run in either direction without tending 1 
to leave the pulleys, 

217. In Figs. 165 and 166 are shown applications of'l 
guide pulleys, the rotation being always in the same di 
tioo. In Fig. 165, two axes which lie io the same plane and | 
make a small angle with eadi othtr are connected, so ai 




Fig. 1G5 

be capable of rotation in the direction of the arrow. One ^ 
guide pulley is used, and the arrangement depends on 
principles of Art. 214. 

In Fig. 166, two pulleys on parallel shafts, but not in the I 
eame plane, are connected, ao as to be capable of rotation [ 
in one direction by means of two guide pulleys fixed on 
same shaft. The diameter of the guide pulleys should be. J 
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equni to the distance between the MUtral planes of the 
driving and following pulleys. 




■218. j:,eng:tli of Belt. — The actufti length of l>elt re- 
quired in every case is best determined by actual measni:^ 




ment over the pulleys, or by measurement on a scale drawing. 
It may, however, be eftlculated in the following manner. 
In Figs. 167 and 168, let A and B be the axes of two pulleya 
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connected by belts, KP and kp being the straight parts of 
the belt. Draw hAM and gBG perpendicular to AB; AK 
and Jk, BP and Bp, radii of the pulleys to the points of 




tangcncy of the belt ; and BL parallel to -fiT*. Let 3AK = 
PBg = ABL = <f>; AB = d; AK = R; BP = r. Then, 
for a crossed belt (Fig. 167), 



KP= ^(P - (ii + r)». 

Arc of contact for pulley, radius R 

= R{ir + 20) = bU + 

Arc of contact for pulley, radius r 



• . Total length of crossed belt = L 

= 2v'd'-(fl + r)^+(Je + r)f'r + 2arc8in- 

For an open belt (Fig. 1G8), 

KP = v'd= - (fl - ry. 



Arc of contact for pulley, radius B 



= bL 



p 



Arc of contact for pulley, radius r 



r) 



f-^— '-M 



Total length of open belt = L = 2\/d'-{B-ry 
+ ir(fl + r) +2{R — r) arc sin- 



It is to be noted, that, for a given value of d, the length of 
a crossed belt depends upon the sura of the radii of the 
pulleys, while the length of an open lielt depends both upon 
the sum and difference of the radii. It follows from this, 
that one crossed belt can be used to transmit difEereat 
velocity ratios between two shafts, with the single condition 
that the sum of the radii of each pair of pulleys must be 
the same. For example ; with any given value of d, the 
same belt, crossed, will exactly fit pulleys having diameters 
of 4 and 16, 6 and 14, » and 12, 10 and 10 ; the value of 
^ + r in each case being 10. But these pulleys could not 
be exactly fitted with the same length of open belt. 

310. Approximate Formuljc. — As the above exact 
formulje are cumbersome, the following approximate equa- 
tions are introduced. All dimensions are beat taken in 
indies, and the signiScation of the letters is the same as 
above. The formulse will give results which are safe within 
the prescribed limits. 

For crossed belt, L = 3f(B + r)+ 2d. 



To be used when - 



- does not exceed 0.2 



For open belt, L = Z^{R + r)+ M. 



To be used when — 



- does not exceed 0,1 



Within these limits the results are a trifle loi^e, while 1 
beyond them they fall short. 

3SO. Wrapping connectors may be used to transmit mo- I 
tion when the directional relation or the velocity ratio, or I 
botb, are variable. The result is obtained by using n 
circular pulleys, or by winding the band in a spiral groove I 
of variable radius. 

In such cases the length of the band is not usually con- j 
slant, and tightening pulleys must usually be employed to- 1 
insure the requisite tension. 

In practice, variable conditions are so much better met j 
by other modes of connection, that wrapping connectors I 
are scarcely ever used for this purpose ; and hence i 
diBGUBsion of such ose is here given. 
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CHAPTER XII. 



TRAINS OF MECHANISM. 



Foluet/a TVafn. — Directional Relation in Traing. — Clockieork. — 
Notation. — Method nf designing Trains. — Approximate Num- 
bers for Trains. 

221. The required velocity ratio of two motions being 
giveo, it is always theoretically possible to obtain this ratio 
by the use of one of the elementary combinations described in 
the previous chapters. It often happens, however, that this 
ratio is so small, or so large, that, practicaUy, the motion is 
better communicated by a train of such combinations ; each 
piece being at the same time the follower of the piece that 
drives it, and the driver of the piece that follows it. 

For convenience, let us first consider the case in which all 
the pieces are circular wheels revolving about fixed axes. 
The usual arrangement in such cases is to secure two unequal 
wheels upon each axis, except the first and last, and to make 
the larger wheel on each axis gear with the smaller wheel on 
the next axis. 

233. Value of a Train. — Let there be m. such axes, 
and let ua designate by « the value of the train ; that ia, the 
ratio of the angular velocities of the first and last axes, or, 
what amounts to the samu thing, the ratio of their syn- 
chronal rotations. 



Let a,, a^, as, ... On he the angular velocities of the suc- 
cesaive axes. Then we have 



(1) 



That is, the yalae of the train may be found bj multiplying 
together the separate ratios of the angular velocities of the 
successive pairs of axes. 

Again, let the aynchronal rotations of the successive axes 
of the train be L., L„, L,, . . . L„. Then we have 



L„ _ L., i, i. 



L„. 



(2) 



That is, the value of the train may be found by multiplying 
together the separate ratios of the synclirooal rotations of 
the successive pairs of axes. The value of < is, of course, 
the same in both the above equations. This value will not 
be affected by the aubatitution, for any of the intermediate 
ratios, of any other two numbers that are in the same propor- 
tion ; hence we may express the values of those ratios in the 
terms that may most easily be obtained from the train whose 
motions we wish to consider. 

I>etting a = angular velocity of one of two wheels in gear, 
R its radius, N its number of teeth, P its period, or time of 
one rotation, and L its number of rotations in a given time ; 
and letting a', R', N', P', and L' be the corresponding quan- 
tities for the other wheel, we have (Art. 35), 



E 



N 



(3) 



which equation will enable ua to write the proper ratio i 
each case. 



For instaoce, let N^, N^, y^, . . . N^^i be the numbers of 
t««th of the drivers on the succeseive axes, and let n,, n,, ) 
... n_ be the numbers of teeth of the corres ponding follow- 
ers. Then we may write, bj making the proper substitutuoB 
for the intermediate ratios in Equation (1), 



N. m 



^. 



if- 



Jfi X Jf, X Jf, X ■ . . K.-1 



W 



That is, the value of the train is equal to the qaotient 
obtained by dividing the continued product of the numbers 
of teeth of itll the drivere by tiie continued product of the 
numbers of teeth of all the followers. 

It is obvious, that, in a train of this kind, the number of 
drivers, as well as the number of followers, is always one 
less than the whole number of axes. 

223. Practical Example. — It is not necessary that aU 
the ratios should be expressed in the same terms. As before 
stated, it is simply necessary to use, for each ratio, two num- 
bers in the proper proportion. 

For example, let there be a train of six axes, connected as 
above described. 

Let the first axis revolve once per minute, and let the 
gecood axis revolve once in fifteen seconds. Hence 



Let the second a 
revolves five times. 



lis revolve three times while the third 
Hence 




Let the third axia carry a wheel of sixty t«etb, driving a 
,_ wheel of tirent;-fotir teeth on the fourth axia. Hence 

Let the fourth axis carry a pulley of twcDty-four inches 
diameter, driving, by meaos of a belt, a pulley of twelve 
inches diameter on the fifth axis. Ueuce 

B,_ 24 
S, ~ 12* 

Let the fifth axia turn with an angular velocity two-thirds 
ts great aa that of the sixth axis. Hence 



Substituting these ratios for the successive terms of Equa- 
tion (1), we get 



15 3 24 12 2 

That is, the angular velocity of the last axis is fifty times ag 
great as that of the first ; in other words, the last axis will 
make fifty revolutions in the same time that the first axis 
revolves once, 

224. DirectioDal Relation in Trains In this man- 
ner, we may find the synchronal rotations of the extreme 
axes in any train of mechanism. Their directional relation 
depends on the number, and the manner of connection, of 
the axes. In a train consisting solely of spur wheels or pin- 
ions on fixed parallel axes, the direction of rotation of the 
axes will be alternately in oppoait* directions. 



the 



Hence, if ttie train consista of an odd number of ax( 
flrat aud laat axes will revolve in the same direction; if it 
consists of an even number of axeS) they will revolve in 
opposite directions. 

In this connection, it must be remembered that an annnlar 
wlieel (Art. 3()) revolves in the same direction as its pinion. ■ 

When the axes iu a train are not parallel, the dii'ectional 
relation of the extreme axes can only be ascertained by tra- 
cing the separate directional relations of each successive pair 
of axes in order. 

Two separate wheels in a train may revolve concentrically 
about the same axis; as, for example, the wheels to which 
are attached the bands of a clock. In this case, one of the 
wheels is fixed on the axis as usual, aud the other is fixed on 
a tube, or cannon aa it is sometimes called, which revolves 
freely on the first axis. 

If these wheels are to move in opposite directions, a, single 
bevel wheel may be used to connect them ; but if they are to 
turn in the same direction, as in a clock, they must be made 
in the form of spur-wheels, aud connected by means of two 
other spur-wheels fixetl to an axis parallel to the first. 

225. Idle Wlieel. — Let a spur-wheel be placed between 
and in gear with two other spur-wheels. Let the radii of 
the first, middle, and last wheels l>e E^^ R.y E^. and let their 
angular velocities be a^, a^, a^. Then wo have, for the first 
and middle wheels, 

Qj _ -Bi 

and, for the middle and last wheels, 
H _ ^1 



Multiplying these equations together, we get 
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That is, the Telocity ratio of the two extreme wheels is pre- 
cisely the same aa though they were in immediate coutact. 
The intermediate wheel is called an idle wheel; and, though 
it does not affect the velocity ratio, it does affect the diretv 
tionat relation. For, if the two extreme wheels were in 
<lirect contact, they would revolve in opposite directions; 
but, by the iutroduction of the idle wheel, they are caused to 
revolve in the same direction. 

236. CltK-kwork. — A familiar example of the employ 
ment of a train of wheels is afforded by a common clock. 




In Fig. 169 is shown the arrangement of the wheels in a 

I clock of the simplest kind. A is the barrel^ and around it is 

Tvound a cord to the end of which is fafsttuied the weight W. 

On the same axis with A is fixed tlie spur wlieel B, which 

gears with the pinion b on a second axis. On the latter is 



also filed the spur wheel G, gearing with the pinion c on the 
thini axiR. This axis also carries an escapement wheel D 
(Art. 172), tbc vei^e or anchor d being fixed to the foarth 
axis, to which the pendulum is also hung at e. One tooth of 
the escape-wheel crosses the line of centres foi- every two 
vibrations of the peudulum. Let the time of one vibration 
of the i>eDdulum be ( seconds, and let the escape-wheel have 
A teeth ; then the iieriod or time of one complete rotation of 
this wheel is 2iA seconds. To take a simple case, let the 
pendulum be a seconds pendulum ; then ( = 1, and if A = 
30, the swing-wheel will make one complete revolution in 
2(A = 2 X 30 = 60 seconds = 1 minute. Let B have 48 
teeth; h, 6 teeth; C, 45 teeth; and c, 6 teeth. Then we 
have, for the value of the train connecting the barrel »™ 
uid the escapement axis, 

a, 4 48 X 45 ^^ 



That is, the escapement axis (or arbor, using the term 
employed by cloekmakcre) will make sixty revolutions while 
the barrel arbor makes one. Hence the barrel ai'bor will 
revolve once in sixty minutes, or one hour. The barrel A is 
not permanently secured to this arbor, but is connected to it, 
or to the wheel B, by means of a click and ratchet (Art. 
201); so that, while it is free to move in one direction, its 
rotation in the other direction compels the wheel B to rotate 
with it. This arrangement permits the bnrrel to Ije rotated 
so 03 to wind up the cord without affecting the rest of the 
train. The numl>er of times that the cord is wound round 
the barrel evidently depends on the length of time that the 
clock (3 to run without being wound. Generally not over 
sixteen ooils of cord are so employed, which, in our clock, aa 
the barrel arbor revolves once an hour, would be sufficient to 
make the clock run sixteen Lours without re-winding. 



r 
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227- The train of wheel-work just lieacribecl is aoleij^j 
destined for the purpose of communicating the action of the 
weight to the pendulum in such a manner as to supply the 
loss of motion from friction and the resistance of the 
But besides this, the clock is required to indicate the lioura 
and miuutes by the rotation of two separate hands, and 
accordingly two other trains of wheel-work are employed for 
this purpoac. The train just described is generally contained 
in a frame, eonsiating of two plates, shown edgewise at kl, 
mn, which are kept parallel and at the proper distance by 
means of three or four pillars not shown in the diagram. 
Opposite holes are drilled in these plates, which receive the! 
pivots of the axes or arbors already described. But the 
which carries A and B projects through tiie plate, and otherj 
wheels E and F are fixed to it. Below thia axis, and paral- 
lel to it, a stout pin or stud ia fixed to the plate. On tlii»^ 
atud revolves a tube, to one end of which is fixed the minute- 
hand M, and to the other the wheel e in gear with E. 
our present dock, the wheel E, being fixed to the barrd 
arbor, revolves once an hour ; and as the minute-hand must 
also revolve once in that period, the wheel S and 
equal. A second and shorter tube is fitted upon the tube of 
the minute-hand so aa to revolve freely, and this carries at 
one end the hour-hand ff, and at the other a wheel, f, which 
is driven by the pinion F. As / must revolve once in twelve 
hours, it must have twelve times as many teeth as F. 

228. Notation. — In discussing problems conceming 
trains of mechanism, we soon feci the nce<l of some acheme 
of notation, whereby we may show, clearly and concisely, all 
the facta concerning the train wliich affect the transmission 
of motion. It is desirable to show, primarily, the order and 
nature of the several parts, and the manner in which tlie 
motion is transmitted ; but auch b. scheme should also adi 
of the addition of dimensions and nomenclature, and should 
aJIord a ready means of calculating the velocity ratio. 
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Let the wht-els be represented by their numbers of teeth, 
and write these numbers, beginning with the first driver, in 
horizontal linea ; njl the wheels that are on the same axis 
having their numbers written on the same horizontal line, 
and all the wheels that are in gear having the numbers of 
the followers written vertically below those of the respective 
drivers. 

221>. Elxainple. — Thus, in the principal train of the 
clock (Fig. 169), if the letters represent the wheels, we 
should writ* the train thus ; — 



B 

b—C 



or, employing the numbers already selected, 



Similarly we may represent the whole mechanism of our 
clock, adding to the numbers the names wherever it may be 
thought neeessaiy. Thus — 




- 30 swing-wheel. 



35 minute- 
hand. 



48 hour- 

baud. 
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The above shows clearly the three trains of mechanism 
from the barrel to the swing-wheel, the miuute-hand, and the 
hour-hand respectively. It also distinctly classifies the pieces 
OS drivers or followers, aa the ease may be, and shows the 
nature of their connection ; that is, whether they are per- 
manently fixed to the same axis, or connected by gearing. 
In case other connections are employed, such as links or 
bands, this must be written in the diagram, or expressed by 
a proper sign. 

230. Method of Designing Traiiw. — We are now 
ready to undertake the solution of a problem of considerable 
importance in the contrivance oC mechanism ; namely, Given 
the velocity ratio of the extreme axes or pieces of a ti'ain, to 
determine the number of intermediate axes, and the propor- 
tions of the wheels, or numbers of their teeth. For simpli- 
city, we will suppose the train to consist of toothed wheels 
only ; for a mixed train, consisting of wheels, pulleys, link- 
work, and sliding-pieees, can be calculated upon 'the same 
principles. Let the synchronal rotations of the first and last 
axes of the train be £, and Jj„ respectively, and let N^, .Wj, 
. . . etc., be the numbers of teeth in the drivers, and iij, Wj, 
etc., the numijer of teeth in the followers ; then the value of 
the train is 

_ A. __ Jfi X .y, X if, X . . . -y„-i 

' ~ L^~ Wj X », X n, X . . . n,, 

both numerator and denominator of this fraction being com- 
posed of m — 1 terms. 

The value of < being given in this shape, an equal fraction 
must be found, whose numerator and denominator shall each 
admit of being divided into nt — 1 factors of convenient 
magnitude for the number of teeth of a wheel. 

The value of m., that is, the number of axes, is sometimes 
given with the other data of the problem, but more usually 
it is one of the quantities that are to be determined. 



1 



The order of Bucocsaion of the drivers and followers ie a 
matU'i' of indiffereoce, so far aa the velocity ratio ia con- 
cerned; for the value of tLe above fraction will evidently 
not vary with any variatiou in the order of the factors ot 
either the numerator or denoDiinator. 

231. Least Number of Axes. — The nnmber of axes 
will evidently depend ujwn the liniita between which the 
duidIhtb ot teeth are to lie allowed to vary. 

For instance, l«t w be the greatest number of teeth tjiat 
can be conveniently assigned to a wheel, and let p be the 
least that can be given to a pinion. Now, in any given case, 
let us suppose L„ greater than ii, so that the wheels will be 
the drivers, and the pinions the followers. The least number 
of axes will then evidently lie obtained by giving each wheel 
V) teeth, and each pinion p teeth. The number of axes being 
m, we will have (Art. 222) m — 1 wheels and m — 1 pin- 
ions. Hence 

^_L^ _^i X N^y. NgX . . . Jf„_, 

_ ic X w X w to (m — 1) factors _ f*°y"\ 
" pxpXpU){m — 1) factors ~ \p/ ''' 

whence log* = (m — 1) (logic — log^), 

. ^ = 1 + '°g* 

log«J - log JO 

The least number of axes, under the assigned conditiona'ot 
w and p, is evidently the value of wt thus found, if this value 
is a whole number; or the whole oiimbei' next larger than 
this value of m., if the latter is fractional. No general rule 
can be given for determining the values of m; and p, which 
are governed by eonsiderations that vary according to the 
nature of the proposed machine ; also, it will rarely happen 



I 



that the fraction will admit of bemg divided into factors so 
nearly equal as to limit tbo number of axes to the Bmallest 
value so assigned. 

232. Practical Example of Clock train We will 1 

now return to the consideration of the clock described in J 
Art. 226, and show how the number of axes and the number j 
of teeth of the wheels and pinions were determined. It 
required that the first or barrel axis should revolve once per I 
hour, and that the jn'" or swing-wheel axis should carry a I 
seconds hand, S. The swing-wheel axis must therefore I 
revolve once per minute, or sixty times per hour. 

Consequently 

_ ij;_ 60 _ J T, X -y, X . . .-y„-i 

* ~ i, " 1 ~ Jlj X "j X . . . H„ " 

Let D be the numerator of this fraction, i.e., the continued | 
product of all the drivers, and let F Ije tlje denominator, i 
the continued product of all the followers. 
Then 

« = 60 = :^ .-. i> = 60 X ^, 



an indeterminate equation, for the solution of which any ' 

numbers may be employed that are within tlie assigned limits I 

of w and p. Now, in ordinary clocks, w = 60, and p = 6, i 
so that 



From Equation (5), we have 

( = 60 = (10)'"-». 

We can then determine the value of m. by means of Equation J 
(6); or, what is much simpler, determine, by inspection, the J 
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value of m — 1 from the above expression. The latter 
method is to be preferred, as the exact value of Jii — li if it 
be fractional, is of do cousequeDcet it beiug simply necessary 
to determine the next greater whole number. 

Thus, ID our example, it Is evident, as 60 lies between 10' 
and 10*, that m — 1 must He between 1 aDd 2, consequently 
nt must lie between 2 and 3 ; and, taking the next larger 
whole number, we fix on m = 3, as the least number of 
a.xes. Consequently there will be two wheels aud two pin' 
ioDs. TakiDg the pinions at six teeth each, we have 



D 



D 



D = 



) X 6 X 6 = 



which is the product of the two wheels. 

We are at liberty to divide this into any two Buitable fao 
tors. The best mode of doing it is to begin by dividing the 
number into its prime factors, and writing it in this form, 



21C0 = 



!X2x2x2x3x3x3x6. 



For this enables us to see clearly the composition of tlK 
number, and it is easy to distribute these factors into two 
groups ; as, for example. 



(2X2X2X2X3)X(;3X3X5) 



: 48 X J 



(2 X & X £ ;<: 5) x (2 X 3 X 3 X 3> = 40 X 54, 

(2X2X3X3) X (2 X 2 X 3 X 5) = 3G X 60. 

The fli'st group will give us the two wlieels that are mosi 
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.nearly equal, whicK ia a sufficient reason for selecting tliat ] 
pair for our traiD. IVe now have 

n^ 4fi X 45 
F U X 6 ■ 

So far we have only determined on the numbers of th 
teeth of the various wheels, without locating them as regard 
the different axes ; and the above fractional expression is a 
escetleut method of exhibiting the train under these condi--J 
tious. 

As before stated, the oulcr in which the wheels eoni 
matter of indifference, bo far as the velocity ratio is con-J 
cemed ; and, as do other considerations enter into this case,] 
we wiU place driver 48 on the firat axis, follower 6 and drivef I 
45 on the second axis, follower 6 and swing-wheel 30 on th* 1 
ttiird axis, giving us, as in Art. 229, the train 

48 



Another Clock Train. — Sis is, however, too'l 
small a number of leaves for the pinion, if perfect action ia J 
desired i for it is evident, from the table of Art. 134, that a,] 
pinion of 6 teeth cannot drive a wheel of less than 21 teeth, 1 
if the arc of recess equal two-thiids pitch ; while, if this 
is increased to three-fourths pitch, a pinion of 6 cannot befl 
made to work at all. In well-made clocJvs, p is generallyl 
taken between 8 and 12, while w ranges from 100 to 120. 
Let ns find a new train for our clock, having p = 12, and ^ 



(J = 105. 
"We have 



= (W)— 



. (8.75)- 



, by inspection, that the value of n 



fracttonal, and lies between 1 and 2 ; that the value of m Um 
lictween 2 aud 3 ; and that the least number of axes will 
couseqiiently be 3. Assuming the two pinions to be equal, 
and to have the smallest allowable number of teeth, we have 



D iV, X JVj 



Z) = 60 X 12 X 12 = 8640. 



Proceediug as in the last example, we find the best values 
for the wheels to be i> = 96 X 90. We then have 



and, placing them on their a 



! X 12 

s, we have the train 



Instead of assuming the pinion 
the wheels. Thus let us take 



60 



I 

e started W^^^ 



It is evidently impossible to divide 183.75 into two integer 
factors ; and, as we cannot increase the assumed number of 
teeth for the wheels, we must diminish the number of one or 
both. Let us take one of tlie wheels as lOi. This will give 





which can readily be factored, | 
the train 



14. 



It very often happens, as just illustrated, that attempting to 
make the wheeb and pinions with the limiting numbers of 
t^eth gives rise to very awkward results, while an excellent 
train can, in such coses, be generally found by trying several 
numbers within tbe limits. 

2;J4. Clock with rapidly vibrating- Pendalum. — 
If a clock bas no seconds hand, the limitation as to the 
period of one revolution of the swing-wheel axis is removed. 
This is an advantage in clocks having short, and conse- 
quently rapidly vibrating, pendulums ; for it would be imprac- 
ticable to make the period of the swing-wlieel axis one 
minute, as before, on account of the great number of teeth 
which would be required for the swing-wheel. If ( = time 
of vibration of the pendulum in seconds, and A = numlier 
of teeth in the swing-wheel, then (as in Art. 226) 22A is the 
time required for one revolution of the swing-wheel. 

But the vibrations of short pendulums are commonly ex- 
pressed by stating the number of them in a minute. Let S 
be this number ; then -— • is the time of one revolution of 



the swing-wheel in minutes ; — is the number of revolu- 

tions of the swing-wheel axis per minute ; and, as the barrel 
arbor revolves ouce per hour, we have for the train between 

= -5 = §£^ = ^ 
^ ~ F 2A A " 



For example, let the i>endului 



I clock make 170 vibra- 



i 



tions per minute ; let there be 25 teeth on the swing-wheeli 
then 

^ ^ ^ ^ SQ X 17Q ^ gQ . 
F 2b 

Taking w = 128, and p = 8, we have 



and, as 204 = (16)" '. we see, hy ioapection, that the leaet 
Dumber of axes is 3. 

Assuming the pinions as each having 8 teeth, we have 

B = 204 X F = 204 X 8x8 = 13056 = 128 X 102. 

Hence the traiu is 

128 
8— 102 

8 — 23. 

235. Eight-Day Clock All the trains so far ex. 

plained were designed to establish the proper velocity ratio 
between the hour arbor and the swing-wheel axis. It waa 
assumed in each case that the hour artior also carried the 
weight-barrel ; und, as we limited the number of coils of the 
cord to 16, it follows that the clocks so far considered will 
only run 16 hours without re-winding. 

If we adhere to the limitation as to the number of coils 
of the cord, but still desire the clock to run longer than 16 
hours, the barrel must be attached to a separate axis con- 
nected by wheel-work with the hour arbor, so that the barrel 
may revolve more slowly, eonnequently taking more time to 
uncoil all the cord. 

For example, let the clock bo required to go 8 days with- 
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out re-winding ; then, with IS coils of cord on the barrel, the 
latter must revolve once in — — — = 12 hoars. Then, as' 
anming w = 100, and p = 8, we ma; use the train, — 

Period!. 

Barrel arbor, OS 12 hours. 

Hoot arbor .8 — 80 1 hour. 

12 — 96 8 minutes. 

Hinate arbor . . . .12 — 30, swing-wheol . . 1 minute. 

It is often convenient to add to the notation the periods of 
the difFerent arbors, as has been done in this case. 

236. Month Clock. — Let tlie clock be required to run 
32 days without re-winding, and Let there be 16 coils on the 
barrel as before \ then the latter must revolve ouce in 

— . y ^* = 48 hours. The train from the barrel to the 
16 

hour arbor is — = 48, which will require an intermediate 

axis. 

Letting w = 100, and p = 12, we may employ the follow 
ing train : — 

Periods. 

Barrel arbor, 96 48 hours. 

10 — 96 8 hours. I 

Hour arbor ,.12 — 90 1 hour. I 

12 — 96 8 minutes. I 

Mhiute arbor 12 — 30, swing-wheel, 1 minute. I 

237. Now, in the clock (Fig. 169), tlie arbor of j1 is ] 
mncte to revolve in one hour, because the wheels E and e are 1 
equal. By making these wUeela of different numbers, we 
get rid of the necessity of providing, in the principal train, ' 
an arbor that shall revolve in one hour ; and we may thus, I 
in many cases, distribnto the wheels more equally. For ex- 
ample, in an eight-day clock let the swing-wheel revolve onus \ 



per minute, and lot the train from the barrel-arbor to tbu 
minute-arbor be 



12 X 12 X 10 



in which case the barrel will revolve once in 810 minuteB, or 
13^ hours. 

The second wheel of this train, which, in Fig. 163, cor- 
responils to D, will revolve in -^^ X 810 = 90 minutes, or 
IJ hours. On its arbor must be £xed, ae in the figure, the 
wheels E and F for the minute aud hour hands ; aud we 
maj employ, for the two paurs of wlieels. 




238. The above examples have been confined to clock- 
work, because the action is more generally understood than 
that of otlier macliines. The priaciplea and methods arc, 
however, universally applicable, or, at least, require very 
slight modiScatioDs to adapt them to particular cases. 

For instance, in a screw-cutting lathe, there is usually ouc 
intermediate axis between tbe leading-screw and the hcad- 
atock apindle. Let the leading-screw be right-banded, and 
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have two threads to the ineh ; let ic = 
let it be required to cut a right- liauiied * 
to the inch. Here 



', p = 20] and 
V of 13 threads 



F -2 20 X 90' 

which 18 a good train for the purpose. The wheels for form- 
iiig a series of sUcli trains, calculated for tlie different numbers 
of threads to be produced, are known as a set of change- 
wheels; and tables for the use of such wheels are furnished 
by lathe- manufacturers with all screw-cutting lathes. 

230. Frequency of Contact between Teeth. — It is 
sometimes a matter of interest to know how often any two 
given teeth will come into conta.ct as the wheels run upon 
each other. We will take the case of a wheel of A teeth 
driving one of B teeth, where A is greater than B, and let 

— = — when reduced to its lowest tcnns. 
S b 

It is evident that the same poitits of the two pitch circles 
wonld be in contact after a revolutions of B, or b revolutions 
of A, Hence, the smaller the numbers which express the 
velocity ratio of the two axes, the more frequently will the 
contact of the same teetli occur. 

1. Let it be required to bring the same teeth into contact 
ae ojten as possible. 

Since this contact occurs after 6 revolutions of A, or a 
revolutions of B, we shall effect our object by making a and 
b as small as possible; this is. by providing that ^ and S 
shall have a large common divisor. 

For example, assume that the comparative angular velocity 
of the two uses is intended to be as nearly as possible aa 5 
to 2. Now make A = 80, B = 32 ; then 



- = - exactly ; 



or, the same pair of teeth will < 
lutioDB of B, or 2 of A. 

2. Let it be required to bring the same 
as seldom aa poBsible. 

Now change A to 81, and we shall have 



contact after 5 revo- 



teeth into contact i 



81 5 



nearly ; or, the angular velocity of ^1 relatively to B will be 
acarcely distinguiBbable from what it was originally. But 
the alteration will effect what we require, for now - ^ — , 

There will, therefore, be a contact of the same pair of teeth 
only after 81 revolutions of B, or 32 revolutions of A. 

The insertion of a tooth in this manner was an old contriv- 
ance of millwrights to prevent the same pair of teeth from 
meeting too often, and was supposed to insure greater regu- 
larity in the wear of the wheels. The tooth inserted was 
called a hunting cog, because a pair of teeth, after being 
once in contact, would gradually separate, and then approach 
each other by one tooth in each revolution, and thus appear 
to hunt each other aa they went round. 

Cloctmakers, ou the contrary, appear to have adopted the 
opposite principle ; though it has probably been partly forced 
on them, as the velocity ratio of the clock arbors must neces- 
Barily be exact. 

240. Approximate Numbers for Trains. — If — 

= k, when !>: is a prime number, or one whose prime fac- 
tors are too large to be conveniently employed in wheel' 
work, an approximation may be resorted to. For example, 



.i. 



k ± h. This will introduce an error of ±h 



revolutions of the last axis during one of the first, and the 
nature of the machinery in question can alone determine 
whether such a variation is permissible. 



For example, let c 



= 2G9, which is a prime num- 
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ber. Take e = 269 + 1 = 270, which can readily be fac- 
tored into 6x5x9; and we may employ the train 

-D 72 X 60 X 90 „, . , . .,, , 

— = ■ This train will cause an error of one 

F 12 X 1-2 X 10 

revolution of the last axis for every revolution of the first 
axis, the altered value of f varying less than two-flfths of one 
per cent from the correct value. 

241. But we may obtain a better approximation than thiS) 
without unnecesaarUy increasing the number of axes in the 
train ; for, determine, in the roanuer already explained, the , 
least number m of axes tliat would be necessary if k were 
decomposable, and the number of teeth that the nature of 
the machine makes it practicable to give to the pinions, and 
let F be the product of the pinions so determined ; hence 



. D . 



k = ^. 



supposing the wheels to drive. 
Assume 

D F}c±h 



where h must be taken as small as possible, but so as 
to obtain for Fk ± h a, numerical value decomposable into 
factors. There will be, in this case, an error of ±ft revolu- 
tions in the last axis during F of the first, or an error of 



— - during one of the first. 
drivers, then, 



If 



i pinions are to be the 



anil there will thei 



•volutions in the firet 
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axis during one revolution of the last 
in the previous exsntple, « = 261 
10; theo 

269 = (9)' 



whence we find tlie least nnmber of axes to be four. 

Let us assume that pinions of 10 will be employed ; then 




F 10 X 10 X 10 

to the numerator, and we have 



. 269001 _ 

' 10 X 10 X 10 - 



81 X 61 X Jl 

10 X 10 X 10' 



I 



This will give a good train with an error of only 1 revolution 
in 269000. 

As another example, let it be required to find a train thai 
shall connect the twelve-hour wheel of a clock with a whee'i 
revolving in a lunation (viz., 29 days, 12 hours, 44 minutes 
nearly) , for the purpose of showing the moon's j^e on a dial. 

Beducing the periods to minuteB, we have 

L„ 42524 



of which the numerator contains a large prime ; 



_ GO X 63 
'8x8' 



giving a good train, with an eiTor of one minute in a Imjation 
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CHAPTER xrn. 



AGGREGATE COUBINATIONS. 



242. Aggregate Combinations is t[ie term applied to 
tliose assemblages of pieces in mecbanism in which the 
motion of a follower is tbe res-ultant of the motions it re- 
ceives from more than one driver. The number of drivers 
which impress their motion directly upon the follower is 
generally two, and cannot exceed three, since each driver 
determines tbe motion of at least one point of the follower, 
and tbe motion of three points in a body det^rioiiieB itH 
motion. 

Such combinations enable us to produce by simple means 
very rapid or very slow velocities, and complex paths, which 
could not well be obtained directly from a single driver. 
These combinations may be divided into two classes, accord- 
ing as velocity or path is the principal object to be attained ; 
and we will consider these two classes separately. 

Aggregate Velocities. 

243. By Lliikwork In Figs. 170 and 171, let .^B be 

a rigid link, and let the point A he given a \-elocity a, wbile 
the point B is given the velocity b. Then it is required to 
determine tbe motion of an intermediate point, C, which is 
affected by tbe motions o£ both A and £. These motions 
are generally perpendicular to AB, or so neaily so that the. 



i 

i 



error in their comparative motiona will not generally be prao* 
tically appreciable. 




If we consider the motion of A alone, regarding B as 



station a 17, C will 

aider the efEect of the motion of B alone, 

stationary, we have the velocity of G 



AC 



■ . Considering 

motion in one direction as positive, and in the opposite direc- 
tion as negative, we have for the resultant motion of C from 
a.BC + b.AC ^ 
AJ3 
two componeut velocities. 



both A and B, c = - 



ir the algebraic sum of the 




This result may be represented graphically, as follows ; 
Perpendicularly to AB draw AA' and BS to represent in 
length and direction the velocities of A and B respectively. 
Draw AB. Then CC drawn through C perpendicularly to 
AB will represent in length aud direction the resultaut velo- 
city of the point C 

Examples of aggregxitt motion by liukwork are to be seen 
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Id the several forms of " liok motion " valve gears of reverse, 
ibie steam-engines. In tlieae, motion is given by eccentrics 
or cranks to points such as A and B in tbe figures, and tbe 
steam-valve receives its motion from some intermediate point, 
the distance of which from the ends can he varied. As will 
be seen from the figures, if C is nearer^ than B, for instance, 
its motion will be derived to a greater extent from A than 
from B. If it is midway between these points, it will re- 
ceive an equal proportion from each. 

244. Diflferential Pulley In Weston's ^liflel■enti8II 

pulley, illustrated by Fig. 172, the principle of aggregaUS] 



evers'^^^H 
utrics ^^H 
id the I 




velocities U made use of for lifting henvy weights by the ap- 
plieatioD of a enial] amount of force. It coasists of a single 
movable pulley, D, from tbe asie of which the weight to be 
lifted is suspended ; a fixed pulley, C, having two circum- 
fereotial grooves, the diameter of one being somewhat leas 
than that of the other ; and an endless chain parsing around 
the pulleys, as shown in the figure. The combination is ope- 
rated by hauling uiron the chain LN in the direction indicated 
by the arrow. The velocity of the pitch circle, EL^ is evi- 
dently equal to that of the hauling part of the chain. Let 
I, k, denote the velocities of the pitch circles EL and HE 
respectively, and h the velocity of BP. 

Then, if the point A" were stationary, baaling down upon 
LN would evidently raise B with a velocity = -. But K, 
being rigidly connected to L, moves dovmward with a velocity 

such that - = , or ft = /. . Considering E as fixed, 

l AL AL 

this would give to S a downward velocity of -. Hence the 

resultant velocity of B upwards will be 



6 = i _ !5 = Z. 



al-ajb: 

2AL ' 



or the velocity ratio - 



AL-AK 




■2AL 
S46. Compound Screws, — In Fig. 173 let SS" be a 

cylinder upon which two screw threads are formed. Let the 
jiortion ab have a pitch ji, and be fitted in a fixed nut N; 
and let the portion cd have a pitch m, and be fitted with 
a not ,W which is free to move in the direction SS\ but which 
is prevented from turning. Then, if the bolt be turned in 
the nuta as indicated, it will move through the nut JT, a dis- 
tanoe n, during each turn, while at the some time the uut M 



will move along SS', a distance m, during each turn. There* 
fore, if the screws wind the same way, Jf.will move relatively 
to the fixed nut If, a distance equal to the difference between 
n and m for each turn of SS'. That ia, if n is greater than 
m, M will move away from, N the distance » — m for each 



turn ; or if m ia greater than n, M will move (owards AT 
the distance m — n. If the screws wind in opposite ways, tl>e 
motion of .^relatively to ^will lie ii + m for each turn. 

246. Automatic Drill Feed Fig. 174 illustrates a 

combination for the production of a slow endlong motion 
of a Bpindle, together with a rapid rotation such as is re> 
quired for the spindle of a drill-press. In the figure, A£ is 




e spindle to which is fastened the spur wheel E. A thread 
ia cut on a portion of AB, to wbich is fitted a nut .^mounted 
in the frame of the machine, so that it is free to rotate, but 
can have no other motion. To N is fixed a spur wheel F. 
E and F gear respectively with a (ong pinion H and a spur 
wheel K, both fixed to a di-iviug-eliaft CD. Let a be tha 



number of revolutions miitle by CD, while F and E mako 
/ and e revolutions respectively. Also, let E, F, If, and A' 
represent tbe number of teeth upon the respective wheels. 

Then, - = — , and •'- = —, Let p be the pitch of the screw, 

c £ c F '^ 

then revolutions of CD will cause AS to travel through the 
distance if~e)p = cpf^- |V 

For example, \etp = J", ^= ^, and ~ = |.; then, for 
one turn of CD, the spindle will travel J" (J — ■^) = i"x ^ 

247. An Epicycllc Train is a train of mechanism, the 
axes of which are carried by a revolving arm. Simple 



forms of epicyclic trains are illustrated by Figs. 175 and 
17C. In both figures the train-bearing arm, A, revolves 
about a fixed centre, B, and carries the train of wheels 
shown, C, which is considered to be the first wheel of 
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train, is concentric with B, and may be fixed, or may receive 
motion from some external source. The wheel E, which ia 
consideretl to be the last wheel of the train, may be carried 
by the aim, as in Fig. 175, or be concentric with it, as in 
Fig. 176. In the htter case it is carried by a separate shaft, 



ot tui'ns loosely upon B. In either case ila actual motion ia 
the resultant of the motion derived fvoni the revolution of the 
arm A and that received from by means of the connectiDg 
train. It will he seen that the connection between O and E 
may be made by any of the modes of transmitting motion 
which have been discussed. 

Epicyclic trains are used: (1) To produce an aggregate 
motion of the last wheel by meacia of simultaneous motions 
given to the first wheel and the arm. (2) To produce an 
'igg''cg'ite motion of the arm by means of simultaneous loo- 
tiona given to the first and last wheels. 

248. Velocity Batio in Epivyclic Trains In Fig. 

177 let A be tlie train-bearing arm of an epicyclic train 
turning about B. Let C bo the wheel concentric with 3, 




and E the axis of a wheel F carried by the arm and con- 
nected to C by a train of mechanism. Suppose that while A 
turns at>out B to some other position A', a point a, on wheel 
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C, moves to b from any exteraul cause, and that a point d, 
on wheel F, moves to e by reason of its connection vrith C. 
For §impticity, all are supposed to turn in the same dire(.-tioii. 
Draw TE'V parallel to BB. Then aSb and IiE'e are the 
cUisolute angular motions of C and F respectively, and cSb 
and gE'e are their angular motious i-elatively to the arm A. 



hE'g = aBo = angular motion of the arm. 

aBh = aBe + cBb. 

hE'e = hE'g + ffE'e = aBc + gE'e. 



cBb = aBb - aBc; gE'e = hE'e 



■ oBc. 



These equations are true for angles of any magnitude, and 
hence for complete revolutions since the velocity ratio is con- 
Let a, wi, and u Ije the sjnchronal absolute rotations of the 
arm, of the first wheel C, aad of the last wlieel F respectively. 
Let ( lie the value of the train between C and F, that is the 

quotient which has been represented by — a = — in Chap. 

Xir. Then the rotations of the first wheel relatively to the 

arm = mi — n, and the rotations of the last wheel relatively 

to the arm = n — a. Therefore ( = " JZ .-^ which is the 

m — a 
general equation for epicyclic trains. 
I'rora this we derive 



II - a + ((i 



If the first wheel is fixed, ij 




If the last wheel is fixed, n = 



-HY 



In all of the above formulie, the anu, first wheel, and las 
wheel arc assumed to rotate in the same direction ; but If tbflfl 
direction of rotation of any one is changed, the sign of a,% 
m, or n should be changed accordingly. In applying thsl 
formulEe, we first assume that the rotations take place i 
same direction, and then, one direction for the arm bein^fl 
taken as positive, the + or — sign of m and ji will showj 
whether they are rotating in the same direction or the reverse. ■ 

If the connecting train is such that tbe Grstand lastwheelsa 
would rotate in the same direction, supposing the arm to be. I 
fixed, the sign of t is plus, but if tbey would rotate ina 
opposite directions, it is to be taken as minus. For exaraple,<# 
if the connection is by spur gearing, and there are 
number of asea, < is posUive ; but if the number of a:ies isj 
even, t is negative. 

249. Ferguson's Paradox, illustrated by Fig, 178, willl 
serve as a simple example for the application of these forma- 1 



Ik. The wheel C has 20 teeth, and is fixed to the shaft J 
about which the arm A rotates. This arm earriea the axiS'l 
of tbe wheel D, which gears with C and with three wheels ■ 
E, F, and O, which turn loosely on the shaft H also carried 
by the arm. E has 19 teeth, F 20, G 21, and D any num- 
ber. Since there are three axes, t is +, and has the three 



values, - 



19 F 20 



, and - 



^ 20 
■ G 21' 



I fixed; there- , 



fore, Ml = 0, and »t = (1 - 



In the three c 
(£) 

(F) 



■21/ 



21 



Tbat is, when the arm revolves tlic wheel F will have do 
absolute rotatiim, wbile, for each revolution of the arm, E 
will make -^ of a turn in the opposite directiou, and G will 
make ^ of a turn iu the Bame direction. 

250. Watt's Crank Sn1>stltute, otherwise known as tlie 
-Sure and Planet Motion, belongs to the general class of epi- 
eyclie trains. In Fig. 179, AB is one end of the main beam 
of an engine, C is a spur wbeel fastened to the main shaft, 
and E is a spur wheel fastened to the connecting-rod BD. 
and gearing with C. E is heid in gear with C by raeaus of 
a connecting link OD, or by a circular groove concentric 
with C in which a pin at D slides. As E is raiseil and 
lowered by the motion of the beam, and forced to revolve 
about C, since it cannot rotate its own axis, it causes C 
to rotate. E has a vibratory motion due to the varying 
angle of the connecting-rod, but as this is periodic, it may 
be neglected for complete revolutions. 

Considering the combination as an epioyclic train, OD will 
be tbe train-bearing arm, C the first wheel, and E the last 
wheel. The latter has no absolute rotation ; hence, applying 
the general formula, and lettingji — 0, weha\ 
Also, since tbere are but two 
Let G = £, then e = - 
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Or, for one revolution of the train arm OD corresponding to 
an up-and-down stroke of the piston, C makes two revola- 
tions. Thus by this arrangeroeDt tbe shaft rotates twice as 
fast as it would with the ordinary crank coonection. If C has ' 
twice as many teeth as .^, c = —2, and m, = a| 1 -J i 

= - a, or C revolves three times while OD revolves twice. 

2 J 

If E has twice as many teeth as C, < = — ^, m, = a(l + 2)1 
= 3a, or C revolves three times for one revolution of OD. 




i 



251. Epicyclio trains are used in some forms of rope- I 
making machinery. lu order tliiit a rope shall not untwist, 
it IS necessary that the separate strands shall either be laid 
together without any twist, as in wire rope, or that they shall 



have a slight twist in tlie opposite direction to the appareot 
twUt of the rope. In Fig, IHO, let B be tlie bobbins from 
which the wire or strands are unwound as the ro\K is formed. 
These bobbins are carried by wheels D, which are connected 
to A centre wheel A Idj intennediate wheels C. The axea 
of all the wheels excepting A are carried by a. frame which 
turns about the axis of Jl. If tlie bobbins were fi::ed id 




this frame, as the frame revolved, each strand fl 

twisted lis It was unwound, but if we urrange it so that the 
axes of the bobbins shall always lie in the same direction, 
there will Ije no twist. This is accomplished by fixing the 
ase? of the bobbins to the wheels D, fixing the wheel A. and 
making IJ ~ A. We then have an epicyclic train in which 



m = 0, and t 



- --1 ^ 



D 



h 



and 11 := 0, or the wheels D have no absolute rotation, and 

consequently there is uo twist giveu to the strands. By giving 
D a few more teeth tliau A, the strands will be giveu a slight 
twiat in the opposite direction to the twist of the rope. 
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252. Epiejclic trains may be used to traDHmit velocity 
ratios which could Dot be convened by direct traiDs except ■ 
by using a large number of axes or inconveniently large 
wheels. The necessity for such ratios rarely arises except 
iu astroDomical machinery, aud for explauationa of such 
applications the student ia referred to Willis' "Principlea 
of Mechanism," and the works thure. referred to. 

Aggregate Paths. 

253. ParaDel Motions. — The most important applica- 
tion of aggregate combinations in which the path is the 
immediate object sought,, is to give motion to a piece such 
that a poiut iu it shall move iu a straight line. Such combi- 
oatioua are commonly called "parallel motions," although 
"straight-line motion" would be a more correct and de- 
scriptive name. 

Some of these combinations give an exact straight^liue mo 
tion, but in most of them the m.otion ia only approximate. 
We have seen an example of exact straight-line motion 
in the case of a point on the circumference of a circle roll- 
ing within another circle of twice its diameter, being in fact 
a special case of the li jpocyclotd . By means of accurately 
cut gears, this could, of course, be applied to machinery. 

In the parallel motions iu geueral use, the straight-line path 
is produced by combinations of links, and such combinations 
will be now considered. 

254. Peaucelller's Exact Straight-Line Motion. — 
In Fig. 181 ia shown the general arrangement of Peaucel- 
ller's exact straight-line motion. It consists of seven mov- 
able links connected as shown. Two long links AD, AE, 
oscillate about a fixed centre A, and are jointed at the ends 
D and E to opposite angles of a rhombus, CDPE. composed 
of four shorter links. At C is connected a link BC, oscil- 
lating about a Qxed centre B, so located that AB = BC. 



Then the point P will deacribe a straight line perpendicular 
to AB. 




From the aynmietrical construction of the combination it 
U evident that the [loints A, C, and P must always He in 
one etraight line. Let the combination be moved, Fig. 182, 




from the central position aiiown dotted, to some other posi- 
tion, such as tliat shown iu full lines, the point P occupying 
the position P'. Draw ^P, AP', and CO' i also DL per- 
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peDdicular to AP, and I^K peipendicutar to AP'. From the 
conatnietion, F'K = KG', and PL = LO. Then, 



Aiy = AK + KIT = Zff^ + (D^ - :ffC^) ; 

= (^r- KG'-){AK -^ KC) = ^C" X AP'. 
Siinilarlj, 

ZD* = ZZ." + dV = ZZ* + (DC* - XC*) ; 



= (AL - LU) iAL + LC) = AC X AP. 
AO X AP= AC X AP' 1 



AP 
AP' 



AC 

' AO^ 



AC IB a diameter of the c\xc\eAC'C; hence CCA is arigbt 
angle, and P'P is perpendicular to ABP. And P' haying 
been assumed aa any pOBitiou of F, it follows that the above 
relation is true for all positions, or P moves in a straight line 
perpendicular to AB. 

255. In applying tins motion to engines, the point P is 
connected to tiie end of the piaton-rod, and thus takes the 
place of the usual cross-head and guides. It is to be par- 
ticularly noted, that, as stated above, the arm BC is equal in 
length to the distance AB. If this is not so, instead of a 
straight line, circular arcs will be described by P. If the 



, the i 



! described will be concave 



towards A\ if the ratio is greater than one, the arc described 
will be convex towards A ; and if the ratio is equal to wie, 
the circular arc becomes a straiijkt line. 



i 



There are other exact parallel motions* formed by coml^ 
nations of linkwork, moBt of wbicli are derived from tie 
Peaucellier cell ; but they are of ao little practical impor- 
tance that they will not be diseusaecl in these pages. 

2J56. Watt's Approximate Stralglit-Liiie Motion.— 
The most widely used of the approximate straight-line mo- 
tions is that invented by James Watt. It is shown in ita 
simplest form in Fig, 1S3. AC and BD are two arms 




I 



turning abont fixed centres A and B, and connected by a 
link CD. When in the mid position the arms are parallel, 
and CD is perpendicular to them. If the arms be made to 
oscillate, a point in Ci>, siich as P, will describe a Ggore 
similar to that shown. But we ean so arrange the propor- 
tions of the links, and the ]x>sition of P, that for a limited 
motion it will not deviate much from a straight line. 

357. Let the arms AC and BD be turned to some other 
positions, as Ac and Bd in Fig. 184. Then the link CD will 
be moved to cd. The end C has been moved to the rigfat, 
and the end D to the left, so theix- will be some point P, of 
cd, which will lie in the continuation of the line GD. Let 



• For description of paralli; 
" ITow to Draw a Slralght Line." See also Anierii 
ITtb, IMlh, Oct. iHt, 15lh, 22d, SBth. and Dec. 3d, 18t)l. 



rer^rrei) to, see A. B. Eempe'a 

Mauhmui, avpt. 
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AC= R, BD = r, CAc = 9, DBb =,^,CD = 
Drawing ce and dg parallel to AC, we have 



dg r (1 — cos i^) 

2 J? si 



Id practice, 6 does oot exceed about 20°, the inclination of I 
the link cd is einall, and R$ is very nearly equal to n^. As I 
these angles are smalt, we may assume if sin- = rsii 



s 




R A 


B *■ 


J. 
D 


) 


^ 


■\ 


i 


P 

3 


B^.1S4, 



i-a 



R 



T the segments of the liali: are mi 



proportional to the lengths of the nearest arms, which is the I 
usual practical rule. 

^58. Amount of Deviatioo. — The deviation of the I 
point P from the line SS can be calculated, but will not 1 
generally exceed about ^ inch. This may be greatly re- | 
duced by the arrangement shown by Fig. 185, which should | 
always be used. In the mid position the arms are perpen- 
dicular to the line SS in wliich the point P should lie, and J 
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which in Bn engine ahonld coincide with the centre line of 
the cylinder or pump. This line should hiaect the distances 
Ce and />/" which are the versed sines of the maximum values 
of the angles 6 and ^. The ends C and D of the link will 
then evidently deviate equal amounts on each side of SS. 
Drawing t^ft and dg perpendicular to SS, and Cn parallel 
to SS, we have three equal triangles, c'cTA, Clhi, and cdg. 
Therefore, ifp' = CP = cp, or the mid and extreme posi- 
tions of the guided point P are exactly on • 




The greatest deviation of the guided point from SS occurs 
when CD is parallel to SS, and is best determined in any 
case hy drawing the combination to a large scale, and t 
ing the parallel position hy triiil. 



2B9. Problem. — In Fig. 386, let CA he an arm i 

before, cA its extreme position, and 6'A' the line of stroke h 
secting Ce. Join Cc, and draw AN perpendicular to it. N 
bisects Co, since the latter is the chord of the angle CAc, 
and hence is on the line H/S. Also MN = J ec, or, since ec 
may be taken as ^ the stroke, MN = ^ the stroke. 




Therefore, if we have given the length of stroke and direo- 
tion, SS, the centre of one arm A, and mid position of tlie 
guided point P, we can construct the remainder of the mo- 
tion as follows : Draw AR perpendicular to SS, lay off MN 
= i stroke, draw AN, and perpendicular to the latter draw 
NO. Where this tine intersects AR at C, will be the end of 
the arm AC CP will be the direction of the link in mid 
position. If we assume, or have located, the point H where . 
the mid position of the second arm cuts SS, draw an indefi- J 
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nite Btraight line, FH, througb this point perpendicular to 
SS. The point D, where CP produced euta FH, is tiie ex- 
tremity of the second arm. Then, since HD must be ^ the 
versed sine of the arc through which D moves in either direc- 
tion, we can find the centre B by laying off HT = J stroke, 
and drawing TB perpendicular to TD. 

aoo. Practical Form of Watf s Motdon. — We have 
thus found the proper proportions for the simplest form of 
the motion ; but, as usually constructed, the motion is of the 
form shown in Fig. 187. AE is one arm of the main beam 




of an engine, and turns about the centre A. EF is tb« 
main link, connecting AE with the piston-rod FS. CD ia 
the back-link equal and parallel to EF. FD ia the parallel- 
bar equal and parallel to EC. BD is the radius bar, or 
bridle. The point P, in CD, ia the guided point whose mo- 
tion we have discussed. If we draw AP, and produce it 
until it cuts EF in F, the latter point will have a motion 
similar to P. This will lie clear when we consider that in 
all positions EF is parallel to CP; then, since AE and AC 
are fixed lengths, we have for any position two similar tri- 
angles ACP and AEF: hence — = — = constant. So 

^ ' AF AE 

that, if 7* describes a straight line, F will also move in a 
straight line parallel to the path of P. 

261. Scott Uussell's Motion. — A combination due to 
Mr. Scott Ruaaell, similar to that of Fig. 120, is usually 




classed as an exact straig!it-line motion. In that figure, i( 
the point Q be compelled to move in straight guides along 
AL, the point Fwill move in a straight path AV, the arm 
AP oacillating instead of performing complete revolutions. 
This would scarcely seem to be entitled to the term " exact 
motion," since it depends upon the accuracy of the guides 
at Q, the necessity of which it is the object of straight-line 
motions to avoid. 

S62. Grasshopper Motion. — A form of the above 
motion in which the guides are replaced by a comparatively 
long radius-rod perpendicular to AL in mid position, and con- 
nected to Q, is approximate, and is known as the ''Grass- , 
hopper Motion." 




In Fig. 188, let p, P, and p' be the extreme and middle! 
positions of the guided poiut, lying in one straight line. 
Draw the straight line DPB, perpendicular to pPp' ; and 
lay ofE j«i = j)'a = PA = the proixwed length of the guid- 



ing bur, so as to find the extreme positions A and a of iti 
farther end. This end is to be guided by a lever centred at 
C ; that lever beiag ao loDg as to make the point A. describe 
a very flat circular arc, deviating very little from a straight 
line. 

Choose a convenient point 6 for the attachment of the 
bridle to the bar AB, and lay oEE p6 = p'b' = FB, so as 
to find the extreme and middle positions of that point. 
Next find the centre Z) of a circular arc passing through 
6, B, and b' ; then D will be the axis of motion of the bridle 
Db. The error of this parallel motion ia less, as 6 is nearer 
the middle of pa. 

263. Robert's Approximate Straight-Line Motion. 
— Fig, 189 illustrates Robert's parallel motion. Two equal 
arms AC and BD arc jointed to fixed centres at one end, 



i 




connected at the other end to the ends of the base of a 
rigid isosceles triangle CPD. In this triangle, CP — DP = 
AC = BB, and CD = ^AB. ' It ia evident that in the mid 
position shown, the point P is in the straight line AB; also, 
that it will lie in this line when PD coincides with BD at one 



end of the stroke, and when PO coincides with AC at the 
other end of the stroke. Between these positions, however, 
P deviates slightly from AM. 

261. Tcliebiclieffs Approximate Straight - Line 
Motion. — Another close approximation to a straight-line 
motion is that due to Prof. Tehebieheff of St. Petersburg. 
and illustrated by Fig. 1!)0, The arms are of the following 
proportions : Let ^B = 4, then AG = BD = 6, and CD = 2. 




Fie- ISO 



The path of the guided point P, midway between C and D, 
will then closely approximate to a straight line parallel to 
AB. It may be easily proved that the distance of P from 
AB is the same at the ends of the stroke, where P is in 
the perpendiculars to AB through A and B, and in the mid 
position being that shown in. the figure. In intermediate 
positions P deviates slightly from a straight lioc. Both this 
and the preceding motion give a closer approximation than 
can be obtained !»y Watt's motion. 

365. A Trammel is a device for drawing ellipses. It 
consists (Fig. 191) of a bar, PCD, carrying a pencil at P, 
and fitted with pins, or pieces mounted on pins, which slide 
in grooves, as shown in the figure. The grooves are usually 
at right angles with each other, and the cross-shaped piece 



in which they are formed is fastened in place on the pBp«< 
Let PD = a = the semi-major axis of the ellipse to be 
drawn, PC = 6 = the aemi-miuor axis, PM = x, and PB 
= y. Then we have 



PM ^ 
PD 



PN ^ 
PC 



= sin PDM = sio ^ ; 



■j ■^" M ~ 8in*</> -(- cobV = 1> 



I 



which is the equation of an ellipse. By varying the lengths 
PC and PD, ellipses of different sizes and eccentrieitiea can 




266. Oval Cliack. — If in Fig. 191 we keep the 1 
CPD stationary, and turn the grooved piece and paper, an 
ellipse will be described upon the paper by the point P as 



AQGREGATG COMBINATIONS. 

before. Thia fact is taken advantage of in the eo-called 
"oval" chuck for turning ellipsea, and of which Fig. 192 
illustrates the priuciple. In this figure P is the cutting tool, 
G the centre of the mandrel of the lathe, and D the centre 
of a. circular piece which is fixed to the headatock of the 
lathe. One part of the chuck is fixed to the maudi-el, and 
has cut in it a diametral slot represented b; aCb. A second 




part of the chuck, being that which carries the piece to be 
turned, has two lugs which project through the slot aCb and 
form part of two straight pieces, represented by ad and be, 
which slide on the circular piece previously referred to. The 
result is, that, as the mandrel revolves, the piece being turned, 
or the work, receives a combination of this motion of rota- 
tion and a reciprocating motion in the slot, by which the 
distance of the centre of the work from the tool is varied 
in the manner necessary to form au ellipse. Draw De par- 
allel to Ca, and CO perpendicular to Ca. Then when the 
work has been turned alxiut C through the angle a'Ca, it 
has also been moved through C the distance OD. We now 
sec that the triangle COD of Fig. 192 corresponds to COD 
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of Fig. 191, and drawing Pitf* perpendicular to 2>e, we have, 
as before, 

^= 8inPDJf=sin0; 



^=eosPDJlf= 0080; 



or O is for the instant the centre of the ellipse. Evidently 
since P, C7, and D are fixed, the position of this centre is con- 
stantly changing, lying always at the junction of a perpen- 
dicular to aCb through C?, and a parallel to aGb through D. 




APPENDIX 



t.1. *hb L.tfe'arithiiiic Spiral.— The rolling properties 

yf two equjil logiirithtilic siiirala can he readily proved from 
the pilar equiitiou r = ae "». From tliis eqaation nnd the 

relation ds = i/dr' + r W, we have -^ = * / 1 -\- -. — 

constant. That is, the rate of IncreaBe of the length of the 
curve is proportional to the rate of increase of the radius 
vector. Hetice, if two equal loganthmic spirals are placed 
ill contact in reversed positions as in Fig. 41, and one is 
rotated about its pole, motion is transmitted to the other 
withoot sliding, i.e., the contact is pure rolling contact. 

62. To CoTi*triic.t the Logarithmic Spiral. — Hav- 
ing given two points on the curve such as A and D, Fig. 
40, a third point snch aa B may be found as follows ; The 
angle .4 OD equals tlie angle BOD, and OD is a mean pro- 
portional between (9.-1 and OH. Therefore, lay off 0E= 
OD perpendicular to OA. Aa theangia J£^C is neccKSarily 
a right angle, draw a perpendicular, using triangles, to AE 
through E. The intersection of this perpendicular with 
-^0, produced, at C gives 0C= OS, the i-iidina required. 
Points on the curve having radii greater than OA can be 
similarly found. 

«8. Iiitercli>iut:eal>le Lobed Wlieels. — The mathe- 
maticnl nroof of the rolling properties of interchangeable 
lobed wheels consiructed by this method, as develope<l by 
Prof, H. B. Galr, is to-^he found in the Journal of the 
Franklin Institute, for February, 1891. 




144, Skew Bevel Wheels. — For n very complete dia- 

cusaioii o( Skew Bevel Wliods, and Twisted or Sjiiral Gear- 
ing, see iirticies by Mr. Georue 6. Grant and oiIilts in 
tlie Amencnn Mackiniit for Mnj 19th, 1888; Sept. 5tli and 
Oot. 10th, 1889; July 3Ist, Aug. 7th, Aug. 28th, Nov. 13th, 
Dec. iStb, aud Dec. 35th, 189U. 

154. CaitiR.^Fig. 193 illnBtmtes the applicntiun of tbe 
principle of paniltel cui'vbb as referred to in Ai'ticlea 123 
and 151 in deriving the practical cam curve from the theo- 
retical cam curve, or pitch line, wMch would transmit the 
dfBired motion to a point. 

To find the actual aliape of the practical cam, let the 
fnll line in Fig. 1911 be the pitch liiie, and let Pa be a con- 
venient radius for the roller. Then, with a i-adiua equal to 
Pa, and with centres on the pitch 
Hues small dietances apiirt, de- 
scribe area toward the centre of 
the cam, as shown in Fig. 193. 
These small arcs evidently i-epie- 
seiit successive positions of the 
roller as compared with the cam. 
For convenience we suppose the 
roller to move around the oim 
instead of moving tbe hitter iiuder 
the roller. If we now dr.iw a 
cnrvo which just touches theiw 
Fig. 193 small arcs, or is taugent to thfin, 

it will be the curve according to which the actual mm 
should be made in order to produce very nearly the same 
motion, by means of the roller, as would be produced by 
tlie revolution of the pitch line nnder th&point. Tho use 
of a roller is, however, apt to introduce errors. For exum- 
pie, suppose that the pitch line forma a point aa at if : then 
it is clear that the point d, at which the two sides of the 
actual cam meet, is at a greater distance from B than tbe 




length of the radius Pa. Therefore the cam as made would 
not lift the roller as far as the pitch line would lift t!ie point, 
by the difference between Bd and Pa. It follows that the 
Bmaller the roller ia made the more nearly the motion pro- 
duced by the actual cam will agree with that of the pitch 
line and point. On the other hand, by attempting to use 
too large a roller, tho motion which would be obtained may 
diffei" considerably fi'om that of the pitch line. For ex- 
ample, in Fig. 193, suppose Pf to be the radius of the 
roller. Then proceeding by drawing arcs, as before, we 
find that they overlap so that the derived cut'vc for the 
cam would have a corner at g, and that from f to g the 
motion would be very different from that required, as 
shown by the pitch line. This is, of course, an extreme 
case, and is given simply to illustrate the pnnciple. Whether 
or not the size of roller selected in any case in practice is 
too great, can be very readily established by making a draw- 
ing to a large sciile, and drawing a sufficient number of arcs 
to represent the succeasive positions of the roller. 

It is sometimes desirable, when a cam is to drive in both 
directions, that it should work between two rollers, and be 
always in contact with both 
of them. Fig, 194 shows the 
pitch line of a cam to work in 
this manner. The condition is 
that the distance between the A\ 
two edges of the cam, meas- 
ured across the centre, must 
be constant and equal to the 
distance between the centres 
of the rollers. Let nbcdefg 
be the curve as laid out for ^ig. iq^ I 

the pitch line for the for- 
ward motion. Tiien aCg mtiet be the distance between 
the centres of the rollers. To find the nidius Ci' lay off 
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on aCg the distance ah = Cb, then hg = ag ~ Cb is the 
length of Cb', to be laid off from C. In the same manner 
we Jay off ak = Cc and Cc' = ki;, and so on, thus finding 
the points b', v', d', e', andy' on the curve for the back- 
ward motion. It follows from the constmction that the 
distances ag,ff, ee', etc., are all equal, and that the curve 
aa laid out for the forward motion controls the backwaid 
motion. 

Wo will now ejamine the form of cam motion in which 
the cam acts upon a flat surface, such aa the face of a 
"lifting toe," or that of a yoke which rests upon the cam. 
In Fig, 195 let O be the centre about which a cam is to 
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turn through a half-revolution and lift a piece B from a to 
the positions 1, 2, 3, and 4 while the cam turns through 
the arcB rrfi, be, rd, and rfe. When the cam has turned 
through the arc ab, Cb will be in the vertical centre line 
C4, and the face of the piece R will be in the position in- 
dicated by the line drawn tliroi'gli 1 perpend icniarly to 



the centre line. If the cam is made so that it just toucheH 

the line 1^ at any point, or is tangent to it., tlie deeired re- 
sult will be obtained. Therefore if we lay oil C/ = 01 apd 
dvaw/B perpendicular to Cf, tlie only esBCiitiiil condition, 
eo far as this position is concerned, is that the cam curve 
shall toncli/B at some point, such as 6. 

Another condition is that, in the position in which the , 
cam is drawn, the curve must not riwe above the horizdntal \ 
line through a, or the tangent to the haso circle at that i 
point, since in its lowest position B rests upon the cam , 
at a. I 

Proceeding to the successive positions 3, 3, and 4, we lay ' 
off Cg = 02, Oh = 03, Ok = 04, and draw perpend iculai-s 
to the nidial lines at p. A, and k ; we can then complete the 
cam curve by drawing it tangent to these last lines. In the 
figure it has been further assumed that, after the half-rev- 
olution of the cam, the point of contact between the cam 
and piece B is to be on the centre line, therefore X; is a 
point on the cnrve. An examination of the figure will 
make it clear that, according to this construction, the 
point of contact moves from the centre line out along tlie 
lace of B until it is at a distance fG to the right of the 
centre line, when Cb arrives a,t On. It then moves back 
toward the centre line, since, as drawn, g" is less than /B 
and ft8 is less than 1/7 until, on the completion of the half- 
revolution, it is again on the centre line at l: The neces- 
sary length of bearing surface on B is therefore equal to 

When a cam of the form shown in Fig. 195 is to make i 
complete revolutions and drive in both directions, it miiy 
be enclosed in a yoke, of which the two workinp faces are 
the distance ak apart. To comph'te this cum to work in 
such a yoke, we proceed in much the same manner nf for 
a cam which is to work between two rollers. Ijiy off 0/ = 
ak— Cf, Cm = ak — Cii, etc., and draw perpendicnlars to 
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these lines as «9, »«10, and 111. If we now complete the 
cam by drawing a curve tangent to these laat-meDtioDed 
lines, it will work in the joke aa required, Eince the dis- 
tance between parullel tangents to the curve, Buch as n9 
and /iS, wpIO and pT, is constant and equal to ak. As 
has been before stated, to aecare aitisfactorj results the 
drawing should be to a large scale, and many points found. 
In a construction such as just described there is, of 
course, considerable sliding. This can be reduced to a 
small amount by connecting the cam to the driving 
mechanism so tliat it (shall vibrate through o, small angle. 
For example, in Fig, 196 the cam is to turn through the 




arc ah of the base circle, and lift the piece B from a to e. 
The method of construction is the same as in Fig. 195, iind 
is clear from the figure. It will be noticed that the point 
of contact gradually moves away from the centre line until 
it is at a distance equal to de at the end of the motion. 
The length of face of Ji or inn should therefore be equal 
to de.' By reducing the angle through which the cam is 
intended to vibrate still fui'tber, the curve can be made 



APPEHDIS. 

still flatter, and therefore more nearly equal in length to 1 
tlie faco of the lifting toe, the amount of sliding being cor- , 
reapondiugly decriiased. This form of cam motion will be \ 
recognized as that csed in Steveue' cut-ofE motion, 

1«4. Piu aud Slotted Crank,— In Fig. 197 is illuB- 1 
trated the special case of the quick-return motion shown I 




in Fig, 106, in which AB exceeds E ; in other vords, the 
centre B lies outside of the path of the pin P so that the 
arm £F does not revolve bat only oscillates. If the 
arm ji/* revolves at a constant speed, the periods of the 
two strokes are in the ratio of the arcs PEP' and P'I)P. 
It AP be shortened to Ap, the travel of C is reduced from 
CO' to cc', aud the periods are in the ratio of the arcs pep' 
and p'dp. 

218, Cone Pulleys. — A method of determining the 
diameters of cone or step pulleys which will work satisfac- 
torily together wlien connected by an open belt has been 
developed by Mr. C. A. Smith and is to be found in detail 
in Vol, X, Transactions of the American Society of Me- 
chanical Engineers. The graphical construction when the 
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greatest belt angle does not exceed 18° is as tollowg : In 
Fig. 198 lay off the distance between abaft centres EF&Tii 
draw the circles jD, and rf, , equal to the first pair of pol- 
leys which are prerionsly determined b; known conditions. 
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Draw ML tangent to the circles i>, and i^. From the 
point B, midway between E and F, erect BQ perpen- 
dicular to EF and make BQ = .ZUEF. With G as a 
centre, draw a circle tangent to ML. Then the belt line 
of any other pair of pulleys nnust he tangent to the circle 
G, as indicated in Fig. 198. Thus to find the proper size 
of pnlk'j to work with any otlior pulluy d^, draw /// tan- 
gent to circli3 rf, and also tangent to circle described about 
G; tlieii a circle I), drawn tangent to Ifl will be tlie size 
required. 



PROBLEMS. 



I. An engine mokea 600 strakes per inlDiile. Fly-wheel fa i 
criLiik sliiift. Find Die linear and angiilir velocity of a poiol !d Ibe'l 
fly-wbecl 3 feet from tlie ceutre of the abuft. 

Arts, a = 1884.09; K= 5654.88 feel per minute. 

3. The spued of tlJO periphery of a wheel 8 feet in diameter la 
4,000 feet per miciite. Fiiid the linear rdocily of a point Si feet 
from Uie ceutre. 

3. A point in a fly-wliee1, 4 feet from the centre of Ibe wheel, 
moves tlirougli 2,500 feet per mliiuie. The alroke of the engine 
being 3 feet, find the mean piston speed. 

Am. V = 397.89 feet per minute. 

4. A locomoliTC moving nt the nite of 35 miles per hour has 
diiviijg wheels 83 Inches In diuniet«r and cjliiidcvs 34 Inches stroke. 
Find Uielineiir iind angular velodlica of Ihe crank-pioa relatively to 
the frame of the engine. 

5. Two ahnfls are centred i feet apart. Find Ihe diameters of 
wheels 1o work by rolling conlact, so that tbe driving shaft will 
make 5 revolullona while tbe following shaft makes 7 revolutions. 

Ans. Driver, 38 inches ; follower, 20 inches. 

0. The distance between the centres of two shafts = 54 inches. 
The driving-shaft makes 80 revolutions per minute. The follower 
is In make 100 revolutions per minute. Find the diameter of wheels 
for rolling contact. 

7. A shaft making 1^0 revolutions per minute is to drive by spur 
gearing a. second shaft 28 luciies from it at a speed of 300 rcvolutiooB 
per miuiile. Find diameters of pitch circles. 



Diameter of the 

driver is 19 iuclies. Find tlie diameter of ilio follower, and the dis- 
IWict: between jiBi'iLlIt:! uxea. (Direct coDliitt.) 

Am. Diainctei'. 30 inches , distance, ]?{ inches. 

ft. A wheel 32 Inches in tiiameter is fixed on a abaft mukiiig' 325 
revolutions in 5 miutilea. This wheel and shaft are to drive a eecoud 
wheel by rolling contact, so that the liitter will make 52 vevolulious 
[lur minute. Find the size of the seeoud wheel, and the distanca 
betweeu the ceuirua of the wtieela. 

10. OItcq two latersecliog axes at right angles, velocity ratio 
— = ~. Show Low to Had Uie pitch conea graphically. 

11. The angle between two iatcrsecting axes is TS°. Show hov 
to find graphically the sizes ant! posiliousof conical fj 

will transmit a velocityratlo — = Sn- 

13. P = circular pitch, JV= number of leeOu 
J) = pitch diameter, M= diametral pitch. 
(1) Given P= 3) iocbes, Jf= 10. Find D. 

(2)UiveQP= Ijiuches, iP=T3. Find fl. 

(8) Given i* = i lueh, i) = 13 inches. Find iK 

(4) Given B = 2i Inches, iV"= 50. Find P. 

(5) Given 8-pitebwlieel, JV=40. Find I>. 

(6) Given B-pitch wheel. S'= 60. Find O. 

(7) Given 4-pilcb wheel, D = 30 inches. Find If. 
(Q) Given 3-pitch wheel, D = 35 inches. Find JV, 

(9) Given D = 15 inches, iir= 75. Find M. 
(10) Given i) = 37 iucbes, N==^ 81. Fiud JK 

13. Two iixes 37 Inches apart are to be connecWd by two Si-pttcb 
wheels. Velocity ratio J. Find diameters of pilcii circles and 
numbers of teeth. Ans. Numbers of Icelh, 68 and 45. 

14. Prove that two equal circlts set equally eccentric will not 
roll together. 

15. Two spur wheels in gear have 80 and 30 teeth, respectively, 
cycloidal syatera, itnd li inches circular pitch. What is the correct 
distance betweeu centres uF shafts? 
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16. Given the angle between two interaecting axes = 60*, « 
Btruct cones to give a Telocity ratio of — = =-. 

17. The diataiice between centreii of two parallel ahsfis is 20 
Inches. They are connected by two 3-pitch spur wheels such that 
— = J-. What are the niimbtra of leeth J 

1§. Construct throe teeth on each of a pair of 4-piich cycloidal 
spur gears, abowlng poinlsuf coming in contact aud (juittiug contact, 

having given ; DlameterH of describing circles = ^ of the pKcll ' 

diametera; addendum = ODe pitch part; distance between wheel ' 

centres = Q inches ; — = ^. 

■9. Show by construction whether or Dot two S-leaved piniont 
having niilial Uaiilis, epi cycloidal faces and arc ot recess = { pitch 
will work together. 

SO. Construct a cnm curve as follows: Diameter of bara circle 
::^ 3 inches ; line of motion of driven point is vertical and passes 
i Inch lo [he right of centre of circle ; stroke or point = 2 Inches ; 
point is to rise with uniform vdocity duriug J of a revolution, 
remain staliouary i, and descend with uniform velocity during the 
Temainder of the revolution. 

91. Construct a cam on a base circle of S inches diameter, to 
revolve ouce per minute, and give to a bar, whose line of motion 
passes through the centre of motion of the ciim, a stroke of 2 inches. 
The bar rises during S5 seconds with a uniform velocity ; remains 
at rest 20 seconds ; and descends during the remainder of the revo- 
lution with a uniformly accelerated velocity. 

St9, Draw a cam which, by oscillating through an angle of 00°, 
shall give a uniform ascending and descending motion to a bar 
whoso line of motion pnases 4 inches to right of the centre ot the 
cam. Stroke of tbc bar, 3 Inches. 

33. Design a cam on a base circle of 8 inches diameter, to raise a 
point whose line of motion passes on e inch to the right of the centre 
of motion of the cam, by a uniform step-by-stcp motion, during 
t of a revolution of tbc cam, end allow It to descend with uniform 
velocity during the remaining i of tbe revolution. 



34. In Pig. 106. gfTen AB=S iacbea. AP = 5 inches; find 
leugtli and position of tlie slotted arm wlieu - = 1. 

as. Ill Fig. 107. given AP=i feet, AB = 1 foot, BO = 3i feet, 
CQ = ti feet. A3 la verlicikl, and aQ ia horizontal. P levolves in 
the dlreclion at arrow, muldiig one revolution per minute. 

(1) Fina length of atroke of Q, T 

(2) Plod time of forward ati'Olceln seconda, V by computBtion. 
<S) Find lime of backward stroke in seconds, J 

(4) Find poaition of P when iQ is at the middle of 1 
forward stroltB, I 

(^ Find poaition of P when ^ la at the middle of f £rapl"ciilly- 
biickward Etioke, I 

96. Dealgn a t)iiick-return motion such that the periods shall he 
w 7 to 5, and the stroke of the slide = 4 Inches. 



98. Construct the curve for a cam on abase circle S inches In 
fllameter. whieh by revolving uniformly will give liarmonie motion 
to a bur of which the line of motion is vertical and passes f iocli to 
the left of Ilie centre. 

39. Hnviug a crank 2 feet long and a connecling-Tod 8 feet long, 
find the angle of the crank witli line of centres when the piston ia at 
the middle of ila stroke. 

Am. ± 83° 49" 9". 

30. Having a crank 1 foot long and a connecting-rod 5 feel long, 
revolulions per intiiutc 120. titid pislon velocity in feet per itiiuute 
when the crank uiakea an angle of 45' with the line of centres. 
Am. 609.22 feet per minute. 
3I> Hnviog an engine of 6 feet stroke and a 10-foot connecting- 
rod, Slid distance of ttie piston from the end of stroke when the 
crank has mode ^ of a revolution. 

Ant. S feet 3.19 inches. 
39. Having an engine of S feet stroke, connecting-rod lOi feet 
long, find what angles the crank makes with line of centres when 
the velocity of the piston equals that of the crank. 

Ant. Sfa-». J. 



33. Olven the stroke of an eDgioe = 6 feet and length of con- 
nectiug-rod = 13 feet ; find tbe distance of the piston from the end 
of the stroke when the crank hii-s turned through ISS" from ibe 
head end. 

34. Given the length of a. crank arm = 30 inches, connecting-rod 
= TO inches, distance between line of motion of cross-head and 
shaft centre ~ 30 inches ; find the length of the stroke aod the rela- 
tive periods of tbe two strokea. 

35. Given a rotating arm 2 feet long, an oscillating arm 3 feet 
long, distance between the centres = 5 feet, and leugth of link = 4 
feet ; will this motion work satisfactorily or not, and why? 

36. Having a heam engine of 10 feet stroke, 13 feet between the 
centres of beam and cylinder, find tbe best lengUi for the beam arm. 

37. In a beam engine, having given tbe perpendicular distance 
between the centre line of tbe cylinder and tbe beam bearings = 7 
feet, and tbe stroke = 5 feet, find the best length for the beam arm. 

38. Given a rocker arm which Tibrntes through 45° each side of 
Its mid position ; stroke of follower — 20 incbea ; flod length of 
rocker arm which will give tbe minimum vibration to the follower. 

39. Show gruphicallj' how to cnnstrucL a quick'retum motion hj 

period of ndvauce _ 3 

period of return 3' 

40. Design n cam on a base circle of 3 Inches diameter, to give to 
B. point whose line of motion passes i inch to the right of tbe o^ntre 
of motion of the cam, the same motion as piston iu problem 31. 

41. Connect two parallel shafts by a crossed belt, so that — ■'t -, 
and find the length of the belt by exact calculadon. 

43. Two shafts are to be connected by an open belt : distance be* 
twean axea = 10 feet and — =-g. Find diameters of pulleys and 
the length of the belt. 

43. A sheft distant 80 feet from a main shaft and parallel to it la 
to be driven at a speed of SO revolutions per minute by a single bell 
31 inches wide. Revolulions of main shaft, 348 per miuule. Select 
piilleva from a mHnnfnrtni-pr's mliilogiie lo oblain llie (Irsired npeed 
as accutalely as pruetic-ulile, Uaiug uu intermedialesbafl if whisable. 



Jointed links, such that ~ 
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it, A cnunlerahaft 7 feel from n main shaft which revolves 840 
liniea per miiiiite U to be drivBD nl speeds of 80, 130, 240, 3(i0, and 
4CH) revolutions per miniile Find diftmetere for cone pulleys to 
work will! uu open belt, llie amalleat pulley to be not less tban 5 
iucbes ill diumcter. 

49. A pulley (.A) on n driring-Bhaft drives pulley (B) by a crossed 
bdt. A spnr gear (C| on sUuft willi (B) (iriveH piuion (D). Pulley 
(E). ou the sliiift with (D), drives pulley (F) by (lu open belt. 
Given A = 20 iuchcs diameter, 40 revolulions per minute. 
Given B = 15 incbea diiimeter. B 

Given C =90 teeth, D = 15 teeth. ■ 

GivL-n ^=30 inebes diameter, F = 10 tnchea diameter. fl 

Find number of revolutions per minute of F, and direction itf^a 
rotftlioa relatively lo A. 

46. An engine of 8 feet stroke, piston speed of SflO feet per min- 
ute, bns a main driving- put ley 8 feet in diameter, from which is 
driven a pulley 4 feet In dinmeler. A pump lluviug a plunger dis- 
placement of 2 gallons is to be driven from a sliaft carrying the 4- 
foot pulley, and is lo pump S,000 gallons per liour. FMud urmnge- 
meut or the connecting train of mechanism, by belts or gearing. 

47. A lathe has a set of change wheels whose pitch diameters are 
3 inches, 8 inches, G inches, 6 indiea, 7} inches, and 9 inches ro- 
speclively. Leading screw has 4 threads to the inch anil is right- 
handed. Distance between Ihe centres of spindle and leading screw 
Is 16 Inches, Select and arrange wheels to cut a left-handed screw 
of 6 threads to the Inch. 

48. Given f = 1850. m - 125, and p = 15. Find number 
teeth for a train of spur gears. 

49. Find trains for an 8-day clock, 16 turns of weicbt cord o 
barrel. The escape wheel has SO teeth ; number of (eelh on wheels 
not to exceed 96 ; number of teeth on pinions not less than 8. Re- 
quired hour, minute, and seconds hands. 

50. Find the (rains for a 33-day clock, the barrel to carry 24 coils 
of the weight cord ; pinions to hiive not less ihaii 8, anil the wheels 
not over 108 teelh ; swing wheel (escape wheel) to have GO teeth, and , 
the pendulum to make 130 vibrations per minute. Required hoai,,a 
minute, and seconds hands. 



1 




PROBLEMS. 

91. Find Imliis for a. 12-i3ay clock ; IS turns of weight cord on 
barrel; esctipe wliud revolves Lwice per mluule; peudiiluLu mukes 
130 bciLls per minute; least uuinbev of teetli fur piiii 
greatest uumber for wbeels = 109. llequlretl buur, mlDUte, and | 
secDtids Imnds, 

53. Find trains for nn 8-day clock. PeDdnliiui makes 150 vibrv 1 
tlODS per minute ; swing wbecl bns 35 teeth ; deacl-bcat escapement ; 
least number of leetb for pinions ~ 10 ; greatest Dumber of wheeU I 
= lOa ; 12 culls uf weif^lit cord on barrel. 

S3. A lathe has 4 threads per incb on a rigbt-lianded leading'! 
screw. Fiud Ilie sizes of least number uf change whee' 
righl-handed Ihreails of 5, Q, 8, 9, and 10 lo [lie inch. Smallei 
wiiei'l lo have 30 leeth. Arrange lable for change wheels for the I 



S4. The leading screw of a lathe has 8 threads per inch, 
change wbeels have 20, 24, 30, 3S, 40, 42, 48, 50, G4, 72, 78, 84. 9^ ] 
96, and 100 leetb. The wheels are compounded. Select wheels b 
cut a triple-tbreud screw having square threads { inch square. 

95. The leading screw of a lathe is lo have 6 threads per inch. 
Find numbers of teeth for change -wheels lo cut all U. S. standard I 
boll and pipe threads up to 6 inchea, and select Brown and Slnirpo I 
larohite cutters to cut the gears. 

56. A countershaft lo make 250 revolutions per minute is lo bo I 
erected in a square. cornered room. 3 feet from Iho north wall and 8 
feet from the celling, and Is to be driven from a shaft which cuts 
across the northwest corner in a plane parallel to tlie plane oF the 
ceiling and 8 feet from it. Intersecting the west wall at 6 feel from 
the comer and the north widl at 4 feet from the corner. The spc«t I 
of this shaft is 40 revolutions per minute. Deslgu a method of con- 1 
nection to accomplish the desired result. 

ST. Find numbers of teeth for a train to give approximately f = 
194 with nn error of less than 1 ; innximum number of teeth fori 
wheel = BO ; minimum number tor pinion = 12, 




so. Design a drill press (Fig. 174), pilch of screw lo be f incb ; 
drill lo make tHJ revtiUilions per niinule; (iriviugasis lo ujulte 40 
revoluliona per minute. Drill to descend ,■, iiitli jjer revululion. 

61. In Fig. 176. ChoB 121 teetliAud Is fixed, D liiis 120 leetli, d 
bus IIB tucili, E = rJO leeili. Find how iiianj' revoluiiona of arm A 
will cQuse E lo revolve ouce. 

63. la Fig, 178, is a fixed wheel and has 20 teelb, Z* = 39 teeth, 

d = 2i Weth. E= 83 teeth. Find velocity ratio = ^. 



63. In Fig. ITS. C has S 
velocity ralio = -j^. 



teeth aud E hiia 40 leelb. Required 



IS whUe OD mnkes B turns. Find 



65, Id uti epic.vclic train sucli m Fig. 176, the numbers of teeth 
are : = 60, -D = 50. d = 54, and fi = 45. HcvohitiouB of 0= 4C 
per mluute from right to left. Revolutions of the nrui = 50 per 
minute from left to right. What will be the exact number of revo- 
luliona per minute of E? 

60. Find numbi^n 



the a: 






400 ti 



67. Design an eplcyclic train of spur gears by which Ihe velocity 

ratio — = 370 can be exactly ti'anamitted, by wbeela having not 

over 45 teeth. 

6S. In Pig. 183, let the arm BO' be suppressed, and let P be 
guided in acircle drawn on jj/' as a diameter. Prove that will 
move in a strnight line perpendicular to AP. 

60. Find dimenslona of a tmmmel to describe an ellipse of which 
the major axis is 2^ times as long as the minor axis. 
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— — " The Electrician " Primers 8vo, "s do 

Part I ., *i so 

Part U *i 50 

Part m *2 00 

Copperthwaite, W. C. Tunnel Shields 4to, 'g 00 

Corey, H. T, Water Supply Engineering Svo {InFrem) 

Corfield, W. H. Dwelling Houses. (Science Series No. so.) i6mo, o 50 

Water and Water-Supply. (Science Series Ho, i7.)..i6ino, o so 

Cornwall, H. B. Manual of Blow-pipe Analysis Svo, *a 50 

Courtney, C. F. Masonry Dams ,8vo, 3 50 

Cowell, W. B. Pure Air, Ozone, and Water . - umo, '2 00 

Craig, T. Motion of a Solid in a Fuel. (Science Series No. 41).) 

i6mo, o 50 

Wave and Vortei Motion. (Science Scries No. 43.).i6mo, o 50 

Cramp, W. Continuous Current Machine Design Svo. *j so 

Crocker, F, B. Electric Ligbting. Two Volumes. Svo. 

Vol. I. The Generating Plant. 300 

Vol. II. Distributing Systems and Lamps 3 00 

Crocker, F. B., and Arendt, M. Electric Motors Svo, *2 50 

Crocker, F. B., and Wheeler, S. S. The Management o( Electri- 
cal Machinery I2m0, 'l 00 

Cross, C. F., Bevan, E. J., and SindaU, R. W. Wood Pulp and 

Its Applications. {Westminster Series.) Svo, 'a 00 

CroEskej, L. R. Elementary Prospective Svo, i 00 

Crosskey, L. H., and Thaw, J. Advanced Perspective Svo, i 50 

CuUey, J. L. Theory of Arches. (Science Series Ho. 87.)i6mo, so 

Davenport, C. The Book. (Westminster Series.) Svo, *2 00 

Da vies, D. C. Metalliferous Minerals and Mining Svo, 5 00 

^— Earthy Minerals and Mining Svo, 5 00 

Davies, E. H. Machinery for Metalliferous Mines Svo, S 00 

Davies, F. H. Electric Power and Traction Svo, *i 00 

Dawson, P. Electric Traction on Railways Svo, 'g 00 

Day, C. The Indicator and Its Diagrams r2mo, 'a 00 

Deetr, N. Sugar and the Sugar Cane Svo, '8 or 
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Deite, C. Manual of Soapmaking. TranE. byS. T. Eing..4to, *5 oo 
De la Couz, H. The Industrial Uses of Water. Trana. b; A. 

Morris -.Svo, "4 50 

Del Mar, W. A. Electric Power Conductors 8vo, *a 00 

Denn;, G. A. Deep- Level Mines of th-e Kand 4(0, *io 00 

Diamond Drilling for Gold. .- *s oa 

De Roos, J. D. C. Linkages. (Science Series No. 47.). , . i6mo, o 50 

Derr, W. L. Block Signal Operation Oblong lamo, 'i 50 

■ Maintenance of Way Engineering {In Prcparalion.) 

Desaint, A. ThreeHundredSbadesaii.dHowloMixThem..Svo, *io 00 

De Varona, A. Sewer Gases. (Science Series So. 55.)..,i6nio, o 50 
Devey, K. G. Mill and Factory Wiring. (InstallatiDn Manuals 

Series.) lamo, 'i 00 

Dibdio, W. J. Public Lighting by Gas and Electricity 8vo, *8 00 

Purification o£ Sewage and Water. 8vo, 6 50 

Dicbnuut, C. Basic Open-Heartli Steel Process 8vo, *3 so 

Dietrich, K. Analysis of Resins, Balsams, and Gum Resins .8vo, '3 00 
Dinger, Lieut. H, C. Care and Operation of Naval Machinery 

Dixon, D. B. Machinist's and Steam Engineer's Practical Cal- 
culator - i6nio, mor., i 25 

Doble, W, A. Power Plant Construction on the Pacific Coast.(7n Press.) 

Dodd, G. Dictionary of Manufactures, Mining, Machinery, and 

the Industrial Arts i2mo, i 50 

Dorr, B. F. The Snrveyor'E Guide aod Pocket Table-book. 

Down,PB. Handy Copper Wire Table i6mo, *r 00 

Draper, C. H. Elementary Text-book of Light, Heat and 

Sound i2mo, i 00 

Heat and the Principles of Therm o-dynamics iimo, i 50 

Ihickwall, E. W. Canning and Preserving of Food Products, 8vo, '5 00 
Dumesny, P., and Noyer, J. Wood Products, Distillates, and 

Extracts 8to, '4 50 

Duncan, W. G., and Penman, D. The Electrical Equipment of 

Collieries _ 8vo, *4 00 

Dunstan, A. E., and Thole, F. T. B. Textbook of Practical 

Chemistry lamo, *! 40 

Dutbie, A. L. Decorative Glass Processes. (Westminster 

Series) 8vo, '2 oa 
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Dwight, H. B. Transmission Line Fonnulas Sro, * (In 

Djson, S. S. Practical Testing ol Baw Materials Svo, *5 au 

Dyson, S. 5. and Clarksoo, S. S. Chemical Works Svo, *7 50 

Eccles, R.G.,aadDuckwall,E.W. FoDdPieservatives.STo,paper, o 50 

Eddy, H. T. Researches in Graphical Statics 8' 

Maiimum Stresses under Concenttated Loads 8' 

Edgcumbe, K. Industrial Electrical Measuring Instruments. 

Svo, 

Eissler, M. The Metallurgy of Gold 

— - The Hjdrometallurgy of Copper 

— — The Metallurgy of Silver -- Svo, 

The Metallurgy of Argentiferous Lead Svo, 

— — Cyanide Process for the Eitraction o£ Gold i 

A Handbook of Modern Espiosives ( 

Skill, T. C. Water Pipe and Sewage Discbaige Diagrams 

Eliot, C. W., and Storer, F. H. Compendious Manual of Qualita- 
tive Chemical Analysis 

Elliot, Major G. H. European Light-hou£e Systems... 

Ennis, Wm. D. Linseed Oil and Other Seed Oils Svo, 

Applied Thenuodynainics 

Flying Machines To-day 

Vapors for Heat Engines . 

Erfurt, J. Dyeing of Paper Pulp. Trans, by J. Hobaer 
Erskine -Murray, J. A Handbook of Wireless Telegraphy. .Svo, 

Evans, C. A. Macadamized Roads (/i 

Ewing, A. J. Magnetic Induction in Iron 

Faiiie, J. Motes 00 Lead Ores. 

Hotes on Pottery Clays 

Fairley, W., and Andre, Geo. J. Ventilation of Coal Mines. 

(Science Series Ho. 58.) i6ino, 

Fairweathet, W. C. Foreign and Colonial Patent Laws . . .Svo 
Fanning, T. T. HydrauUc and Water-supply Engineering. 

Svo, 
Fauth, P. The Moon in Modera Astronomy. Trans, by J. 

McCabe ; Svo, 

Fay, I. W. The Coal-tar Colors 



*4 S^ 
•l 50 


*7 50 
•3 SO 

Press,) 
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Fembach, R. L. Glue and Gelatine. 8vo, *3 oo 

Chemical Aspects of Silk Manufacture lamo, *i oo 

Fischer, £. The Preparation of Organic Compounds. Trans. 

by R, V. Stanford lamo, 'i 25 

Fish, J. C. L. Lettering of Working Drawings Oblong 80, I 00 

Fisher, H. K. C, and Darby, W. C. Submarine Cable Testing. 

8vo, '3 50 

Fiske, Lieut. B. A. Electricity in Theory and Practice Svo, i 50 

Fleischmann, W. The Book of the Dairy. Trans, by C. H. 

Aikman, 8vo, 4 00 

Fleming, J. A. The Alternate-current Transformer. Two 

Volumes 8to, 

Vol, I. The Induction ot Electric Currents. "g 00 

Vol.11. The Utilization of Induced Currents '5 00 

— — Propagation of Electric Currents Svo, ■*3 00 

Fleming, J, A. Centenary of the Electrical Current Svo, 'o 50 

Electric Lamps and Electric Lighting 8vo, *3 00 

— - — Electric Laboratory Notes and Forms. 4to, *5 00 

— — A Handbook for the Electrical Laboratory and Testing 

Room. Two Volumes Svo, each, "5 oa 

Fluery, H. The Calculus Without Limits or Infinitesimals. 

Trans, by C. 0. Mailloui (,ln Press.) 

Flyna, P. J- Flow of Water. (Science Series Ho. 84.). , , i6mo, o 50 

Hydraulic Tables. (Science Secies Ho. 66.) i6mo, o 50 

Foley, H. British and American Customary and Metric Meas- 

Foster, H. A. Electrical Engineers' Pocket-book. {Sixth 

E.lilion.) iimo,leather, s 00 

Engineering Valuation of Public Dtilities Svo, 3 oo* 

Foster, Gen. J. G. Submarine Blasting in Boston (Uass.) 

Harbor 4to, 3 50 

Fowle, F. F. Overhead Transmission Line Crossings ... .i2mo, *i 50 

— — The Solution of Alternating Current Problems. Svo (In Press.) 

Fox, W. G. Transition Curves. (Science Series Ho. no.). i6mo, o 50 
Fox, W., and Thomas, C. W. Practical Course in Mechanical 

Drawing ijmo, r 33 

Foye, J. C. Chemical Problems. (Science Series No. 6Q.),i6mo, o 50 

Handbook of Mineralogy. (Science Series No. 86.). 

i6mD, o 50 
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Francis, J. B. Lowell Hydraulic Experiments .4to, 15 oc 

Freudemacher, P. W. Electrical Mining Installations. (In- 
stallation Manuals Series.) i2mo, *i w 

Frith, J. Alternating Current Design. 8vo, '1 m 

Fritscb, J. Manufacture of Cbemical Manures. Trans, by 

D. Grant 8vo, '4 w 

Frye, A. L Civil Engineers' Pocbet-book. . , i2mo, leather, {In Press.] 
FuUer, G. W. Investigations into the Purification of the Ohio 

Rivor 4to, *io w 

Fumell, J. Paints, Colors, Oils, and Varnishes 8vo, *i oc 

Gairdner, J. W. L Earthwork 8vo (In Presa.; 

Gant, L. W. Elements of Electric Traction 8vo, *j 5c 

Garforth, W. £. Rules for Recovering Coal Mines after Explo- 
sions and Fires .tamo, leather, i s' 

Gaudard, J. Foundations. (Science Series Ko. 34.) t6nio, o sc 

Gear, H. B., and Williams, P. F. Electric Central Station Dis- 

tributing Systems ismo, 'j oc 

Geerligs, H. C. P. Cane Sugar and Its Manufacture 8vo, '5 oa 

Geikie, J. Structural and Field Geology 8vo, '4 o<i 

Gerber, N. Analysis of Milk, Condensed Milk, and Infants' 

Milk- Food 8vo, r 1; 

Gerhard, W. P. Sanitation, Water-supply and Sewage Disposal 

of Country Houses i^jmo, '2 00 

Gas Lighting. (Science Series No. in.) i6mo, 50 

Household Wastes. (Science Series Ho. 97.). ..,.,, i6mo, o 50 

House Drainage. (Science Series Mo. 6j.) i6mo, o 50 

Sanitary Drainage of Buildings. (Science Series Wo. 93.) 

i6mo, o 50 

Gerhardi, C. W. H. Electricity Meters... 8vo, •4 00 

Geschnind, L. Manufacture of Alum and Sulphates. Trans. 

by C. Salter 8vo, *5 oe 

Gibbs, W. E. Lighting by Acetylene iimo, "i 50 

Physics of Solids and Fluids. (Carnegie Technical Schools 

Tert-books.) 'i 50 

Gibson, A. E. Hydraulics and Its Application 8vo, '5 oe 

■ Water Hammer in Hydraulic Pipe Lines umo, "2 oe 

Gilbretb, F. B. Motion Study. A Method for Increasing the 

Efficiency of the Workman iimo, *i oc 
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GilbreOi, F. B. Primer of Scientific lUanagement tamo, 'i oo 

Giltmore, Gen. Q. A. Limes, Hydraulic CemeutE and Mortars, 

Svo, 

Roads, Streets, and Pavements 

Golding, H. A. The Thcta-Phi Diagram 

Goldschmidt, R. Alternating Current Commutator Motor .Svo, 
Goodcbild, W. Precious Stones. [Westminster Series. 

Goodeve, T. M, Teitbook on the Steam-engine 

Gore, G. Electrolytic Separation of Metals Svo, 

Gould, E. S. Arithmetic of the Steam-engine,, 

Calculus. (Science Series No. iia.) , i6mo, o go 

High Masonry Dams, {Science Series No. 22.) i6mo, o 50 

Practical Hydrostatics and Hydrostatic Formulas. (Science 

Series.) i6mo, o 50 

Grant, J, Brewing and Distilling. (Westminster SarieB.) 

Svo (/niW«.) 

Gratacap, L. P. A Popular Guide to Minerals. Svo [In Prem.) 

Gray, J. Electrical Influence Machines iimo, 2 00 

Marine Boiler Design i2mo {In Presg.) 

GreeahiU, G. Dynamics of Mechanical Flight Svo (In Press.) 

Greenwood, E. Classified Guide to Technical and Commercial 

Books. Svo, 

Gregorius, R. Mineral Wales. Trans, by C. Salter tzmo, 

Griffiths, A. B. A Treatise on Manures iimo, 

— Dental Metallurgy Svo, 

Gross, E. Hops Svo, 

Grossman, J. Ammonia and its Compounds iimo, 

Groth, L. A. Welding and Cutting Metals by Gases or Electric- 



ity,. 



..8vo, 



Grover, F. Modern Gas and Oil Engines Svo, 

Gruoer, A. Power-loom Weaving -.,,,, Svo, 

GlUdner, Hugo. Internal-CombusHon Engines. Trans, by 
H. Diedrichs 4to, 

Gunther, C. O. Integration i*mo, 

Gurden, R. L. Traverse Tables folio, half mor. 

Guy, A. E. Experiments on the Flerure of Beams., Svo, 

n the Steam-engine. Trans, by H. H. 



'~4 




r Hea 
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Ha«nig, A. Emeiy and tiie Emeiy Industir 81 

Hainbacb, R. Potter; Decoration. Trans, by C. Slater . . 

Hale, W. J. CalculatLons of General Chemistry 

HflU, C. H. Chemistry of Paints and Paint Vehicles. . . 
Hall, R. H. Governors and Governing Mechanism. 
Hall, W. S. Elements of the DlSerential and Integral Calculus 

8vo, 

Descriptive Geometry 8to volume and 4to atlas, 

Hallei, G. F., and Cunningham, E. T, The TeslaCoil. . 

Halsey, F. A. Slide Valve Gears. 

The Use of the Slide Rule. (Science Series.) i6mo, 

Worm and Spiral Gearing. (Science Series.) i6mo, 

Hamilton, W. G. Useful Information for Railway Men. . i6mo, 
Hammer, W. J. Radium and Other Radioactive Substances, 

8vo, 
Hancock, H. Textbook of Mechanics and Hydrostatics. . . . 

Hardy, £. Elementary Principles of Graphic Statics 1 

Harrison, W. B. The Mechanics' Tool-book. i 

Hart, J. W. External Plumbing Work 

Hints to Plumbers on Joint Wiping 

Principles of Hot Water Supply 8vo, 

Sanitary Plumbing and Drainage 8vo, 

Haskins, C. H. The Galvanometei and Its Uses 161110, 

HatI, J. A. H. The Colorist. square i 

Hausbrand, E. Drying by Means of Air and Steam. Trans. 

by A. C. Wright 

Evaporating, Condensing and Cooling Apparatus, Trans. 

by A. C. Wright 

Hausner, A. Manufacture of Preserved Poods and Sweetmeats. 

Trans, by A. Morris and H. Robson. . . , , 

Hawke, W. H. Premier Cipher Telegraphic Code 410, 

^- - 100,000 Words Supplement to the Premier Code 4to, 

Hawkesworth, J. Graphical Handbook for Reniforced Concrete 

Hajr, A. Alternating Currents ..... 

Electrical Distributing Networks and Distributing Lines. 

8vo, 

Continuous Current Engineering 8vo, 

Heap, Major D. P. Electrical Appliances 
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HeaviBide, 0. Electiomagiietic Theory. Two Tolumes. 

8vD, each, 

Heck, R. C. H. Steam Engine end Turbine 8to, 

Steam-Engine and Other Steam Uotors. Two Volumes, 

VoL L Thermcvdynamics and the Hechanics. 8vo, 

Vol. n. Form, Construction and Working ,8vo, 

Notes on Elementary Kinematics Svo, boards, 

Graphics of Machine Forces Svo, boards. 

Hedges, K. Modern Lightning Conductors Svo, 

Heermann, P. Dyers' Materials. Trans, by A. C. Wright. 

Hellot, Macquer and D'Apligcy. Art of Dyeing Wool, Silk and 

Cotton... . . 

Hcnrici, 0. Skeleton Structures 

Bering, D. W. Essentials of Physics for College Students. 

8vO| 
Hermann, G. The Graphical Statics of Mechanism. Trans. 

bj A. P. Smith 

Berring-Shaw, A. Domestic Sanitation and Plumbing. Two 

Parts 

Elementary Science of Sanitation and Plumbing 

Bwzleld, J. Testing of Yarns and Textile Fabrics Svo, 

Bildebrandt, A. Airships, Past and Preeent S^ 

Hildeohrand, B. W. Cable-Making. (Science Series So. 31.) 

' Eildich, H. Concise History of Chemistry 

^ Hill, J. W. The PuriGcation of PubUc Water Supplies. Hew 



Editio 
- Interpretation of Water Analysis 
oi, I. Plate Girder Construction. 



..(/n. 



(InF 
(Science Series Ho. gsO 

Statically-Indeterminate StresseB izmo, ' 

BlTBhfeld, C. F. Engineering Thermodynamics. (Science 

Series.) i6mo, 

Hobart, H. M. Heavy Electrical Engineering. Svo, ' 

Design of Static Transformers Svo, ' 

Electricity 8vo, ' 

' Electric Trains .8vo, " 

■ Electric Propulsion of Ships Svo, ' 
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Hobart, J. F. Hard Soldering, Soft Soldering, and Braxing . 

iimo, (InPrtts) 
Bobbs, W. R. P. The Arithmetic of Electrical Heasurenieats 

HoS, J. N, Paint and Varnish Facts and Foimulaa. . i: 
Hoff, Com.W. B. The Avoidance of Collisions at Sea. i6mo, 

Hole, W. The Distribution of Gas 

Holtey, A. L. Railway Practice folio, 

Holmes, A. B. The Electric Light Popularly Eiplained. 

lamo, paper, 

Hopkins, N. M. Eiperimectal E lee troche mislry 

Model Ei^ines and Small Boats 

Hopkinsoa, J., Shoolbred, J. N., and Day, R. E. Dynamic 

Electricity. (Science Series No, 71.) i5mo, 

Horner, J. Engineers' Turning 8vo, 

Metal Turning. 1 

Toothed Gearing : 

Houghton, C. E. The Elements of Hechanics of Materials, i 

Houllevigue, L. The Evolution of the Sciences gvo, 

Howe, G. Mathematics for the Practical Man .izmo 

Hovorth, J. Repairing and Riveting Glass, China and Earthen- 
ware ....,.,,. 8to, paper, 

Hubbard, E. The Utilization of Wood-wasle 

Hubner, J, Bleaching and Dyeing of Vegetable and Fibrous 

Materials. (Outlines of Industrial Chemistry.) . "(/n Press.) 
Hudson, O. F. Iron and Steel. (Outlines of Industrial 

Chemistry.) , 870 (In pTe»g.) 

Humber, W. Calculation of Strains in Girders. ijmo, 1 50 

Humphreys, A. C. The Business Features of Engineering 

Practice 8vo, *i 25 

Hunter, A. Bridge Work 8vo (In Press.) 

Hurst, G, H. Handbook of the Theory of Color 8to, *a 50 

Dictionary of Chemicals and Raw Products Svo, '3 00 

Lubricating Oils, Fata and Greases 8vo, *4 00 

■ -Soaps .- Svo, 's w 

■ Textile Soaps and Oils 8vo, •* so 

HuTGt, H. E., and Lattey, R, T. Text-book of Physics 8to, 

Hutchinson, B. W., Jr. Long Distance Electric Power Trans- 




r 
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Hntchliuoii, R. W., Jr., and Ihlseiig, U. C. Electricity in 

Hilling iimo (In Press.) 

HntehiaBon, W. B. Pateats and How to Hake Honej Out of 

Them tzrao, i 35 

Hutton, W. S. Steam-boiler Conatruction 8vo, 6 00 

Practical Engineer's Handbook Svo, 7 00 

The Works' Manager's Handbook Svo, 6 00 

Hyde, E. W. Skew Arches. (Science Series No. 15.)., .'.i6mo, o 50 

Induction Coils. (Science Secies No. 53.) i6mo, o 50 

Ingle, H. Hanual of Agricultural Ctiemistry. Svo, *3 00 

Innes, C. H. Problems in Machine Design iimo, *2 00 

Air Compressors and Blowing Engines . izmo, *2 00 

Centrifugal Pumps i2mo, *a 00 

The Fan ijmo, "2 00 

Isherwood, B. F. Engineering P*recedents for Steam Machinery 

Ivatts, E. B. Railway Management at Stations Svo, *i 50 

Jacob, A., and Gould, E. S. On the Designing and Construction 

oE Storage Reservoirs. (Science Series Ho. 6.]. .i6mo, o 50 

Jamieson, A. Teit Book on Steam and Stsam Engines.. . Svo, 3 00 

Elemental^ Manual on Steam and the Steam Engine. 1:2 mo, I 50 

Jannettai, E. Guide to the Determioatioa of Rocks. Trans. 

by G. W. Plympton lamo, I 50 

Jehl, F. Hanufacture of Carbons Svo, '•4 00 

Jennings, A. S. Commercial Paints and Painting. (West- 
minster Series.). .8vo (In Press.) 

Jennison, F. H. The Manufacture of Lake Pigments Svo, *3 00 

Jepson, G. Camsand thePrinciplesof theirConstruclion...8vo *i 50 

Mechanical Drawing Svo (In, Prep- iition.) 

Jockin, W. Arithmetic of the Gold and Silversmith .... iimo, "i 00 

Johnson, G. L. Photographic Optics and Color Photography. Bvo, '3 oo 
Johnson, J. H. Arc Lamps. (Installation Manuals Series.) 

lamo, 'o 7S 
Johnson, T. U. Ship Wiring and Fitting. (Installation 

Mamials Series) i6mo, "o 75 

Johnson, W. H. The Cultivation and Preparation of Para 

Rubber . Svo, *} 00 



JohnBOn, W. McA. The Metallurgy of Mickel {In PrepaTaiion.) 

Johnston, J. F. W., and Cameron, C. Elements of Agiicultural 

Chemistry and Geology. i2mo, I 60 

Joly, J. Radioactiviiy and Geology . lamo, '3 00 

Jones, H. C. Electrical Nature of Matter and Radioactiviiy 

Jones, M. W. Testing Raw Materials Used in Paint . ixma, *l do 

Jones, L., and Scsrd, P.I. Manufacture of Cane Sugar 8vo, *s oo 

Jordan, L. C. Practical Railway Spiral . . . i2ino, Leather '(/n Preee.) 
Joynson, F. B. Oesigning and Construction of Machine Gear- 



ing.. 



. . 8vo, 



Juptner, H. F. V. Siderology; The Science of Iron 8vo, '5 

Kansas City Bridge 4tD, 6 

Kapp, G. Alternate Current Machinery. (Science Series Ho. 

96.} , i6ino, o s 

Electric Transmission of Energy iimo, 3 5 

Keim, A. W. Prevention o( Dampness in Buildings 8vo, "a 

Keller, S. S. Mathematics for Engineering Students. 

i2ino, half leather, 

Algebra and Trigonometry, with a Chapter on Vectors.. . . '17 

Special Algebra Edition *i o 

Plane and Solid Geometry 'i 2 

— — - Analytical Geometry and Calculus. •10 

Eelsey, W. R. Continuous- current Dynamos and Motors. 



I 



8to, 
Kemble, W. T., and Underbill, C. R. The Periodic Law and the 

Hydrogen Spectrum. 8to, paper, 

Kemp, J. F. Handbook of Rocks 8to, 

Kendall, E. Twelve Figure Cipher Code 410, 

Kennedy, A. B. W., and Thurston, R. H. Kinematics of 

Machinery. (Science Series No. 54.). i6ma, 

Kennedy, A. B. W., Unmin, W. C, and Idell, F. E. Compressed 

Air. (Science Series No, 106.} i6mo, 

Kennedy, R. Modern Engines and Power Generators, Six 

Volumes 4fo, 

Single Volumes . .each, 

-Electrical Installations. Five Volumes 410, 

Kngte Volumes each, 



•a 50 

■o so 
■1 so 
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Kennedy, R. Principles of Aeroplane Constniction lamo 


'I 


so 


Flying Machines; Practice and Design . 


.... iimo 


•i 


M> 




,. 8VD 


I 


SO 


Kent, W. Strength of Materials. (Science Series H 


.4i.).l6mo 





50 


Kershaw, J. B, C. Fuel, Water and Gas Analysis. 


8vo 


*2 


so 




8vo 


•3 


00 


The Electric Furnace in Iron and Steel Production.. lamo 


•1 


50 


Kinzbrunner, C. Alternate Current Windings 


, Svo 






Continuous Current Armatures 


Svo 


t. 


50 


\ Testing of Alternating Current Machines 


8vo 


•3 




Kirkaldy, W. G. David Kirkaldy's System of 








( Testing 


4ft> 


to 


00 




Svo 


•l 


50 


Kirkwood, J. P. Filtration of River Waters. .... 


4to 


7 


50 


Klein, J. F. Design of a High speed Steam-engine 


Svo 


■5 




— — Physical Significance of Entropy 


Svo 


*i 




1 Kleinhans, F. B. BoUer Construction 


Svo 


3 


00 


( Knight, R.-Adm. A. M. Modem Seamanship 


gvo 


•7 
•9 


SO 




Half Hor 


: Knoi,W.F. Logarithm Tables 


. (In Prep 


arali 


"■) 


Knott, C. G., and Mackay, J. S. Practical Mathematics. . gvo 


z 


00 


Koester, F. Steam- Electric Power Plants 


4to 


*5 


oo 


Hydroelectric Developments and Engineering. 


4to 


'S 


00 


Roller, T. The Utiliiation of Waste Products 


8vo 


•3 


50 

50 


Cosmetics 


Svo 


Kretchmar, K. Yam and Warp Sizing 


870 


•4 


00 


Lambert, T. Lead and its Compounds 


8vo 


•3 


50 


Bone Products and Manures 


Svo 


•3 


00 




Svo 


"3 


00 


■ Modern Soaps, Candles, and Glycerin 


Svo 


•7 


50 


Laniprecht, R. Recovery Work Afier Pit Fires. 


Irani, bj 






C. Salter 


8vo 


*4 


00 


1 Lanchester, F. W. Aerial Flight. Two Volumes. 


Svo. 






Vol. I. Aerodynamics 




•6 


00 


Vol. U. Aerodonetics 




•6 


00 


I Luner, E. T. Principles of Alternatiag Currents.. 


i2mo 


•1 


as 


Larrabee, C. S. Cipher and Secret Letter and 


Telegraphi 






I Code 




d 


60 




-J 



22 D. TAN N08TRAND COMPANY'S BHOBT-TITLK CATALOG 



LaRoe, B.F. Swing Bridges. (Science Series Ho. io7.)-i6mo, 
Lassar-Cohn, Dr. Modern Scientific Chemistr?. Trans, by H. 

H. PBltisoo Muir _ iimo, 

Latimer, L. H., Field, C. J., and Howell, J. W. Incandescent 

Electric Lighting. (Science Series Wo. S7-) .i6mo, 

Latta, H. N. Handbook of American Gas-Engineering Practice. 

8vo, 

■ American Producer Ga3 Practice 410, 

Leask, A. R. Breakdowns at Sea. lamo, 

Refrigerating Machinery . . ,,..,,,.,. , iimo, 

Lecky, S. T. S. " Wrinkles " in Practical Navigation . . . .8vo, 
Le Doui, M. Ice-Making Machines. (Science Series Via. 46.) 

Leeds, C. C, Mechanical Drawing for Trade Schools. oblong, 4to, 

High School Edition... 

Machinery Trades Edition.. 

Leffne, L. Architectural Pottery. Trans, by H, K. Bird and 

W. M. Binns ..... -4to, 

Lehner, S. Ink Manufacture. Trans, b; A. Morris and H. 

Robson Bvo, 

Lemstrom, S. Electricity in Agriculture and Horticulture. .Svo, 
Le Van, Vf. B. Steam-Engine Indicator (Science Series No. 

78.) i6mo, 

Lewes, V. B. Liquid and Gaseous Fuels. ^Westminster Series.) 

8vo, 

Lewis, L. P. Railway Signal Engineering 8vo, 

Lieber, B. F. Lieber's Standard Telegraphic Code . 8vo, ■ 

Code. Gercnan Edition 8vo, * 

— — Spanish Edition... 8vo, * 

— — French Edition .8to, * 

~ Terminal Indei , .8vo, 

. Lieber's Appendii folio, " 

. HandyTables 4to, 

Bankers and Stockbrokers' Code and Merchants and 

Shippers' Blank Tables 8vo, * 

•— — 100,000,000 Combination Code 8vo, * 

■ Engineering Code 8to, * 

Livermore, V. P., and Williams, J. How to Become a Com- 
petent Motormao . . 
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Livingstone, R. Design and Canstmction of CommutatorB. 

870, *i IS 

Lobben,P. Machinists' aad Draftsmen's Handbook 8vo, 2 50 

Locke, A. G. and C. G. Hanufactuie of Sulphuric Acid • . . . . Svo, 10 00 
Lodnvood, T. D. Electricity, Magnetisni, and Electro-teleg- 
raphy Svo, z so 

Electrical Measurement and the Galvanometer lamo, o 75 

Lodge, O. J. Elementary Mechanics. lamo, i 50 

Signalling Across Space without Wires Svo, *a 00 

Loewenstein.L. C, and Crissey, C.P. Centrifugal Pumps. Svo, '4 5a 

Lord, K. T. DecoratiTe and Fancy Fabrics Svo, '3 50 

Loring, A. E. A Handbook of the Electromagnetic Telegraph. 

(Science Series Ho. 39) i6mo, o 50 

Lnbschez, B. J. Perspective (In Press.) 

Lucke, C. £. Gas Engine Design Svo, '3 oa 

- — -Power Plants: their Design, Efficiency, and Power Costs, 

3 vols (/n Preparation.) 

Lunge, G. Coal-tar Ammonia. Two Volumes Svo, 'ig 00 

Uanufactuie of Sulphuric Acid and Alkali. Three Volumes 

Svo, 

VoL L Sulphuric Acid. Intwoparts. 'iS 00 

Vol. n. Salt Cake, Eydrochloric Acid and Lebknc Soda. 

Intwoparts 'iS 00 

Vol. in. Ammonia Soda *io 00 

Vol. IV. Electrolytic Methods (/n Ptcss.) 

Technical Chemists' Handbook iimo, leather, *3 50 

Lunge, G. Technical Methods of Chemical Analysis. Trans, 
by C. A. Eeane. In collaboration with the corps of 
specialists. 

Vol. 1. In two parts Svo, '15 00 

Vol. n. Intwoparts Svo, 'iS 00 

Vol. m (In PTeparaUon.) 

Lupton, A., Parr, G. D. A., and Perkin, H. Electricity as Applied 

to Mining Svo, '4 50 

Luquer, L. M. Minerals in Kock Sections Svo, *i 50 

Macewen, H. A. Food Inspection. Svo, *i 50 

Mackenzie, H. F. Rates on Irrigation Works Svo, *a 50 

Hackie, J. How to Make a Woolen MiU Pay Svo, *3 r 
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Hackrow, C. Naval Architeet's and Stupbuilder'B Pocket- 
book i6mo, leatbec, 

HaKuire, Wm. R. Domestic Sanitary Drainage and Plumbing 



HAllet, A. Compou 

(Science Series Bo. 10.)- 

Mansfield, A. H. Electro-magneCs. (Sci 



Engines. Trans, bj S. R. Buel. 

Series Wo. 64} 



Harks, E. C. R. Construction of Cranes and Lifting Machinery 



Construction and Working of Ptimps ; 

Manufacture of Iron and Steel Tubes ; 

Mechanical Engineering Materials 1 

HarkB.G. C. Hydraulic Power Engineering . . 

Inventions, Patents and Designs, ; 

Harlow, T.G. Drying Machinery and Practice 8vo, 

Marsh, C. F. Concise Treatise on Reinforced Concrete. . . 

■ Reinforced Concrete Compression Member Diagram, 

Marsb, C. F., and Dunn, W. Reinforced Concrete 4to, 

Manual of Reinforced Concrete and Concrete Block Con- 
struction i6ino, mor,; 

Marshall, W.J., and Sankey, H. R. Geu Engines. (Westminstei 

Series.! .8vo, 

Martin, G. Triiunphs and Wonders of Hodem Chemistry. 




•5 00 



(/n 

Wireless Telegraphy and 



Martin, N. Reinforced Concrete. . . 
Massie, W. W., and Underhill, C. R. 

Telephony 

Matheson, D. Australian Saw-Miller's Log and Timber Ready 

Reckoner iimo, leather, 

Mafhot, R. E. Internal Combustion Engines 8vo, 

Maurice, W. Electric Blasting Apparatus and Eiplosives ,.8vo, 

Shot Fu-er's Guide 8vo, 

Maxwell, J. C. Matter and Motion. (Science Series No. 36.) 

Maxwell, W. H., and Brown, J. T, Encyclopedia of Municipal 

and Sanitary Engineering. . . , . , 4to, 

Mayer, A. M. Lecture Notes on Physics 8vo, 

df cCuUough, R. S. Mechanical Theory of Heat 8to, 

HcIotoBb, J. G. Technology of Sugar 8vo, 
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Hclntoah, J. G. Industrial Alcohol Sto, *3 oa 

Manufacture of Varnishes aad Kiadred ladustries. Three 

Volumes. Svo. 

Vol. I. Oil Crushing, Refining and Boiling '3 50 

Vol.11. Varnish Materials and Oil Varnish Making '4 00 

Vol. in. Spirit Varnishes and Materials *4 5° 

McKnight, J. D., and Brown, A. W. Marine Multitubular 

Boilers *! 50 

HcMaster, J. B. Bridge and Tunnel CeutieE. (Science Series 

No. 20.). , . . , i6mo, o 50 

HcHechen, F. L. Tests for Ores, Uinerals and HetaU. . . izmo, *i 00 

McHeill, B. McWeill's Code Svo, '600 

McPherson, J. A. Water-works Distribution ....,,.. . . .8vo, 2 50 

Melick, C. W. Dairy Laboratory Guide i2nio, *i 15 

Merck, E. Chemical Reagents; Their Purity and Tests 8to, '1 50 

Merritt, Wra. H. Field Testingfor GoldandSilvar.i5nio, leather, 1 50 

Messer, W. A. Railway Permanent Way Svo (7n Press.) 

Meyer, J. G. A., and Pecker, C. G. Mechanical Drawing and 

Machine Design. .4to, S 00 

Michell, S. Mine Drainage Svo, lo 00 

Mierzinski, S. Waterproofing of Fabrics. Trans, b; A. Morris 

and H. Bobson Svo, *i 50 

Miller, E. H. Quantitative Analysis for Mining Engineers, Svo, 'i 50 
Miller, G. A. Determinants. (Science Series No. 105.). . l6nio, 

Milroy, M. E. W. Home Lace-iaaking ,i2mo, *i 00 

Minifie, W. Mechanical Drawing Svo, *4 00 

Mitchell, C. A., and Prideaui, R. M. Fibres Used in TeztUe and 

Allied Industries *. Svo, *3 00 

Modern Meteorology .iimo, i 50 

Monckton, C. C. F. Radiotelegraphy, (Westminster Series.) 

Svo, *2 oa 
Monteverde, R. D. Vest Pocket Glossary of English^ Spanish, 

Spanish-English Technical Terms 64mo, leather, 'i 00 

Moore, E. C. S. New Tables for the Complete Solution of 

Ganguillet and Kuttor's Formula Svo, 's 00 

Morecroft, J. H., and Hehre, F. W. Testing Electrical Ma- 
chinery 8vo, 'i 50 

Horeing, C. A., and Neal, T. New General and Mining Tele- 
graph Code Svo, '5 00 



r 
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Morgan, A. P. Wireless Telegraph Coostniction (or Amateurt. 

Hoses, A. J. The Characters ot Crystals 

Hows, A. J., and ParsonB, C. I. Elements of Mineralogy 
HotB, S. A. Elements of Gas Engine DeEign. (Science 

Series.) ibfoo, 

The Lay-out of Corliss Valve Gears. (Science Series) . i6mo, 

Mulford, A. C. Boundaries and LondmarkB (/r 

HuUin, J. P. Modern Moulding and Pattern-maldng 

Munby, A. E. Chemistry and Physics of Building HateriaU. 

(Westminster Series.) 8vo, 

Murphy, J. G. Practical Mining i6mo, 

Murray, J. A. Soils and Manures. (Westminster Series.) Svo, 

Naquet, A. Legal Chemistry ..,.., 

Nasmith, J. The Student's Cotton Spinning 8vo, 

Recent Cotton Mill Construction. 

Heave, G. B., and Heilbroa, I. M. Identification of Organic 

Compounds 

Neilson, E. M. Aeroplane Patents , . .8vo, 

Nerz, F. Searchlighis, Trans, by C. Eodgera 8vo, 

Nesbit, A. P, Electricity and MaEnetism (In Prep 

Meuberger, H., and Noalhat, H. Technology of Petroleum. 

Trans, by J. G. Mcintosh Svo, 

newall, J. W. Drawing, Sizing and Cutting Bevel-gears. .8vo, 
Hicol, G. Ship Construction and Calculations.. . 
Cipher, F. E. Theory of Magnetic Ueasurements. 

Hisbet, H. Grammar o£ Textile Design 

Kolan, H. The Telescope. (Science Series Ho. 51.) i6mD, 

HoU, A. How to Wire Buildings 

Hugent, E. Treatise on Optics 

O'Connor, H. The Gas Engineer's Pocketbook. . rimo, leather, 

Petrol Air Gas 

Ohm, G. S., and Lockwood, T. D. Galvanic Circuit. Trans, by 

William Francis. (Science Series No. 101 
Olsen, J. C. Text book of Quantitative Chemical Ai 
OlsBOD, A. Motor Control, in Turret Turning and Gun Elevating. 

(U. S. Navy Electrical Series, Mo. i.) 



lateurs, ^^^| 
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Oudin, H. A. Standard Polyphsse Apparatus and Systems . . 8vo, 
Paiaz, A. InduBttial Photometry. Trans, bj G. W. Patterson, 

jc avo, 

Psmely, C. Colliery Uanager'a Handbook Sto, * 

Pair, G. D. A. Electrical Engineering Measuring Instruments. 

8vo, 
Parry, E. J. Chemistry of Essential Oils and Artificial Per- 

(umes 8vo, 

Foods and Drugs. Two Volumes Sto, 

Vol. I. Chemical and Microscopical Analysis of Food 

and Drugs 

Vol. n. Sale of Food and Drugs Acts 

Parry, E. J., and Coste, J. H, Chemistry of Pigments .... 8vo 

Parry, L. A. Risk and Dangers of Various Occupations 8vo 

Parshall, H. F.,aiidHobart,H. M. Armature Windings .. . .4to. 

■- Electric Railway Engineering. 4to 

Parshall, H. F., and Pany, E. Electrical Equipment of Tram- 
ways (/■ 

Parsons, S. J. Malleable Cast Iron 8to. 

Partington, J. R. Higher Mathematics for Chemical Students 



•3 50 

"S 00 



Passmore, A. C. Technical Terms Dsed in Architecture . . .8vo, 

Paterson, G. W. L. Wiring Calculations 

Patterson, D. The Color Printing of Carpet Yarns. 

Color Matching on Teitiles 

The Science of Color Mixing Bvo, 

Paulding, C. P. Condensation of St«am in Covered and Bare 

Pipes. 8v 

Paulding. C. P. Transmission of Heat through Cold-storage 

Insulation 12m 

Payne, D. W, Iron Founders' Handbook ...,.( 

Peddie, R. A, Engineering and Metallurgical Books. . . izmi 

Peirce, B. System of Analytic Mechanics 4t 

Pendred, V. The Railway LocomotiTe. (Westminster Series.) 

8vo, 
Perkin, F. U. Practical Method of Inorganic Chemistry. .1 

Perrigo, O. E. Change Gear Devices. 

Perrine.F. A. C. Conductors for Electrical Distribution . . 



*3 50 
"3 50 




28 D. VAN N03TRAND COMPANT'S 8H0HT TITLE CATALOQ 

Perry, J. Applied Mechanics 

Petit, G. White Lead and Zinc White Paints 8vo, 

Petit, R, How to Build an Aeroplane. Trans, by T. O'B. 

Hubbard, and J. H. Ledeboer... 

Pettit, Lieut. J. S. Graphic Ptoceeses. (Science Series Ho, 76,) 

Pbilbrick, P. H. Beams and Giiders. (Science Series No, SS.) 

Phillips, J. Engineering Chemistry 

Gold Assaying 8vo, 

Dangerous Goods. 8vo, 

Phin, J. Seven Follies of Science i 

Pickwortb, C. IT. The Indicator Handbook. Two Volumes 



Logarithms for Beginners iimo, boards, 

The Slide Rule , i 

Plattner'a Manual of Blowpipe Analysis. Eighth Edition, re- 
vised. Trans, by H. B. Cornwall 8vo, 

Plympton,G.W. The Aneroid Barometer. (Science Series.). ifirao, 
How to become an Engineer. (Science Series ?(o. too.) 

Plympton, G. W. Van Nostrand's Table Booh. (Science Series 
No. 104.) - 1 " 

Pochet, H. L. Steam Injectors. Translated from the French. 
(Science Series No. jg.) i6mo. 

Pocket Logarithms to Four Places. (Science Series.). . , .1 

leather, 

Polleyn, F. Dressings and Finishings for Teitile Fabrics. 8vo, 

Pope, F. L. Modern Practice of the Electric Telegraph. . . 

Popplewell, W. C. Elementary Treatise on Heat and Heat 

Prevention of Smoke 

Strength of Minerals. , 

Porter, J. R. Helicopter Flying Machines lamo, 

Potter, T. Concrete 

Potts, H. E. Chemistry of the Rubber Industry. (Outlines of 

Physical Chemistry.) 

Practical Compounding of Oils, Tallow and Grease 

Practical Iron Founding i 
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Pratt, K. Boiler Draught : iimo. 

Pray, T., Jr. Twenty Years with the Indicator 8vo, 

StEam Tables and Engine Constant., 8vo, 

Calorimeter Tables. .. . 8vo, 

Preece, W. H. Electric Lamps , (In I 

Prelioi, C. Earth and Hock Excavation 8vo, 

Dredges and Dredging 8vo, 

Graphical Determination of Earth Slopes 8vo, 

Tunneling 8vo, 

Prescott, A. B. Organic Analysis. , Bvo, 

Prescott, A. B., and Johnson, 0. C. Quantitative Chemical 

Analysis 8vo, 

Prescott, A. B., and Sullivan, E. C. First Book in Qualitative 

Chemistry lamo, 

PrJdeaux, E. B. R. Problems in Physical Chemistry 8vo, 

Pritchard, 0. C. The Manufacture of Electric-light Carbons. 

8vo, paper, 

PuUen, W. W. F. Application of Graphic Methods to the Design 

of Structures ..,.,..,, izmo, 

Injectors: Theory, Construction and Working izmo, 

Pulsifer, W. H. Rotes for a History of Lead 8vo, 

Purchase, W. R. Masonry ramo, 

Putsch, A, Gas and Coal-dust Firing 8vo, 

Pynchon, T. H. Introduction to Chemical Physics 8vo, 

Rafter, G. W. Mechanics of Ventilation. (Science Series No. 

33-} i6mo, 

Potable Water. (Science Series No. 103.) i6mo, 

Treatment of Septic Sewage. (Science Series.). .. .i6mo, 

Rafter, G. W., and Baker, M, N. Sea-age Disposal in the United 

States ., 4to, ' 

Raikes, H. P, Sewage Disposal Works 8vo, ' 

Railway Shop Up-to-Date 4to, 

Ramp, H. M. Foundry Practice (InP 

Randall, P. M. Quartz Operator's Handbook rjmo, 

Randau, P. Enamels and Enamelling 8vo, ' 

Rankine, W. J. M. Applied Mechanics .8vo, 

Civil Engineering. . , 8vo, 

Machinery and HUlwork 8yo, 





r 
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Rankine, W. J. H. The Steam-engiiie and OOier Prime 

Hovers 

Ugeful Rules anil Tables 

Rankine, W. J. H., and Bamber, E. F. A Mechanical Text- 
Raphael, F. C. LocalizaliOD of Faults in Electric Light and 

Power Mains 8vi 

Rasch, E. Electric Arc. TraBS. by K. Torriberg (J 

Rathbone, R, L. B. Simple JeweUery 8v( 

Rateau, A. Flow of Steam thiough Nozzles and OriSces. 

Trans, by H. B. Brydon. 8vo, 

Rausenberger, F. The Theory of the Recoil of Guns. . . . 
Rautenstraucb, W. Rotes on the Elements of Machine Design, 
Svo, boards, 
Hautenstrauch, W., and Williams, J. T. Machine Drafting and 

Empirical Design. 

Part I. Machine Drafting 

Part n. Empirical Design (In Preparati 

Raymond, E. B. Alternating Current Engineering 

Rayner, H. Silk Throwing and Waste Silk Spinning 8vo, 

Recipes (or the Color, Paint, Varaish, Oil, Soap and Drysaltery 

Trades. 

Recipes for Flint Glass Making 

Redfe.li, J. B. Bells, Teleptaoaes. (Installatioii Manuals 

Series.) . i6mo (Jn Press.) 

Redwood, B. Petroleum. (Science Series No. gi.) i6ma, o 50 

Reed's Engineers' Handbook , ,..,.,, 8vo, '5 00 

Key to the Nineteenth Edition of Reed's Engineers* Hand- 
book Bvo, '3 00 

Reed's Useful Hints to Sea-going Engineers 

Marine Boilers , . 

Reinhardt, C. W. Lettering for I>rBftsmen, Engineers, and 

Students . , . oblong 4to, boards, 

The Teehnic of Mecbanical Drafting,, oblong 4to, boards. 

Reiser, F. Hardening and Tempering of Steel. Trans, by A. 

Morris and H. Eobson 

Reiser, N. Faults in the Manufacture of Woolen Goods. Trans. 

by A. Morris and H. Robson 

Spinidng and Weaving Calculations Svo, •$ 



L) 



^^ 
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Renwick, W. G. Marble and Marble Working Svo, 


5 00 


Rejmolds, 0., and Idell, F. E. Tripla Expansion Engines. 




(Science Series No. 59.) i6mo, 




Rhead, G. F. Simple Structural Woodwork . i2mo, 


■i 


Rhead, G. W. British Pottery Marks Svo, 


•3 00 


Rice, J. M., and JohnBOii, W, W. A New Method of Obtaining 




the Differential of Functions lamo, 


50 


Richards, W. A. and North, H. B. Manual of Cement Testing 




(In 


PrMS-) 


Richardson, J. The Modern Steam. Engine 8vo, 


•3 SO 


Richardson, S. S. Magnetism and Electricitf i2tno, 


Hideal, S. Glue and Glue Testing 8vo, 


■4 00 


Rings, F. Concrete in Theory and Practice lamo. 


•2 50 


Ripper, W. Course of Instruction in Machine Drawing. . . folio, 


•6 00 


Roberts, F. C. Figure of the Earth. (Science Series Ho. yg.) 




i6mo. 


so 


Roberts, J., Jr. Laboratory Work in Electrical Engineering. Svo, 


'2 00 


Robertson, L. S. Water-tube Boilers Svo, 




Robinson, J. B. Architectural Composition. 8vo, 


•i 50 


Robinson, S. W. Practical Treatise on the Teeth of Wheels. 


(Science Series Ho. 14.) i6mo. 


so 


Raih-oad Economics. (Science Series Mo. 59.) i6mo, 


SO 


Wrought Iron Bridge Members. (Science Series No. 60.) 




i5mo. 


so 


Robson, J. H, Machine Drawing end Sketching. Svo, 


'I 50 


Roebling, J. A. Long and Short Span Railway Bridges. , folio, 


J5 00 


Rogers, A. A Laboratory Guide of Industrial Chemistry . , lamo, 


•i 50 


Rogers,A.,andAubert, A, B. Industrial Chemistry ., Svo. 


•S 00 


Rogers, F. Magnetism of Iron Vessels. (Science Series Ho. 30.) 




16 mo, 


so 


Rohland, P. Colloidal and its Cr^stalloidal State of Matter. 




Trana. by W. J. Britland and H. E. Potta lamo. 


*i as 


RoUins, W. Notes on X-Light Svo, 


S 00 


Rollinson, C. Alphabets Oblong umo, i.In 


Press.) 


Rose, J, The Pattern- makers' Assistant Svo, 


1 50 


Key to Engines and Engine-ninning. ...,,.,.,.,,, 1 amo. 


2 SO 


Rose, T. K. The Precious Metals. (Westminster Series.) . . 8vo, 


•2 00 




•2 00 


Rosi, W. A. Blowpipe in Chemistry and Metallurgy. . . i2mo, 


♦2 00 




j=i 
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b 



Roswter, J. T. Steam EngineB. (Westminster Series.) 8vo (/n P 

Pumps and Fnimpjng Machinery. (Westminster Series.) 

8vo {In P 

Roth. Physical Chemistry . 

Rouillion, L. The Economics of Ma.nual Training 8vo, 

Rowan, F. J. Practical PhysicB of the Modern Steam-boiler.Svo, 
Rowan, F. J., and Idell, F. E. Boiler Incrustation and Coiro- 

Hion. (Science Series Ho. 27.) 

Roiburgb, W. General Foundry Practice 

Ruhmer, E. Wireless Telephony. Trans, by J. Erskine- 

Murray 

Russell, A. Theory of Electric Cables and Networks 8vo, 

Sabine, R- History and Progress of the Electric Telegraph, r 

Sasltzer, A. Treatise on Acoustics.. 1 

Salomons, D. Electric Light Installations. i2mo. 

Vol. L The Management of Accumulators 

Electric Light Installations, ismo. 

Vol. IL Apparatus 

Vol. ni. Applications 

Sanford, P. G. Nitio-explosives 8vo, 

Saunders, C. H. Handbook of Practical Mechanics 161110, 

leather, 

Saunnier, C. Watchmaker's Handbook lamo, 

Sayers, H. M. Brakes for Tram Cars. 8to, 

Scheele, C. W. Chemical Essays. ... 8vo, 

Schellen, H. Magneto-electric and Dynamo -electric Machines 

8vo, 

Scherer, R. Casein. Trans, by C. Salter.... 8vo, 

Schidrowitz, P. Rubber, Its Production and Uses. ..... .8vo, 

Schmall, C. K. First Course in Analytic Geometry, Plane and 

Solid i2mo, half leather, 

Schmall, C. fl., and Schack, S. M. Elements of Plane Geometry 

Schmeer, I. Flow of Water 8vo, 

Schumann, F. A Manual of Heating and Ventilation. 

i3mo, leather, 

Schwartz, B. H. L. Causal Geolt^y Svo, 

Schweizer, V., Distillation of Resins Svo, 



•1 75 
•i 33 
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'Seott, W. v. Qualitative Chemical Analysis. A Laboratory 

Hantial 8vo 

Scribner, J. U. Engineers' and Uechanics' Companion. 

i6mo, leather, 

Searle, A. B. Modem BrickmafcinB 

Searle, G. M. " Sumners' Method." Condensed and Improved. 

{Science Series Ho. 124.) 8vo, 

Seaton, A. E, Manual of Marine Engineering ( 

Seaton, A. E., and Rounthwaite, H. M. Pockel-book of Marine 

Engineering. , i6mo, leather, 

Seeligmann, T,, Torrilhon, G. L., and Falconnet, H. India 

Rubber and Gutta Percha. Trans, by J. G. Mcintosh 

8vo, 

Seidell, A. Solubilities of Inorganic and Organic Substances. 8vo, 

Sellew, W. H. Steel Rails - ,. 

Senter, G. Outlines of Physical Chemistry 

— — ■ Textbook of Inorganic Chemistry 

Sever, G. F. Electric Engineering Esperimenls . . . 8vo, bi 
Sever, G. F., and Townsend, F. Laboratory and Factory Tests 

in Electrical Engineering , . 

Sewall. C. H. Wireless Telegraphy 

— - Lessons in Telegraphy 

Sewell, T, Elements of Electrical Engineering 

■ The Construction of Dynamos . . 

Sexton, A. H. Fuel and Refractory Materials 

Chemistry of the Materials of Engineering. 

Alloys (Won- Ferrous 1 8vo, 

The Metallurgy o( Iron and Steel 8vo, 

Seymour, A. Practical Lithography , .8vo, 

Modern Printing Inks 

Shaw, H. S. H. Mechanical Integrators. (Science Series Mo. 

83,) i6mo, 

Shaw, P. E. Course of Practical Magnetism and Electricity . 8vo, 

Shaw, S. History of the Staffordshire Potteries 8vo, 

Chemistry of Compounds Used in Porcelain Manufacture .8vo 

Shaw, W. N. ForecasHng Weather 

Sheldon, S., and Hausmann, E. Direct Current Machines. 

Alternating -current Machines . . 

Electric Traction and Traosmiseion Engineering . . . 
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SheiriS, F. F. Oil Merchants' Manual iimo, *3 50 

Shields, J. E. Rotes oa Eagineermg Construction ijmo, i so 

Shock, 'W. H. Steam Boilers 4to, half mar., 15 00 

Shreve, S. H. Strength of Bridges and Roofs 8vo, 3 50 

Shunk, W. F. The Field Engineer lamo, mor., 2 50 

SimmoDa, W. H., and Appleton, H. A. Handbook of Soap 

Manufacture 8vo, '3 oo 

Simmons, W. H., and MitcheU, C.A. Edible Fats and Oils. *3 00 

8vo, *3 o» 

Simms, F. W. The Principles and Practice of Leveling Svo, 2 50 

Practical Tunneling 8vo, 7 50 

Simpson, G. The Naval Constructor. . izmo, mor., *5 00 

Simpson, W. Foundations 8vo (In Presa.) 

Sinciair, A. Development of the Locomotive Engine. 

8vo, half leather, 5 00 

Twentieth Century Locomotive. 8vo, half leather, 5 00 

Kndall, R. W. Manufacture of Paper. (Weslmioster Series.) 

Bvo, '2 00 

Sloane, T. O'C. Elementary Electrical Calculations .... lamo, '2 00 

Smidi, C. A. M. Handbook of Testing. Vol, I. Materials. . *i 50 
Smith, C. A. M., and Warren, A. G-. New Steam Tables. Svo, 

Smith, C. F, Practical Alternating Currents and Testing 8vo, *2 50 

Practical Testing of Dynamos snd Motors Svo, '1 00 

Smith, F. E. Handbook of General Instruction for Mechanics. 

Smith, J. C. Manufacture of Paint .8vo, "3 00 

Smith, R. H. Principles of Machine Work i2ma, *3 00 

Elements of Machine Work. lamo, *a 00 

Smith, W. Chemistry of Hat Manufacturing lamo, *3 00 

Snell, A. T. Electric Motive Power 8vo, *4 00 

Snow, W. G. Pocketbook of Steam Heating and Ventilation. 

(In Preis.) 
Snow, W. G., and Solan, T. Ventilation of Buildings. (Science 

Series No. 5.) i6mo, o 50 

Soddy, F. Radioactivity Svo, *3 00 

Solomon, M. Electric Lamps. (Westminster Series.)... . .8vo, *2 00 

Sothern, J. W. The Marine Steam Turbine .8vo, '5 00 

Southcombe, J. E. Paints, Oils, and Varnishes. (Outlines of 

Industrial Chemistry.) Svo {In Press.) 



u 
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Sozhlet, D. H. Dyeing and Staining Haible. Trans, by A. 

Horris and H. Robson .8^ 

Spang, H. W. A Practical Treatise 'on Lightning Protectioo. 

Spanganburg, L. Fatigue of Metals. Translated by S. H. 
Shreve. (Science Series So, 13.) ifimo, 

Specht, G. J., Hardy, A, S., McMaster, J. B., and WaUing. Topo- 
graphical Surveying. (Science Series Ha. 72.). . i6mo, 

Speyers, C. L. Teil-book of Physical Chemistry 8vo, 

Stahl, A. W. Transmission of Power. (Science Series No. 28.} 

Stahl, A. W., aad Woods, A. T, Elementary Mechanism , : 
Stoley, C, and Pierson, G. S. The Separate System of Sewerage. 

8vo, 

Standage, H. C. Leather workers' Uanual Svo, 

Sealing Waxes, Wafers, and Other Adhesives Svo, 

Agglutinants of all Kinds for all Purposes 

Stansbie, J. H. Iron and SteeL (Westminster Series.). , 
Steinman, D. B. Suspension Bridges and Cantilevers. (Science 

Series No. 177.) 

Stevens.H.P. Paper Mill Chemist 

Stevenson, J. L. Blast-Furnace Calcuifltions iimo, leather, 

Stewart, A. Modern Polyphase Machinery 

Stewart, G. Modern Steam Traps 

StUea, A. Tables for Field EnginePTS. 

Stillman, P. Steam-engine Indicator 

Stodola, A. Steam Turbines. Trans, by L.C.LoewenBtein. Svo, 

Stone, H. The Timbers of Commerce 

Stone, Gen. R. Mew Roads and Road Laws.. 

Slopes, M. Aticienl Plants 

The Study of Plant Life Svo, 

Sudborough, J. J., and James, T. C. Practical Organic Cbem- 

Suffling, E. R. Treatise on the Art of Glass Painting 

Swan, K. Patents, Designs and Trade Harks. (Westm 

Series.) 8vo 

Sweet, S. H. Special Report on CoaJ 8vo 

Swinburne, J., Wordingham, C. H., and Martin, T. C. Electrii 

Cnrrents. (Science Series Ifo. 109.) i6mo 



■3 so 

■3 SO 
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Swoope, C. W. Practical Lessons in Electricity izino, 

Talifer, L. Bleaching Linen and Catton Yarn and Fabrics . Svo, 

Tate, J. S. Surchafged and Different Forms ot Retaining-walls. 

Science Series No. 7. . . i6mo, 

Taylor, E. K. SmaJI Water Supplies lamo, a 00 

TempletOD, W. Practical Mechanic's Workshop Companion. 

Terrj, H. L. India Rubber and its Manufacture. (WestminstBr 

Series. ) Svo, *3 00 

Thayer, H. R. Stiuctura! Design Svo, 

Vol. I. Elements of Structural Design *3 00 

Vol. n. Design of Simple Structures -iJn Preparation.) 

Vol. III. Design of Advanced Structures. .... .(In Preparation.) 

Thiess, J. B., and Joy, G. A. ToU Telephone Practice. . . . 8to, '3 50 

Thorn, C, and Jones, W. H. Telegraphic Connections. 

oblong izmo i 50 

Thomas, C.W. Paper-makers' Haridbook (/n Press.) 

Thompson, A. B. Oil Fields of Russia 4to, "750 

Petroleum Mining and Oil Field Development Svo, *s 00 

Thompson, E. P. How to Make Invenlions Svo, o 50 

Thompson, S. P. Dynamo Electric Machines. (Science Series 

Mo. 75.) .i6mo, o 50 

Thompson, W. P. Handbook of Patent T aw of All Countries 

i6nio, I 50 
Thomson, G. Modem Sanitary Engineering, House Drainage, 

etc , , , , Svo {In Press.) 

Thomson, G. S. Milk and Cream Testing iimo, '17; 

Thoinley, T. Cotton Combing Machines. Svo, *3 00 

Cotton Spinning Svo, 

First Year *! 50 

Second Year. *i 50 

Third Year *i 50 

Thurso, J. W, Modern Turbine Practice Svo, "4 00 

Tidy, C. Meymott. Treatment of Sewage. (Science Series No. 

94,) i6mo, o so 

Tinney, W. H. Gold-mining Machinery Svo, *? 00 

Titherley, A. W. Laboratory Course of Organic Chemistrj'.Svo, •) 00 

Toch, M. Chemistry and Technology of Miited Paints Svo, *3 00 



•» 


oo 


•7 


so 






•o 


75 


*i 
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Tocb, H. HateriBlB for Pennanent Painting 

Todd, J., and Whall, W. B. Practical Seamanship . . 

Tonge, J. Coal. (Westminster Series.) 8to, 

Townsend, F. Alternating Cutienl Engineering. ,., 8vo, boards, 
Townsend, J. Ionization of Gases by^ Collision .... 
TlBnuctions of the American Institute of Chemical Engineers. 



VoL I. 1908.. '60 

VoL n. 1900. .', • *6 o 

VoL m. 1910 'So 

Vol. IV. 1911 *6 o 

TiaTSrse Tables. (Science Series So. iisO 161110, o s 

Trinbs, W., and Housum, C. Shaft Governors. (Science 

Series No. til.} i6mo, 

Trowbridge, W. P. Turbine Wheels. (Science Series Mo. 44.) 

T^ker, J. H. A Manual of Sugar Analjsis. Svo, 

Tmnlirz, O. Potential. Trans, by D. Robertson 1 

Ttumer, P. A. Treatise on Roll-turning. Trans, by J. B. 

Pearse 8vo teit and folio atlas, 

Tncbayne, A. A. Alphabets and Numerals 4to, 

TurnbuU, Jr., J., and Robinson, S. W, A Treatise on the Com- 
pound Steam-engine. (Science Series Ho. 8.)...i 
Tutrill, S. M. Elementary Course in Perspective 1 

Underhill, C. R. Solenoids, Electromagnets and Electromag- 
netic Windings jim 

Dniversal Telegraph Cipher Code 12m 

Urquhart, J. W. Electric Light Fitting iim 

— - Electro- plating iim 

Electrotyping i2in 

Electric Ship Lighting iim 

Vacher, F. Food Inspector's Handbook iia 

Van Nostraad's Chemical Annual. Second issue 1909 .... iim 
-~— Year Book of Mechanical Engineering Data. First iss 

1913. . (/n Prefs.) 

Vaq Wagenen, T. F. Manual cf Hydraulic Uining r6mo, i 00 



^^ D 
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Vega, Baron, Vod. Logarithmic Tables 8vo, half mol. 

Villon, A. H. Practical Treatise on the Leather lodustrj. 

Traos. by F. T, Addyman ,8yo, 

Vincent, C. Ammonia and its Compounds. Trans, bj M. J. 

Salter .. . 

Volk, C. Haulage and Winding Appli 

Von Geotgiovics, G. Chemical Technology of Teitile Fibres.. 

Trans, by C. Salter 3vo, *4 go 

— - Chemistry of DyestuBs. Tra,ns. by C. Salter 8vo, '4 50 

Vose, G. L. Graphic Method for Solving Certain Questions in 

Arithmetic and Algebra. (ScienceSeriesNo. i6.).i6mo, o 50 
Wabner, R. Ventilation in Mines. Trans, by C. Salter. 

Wade, E. J. Secondary Batteries- .. , 

Wfldsworth, C. Primary Battery Ignition i2mo (/i 

Wagner, E. Preserving Fruits, Vegetables, and Meat. 

Walher, F, Aerial Navigation 8vo, 

Dynamo Building. (Science Series Bo. 98.) i6mo, 

Electric Lighting (or Marine -Engineers. 

Walker, S. F. Steam Boilers, Engines and Turbines 8vo, 

Refrigeration, Heating and Ventilation on Shipboard.. 

Electricity in Mining 

Walker, W. H. Screw Propulsion 8to, o 7s 

Wallis-Tayler, A. J. Bearings and Lubrication 8vo, *i 50 

Aerial or Wire Ropeways Svo, 'j 00 

Modern Cycles 8vo, 4 00 

Motor Cars , ,.,,,.. 8vo, i 80 

Motor Vehicles for Business Purposes 8vo, 3 50 

. Pocket Book of Refrigeration and Ice Making. 

Retrieeration, Cold Storage and Ice Making 8vo, 

■ Sugar Machinery i2mi 

Wanklyn, J. A. Water Analysis izmi 

Wansbrough, W. D. The A B C of the Differential Calculus . iimi 

. Slide Valves lam. 

Ward, J. H. Steam for the Million 8v 

Waring, Jr., G. E. Sanitary Conditions. (Science Series Ho. 31.) 

— — Sewerage and Land Drainage. 

Modern Methods of Sewage 

How to Drain a House. .... 



D. TAN N08TBAND COMPANY'S SHORT-TITLE CATALOQ 39 



Warren, F. D. Handbook on Reinforced Concrete lamo, *3 50 

Watkina, A. Photography, (Westninster Series.) 8vo, 'a OQ 

Watson, E. P. Small Engines and Boilers lamo, 125 

Watt, A. Electio-plating and Electro-refining of Metals. . , *4 50 

Electro-metallurgy rimo, i 00 

The Art of Paper Making , *3 00 

The Art of Soap-making 8vo, 3 00 

Leather Manufacture 8»o, *4 00 

Weale, J. Dictiooary of Terms used in Architectm'e izmo, 2 50 

Weale's Scientific and Technical Series. (Complete list sent on 

Weather and Weather Instruments. i2ino, I 00 

paper, o 50 
Webb, B. L. Guide to the Testing of Insulated VireB and 

Gabies i2mo, 1 00 

Webber, W. H. y. Town Gas. (Westminster Series.) 8to, *2 00 

Weisbach, J. A Manual of Theoretical Mechanics 8vo, "6 oo 

sheep, '7 so 
Weisbach, J., and Herrmann, G, Mechanics of Air Machinery 

8vo, '3 75 

WOlch, W. Correct Lettering {In Proa.) 

Weaton, &. B. Loss of Head Due to Friction of Water in Pipes 

iimo,- 'i so 

Weymouth, F. H. Drum Armatures and Commutators Svo, *3 00 

Wheatley, O. Ornamental Cement Work (In Preas.) 

Wheeler, J. B. Art of War iimo, i 75 

FieEd Fortifications - iimo, i 75 

Whipple, S. An Elementary and Practical Treatise on Bridge 

Building 8vo, 3 00 

Whithard, P. Illuminating and Missal Painting i2mo, i 50 

Wilcox, R. M. Cantilever Bridges. (Science Series So. 25.) 



Wilkinson, H. D. Submarine Cable Laying and Repairing . Svo, 
WiUiams, A. D., Jr., and Hutchinson, R. W. The Steam Turbine. 

(/n 

WiUlamson, J., and Blackadder, H. Surveying Svo (/n 

Williamson, H. S. On the Use of the Barometer 4to, 

Practical Tables in Meteorology and Hypsometery 4to, 

Willson, F. N. Theoretical and Practical Graphics 4I0, 



o so 



Press.') 
Preig.) 
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WimperiSiH. E. Intomal Combustion Engine 8vo,' *3 oo 

Winehell, N. H., and A. N. Elements of OpticalHineralogy.Svo, '3 50 
Winklet, C, and Lunge, G. Handbook of Technical Gas-AnaJy- 

sis . . Svo, 4 00 

Winstow, A. Stadia Surveying. (Science Series No. 77.). i6mo, 50 
WisEer, Lieut. J. P. Explosive Materials. (Science Series No. 

70.) i6mo, o so 

— - Modern Gun Cotton. (Science Series Ho. Sg.) i5mo, o 50 

Wood, De V. Luminiferous Aetber. (Science Series So. 85.) 

t6mo, o so 
Woodbury, D. V. Elemeots of Stability in (he WeU-propor- 

Honed Arch .8vo, half mor., 4 00 

Worden, E. C. The Kitrocellulose Industry. Two Volumes. 

8vo, "lo 00 

Cellulose Acetate Svo (/71 /^rau.) 

Wright, A. C. Anal^a of Oils and Allied Substances Svo, *3 50 

Simple MethoS for Testing Painter's Materials, 

Wright, F, W. Design of a Condensing Plant 

Wright, H. E. Handy Book for Brewers Svo, *s <w 

Wright, J. Testing, Fault Finding, etc. tor Wiremen (Installa- 
tion Manuals Series) i6mo, 

Wright, T. W, Elements of Mechanics Svo, "2 50 

Wrigbt, T. W., and Uayford, J. F. Adjustment of Observations 

Svo, *3 

Young, J. E. Electrical Testing for Telegraph Engineers. ..Svo, *4 o 

Zahner, R. Tnuisniission of Power. (Science Series So. 40.) 

Ze idler, J., and Lustgarten, J. Electric Arc Lamps Svo, 'a o 

Zeuner, A. Technical Thermodynamics. Trans, by J. F. 

Klein. Two Volumes Svo, *8 o 

Zimmer, G. F. Mechanical HancJiing of Material 4to, •lo o 

Zipsei, J. Textile Raw Materials. Trans, by C. Salter. . . . .Svo, *5 o 
ZuT Nedden, F. Engineering Workshop Machines and Proc- 
esses. Trans, by J. A. Oavenport Svo, *a a 

Boohs senl postpaid W any address on receipt of price 
Descriptive circuloTS and rxintplete ealalogs may be had on appliealion 



